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The Mamba Mentality

This note synthesizes results on structured and selective state space models. It organizes the literature around
recurrent, convolutional, transfer-function, and semiseparable representations; controlled and selective dynamics;
state-space duality; expressivity and limitations; stability, generalization, and in-context learning. Detailed proofs
are collected in the appendix.
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1 Notation and Conventions

Global sequence notation. Unless a cited theorem is explicitly kept in source notation, sequences are indexed
by t = 1, . . . , L. Inputs are xt, hidden states are ht, and outputs are yt. Continuous-time signals are written u(t)
or Xt, depending on whether the result is an ODE statement or a path/CDE statement. The state dimension is
N , the input dimension is din, and the output dimension is dout.
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Symbol Convention

A,B,C,D Continuous-time LTI SSM parameters; A is the state matrix, B is the input map, C
is the readout, and D is the skip map.

Ā, B̄ Discretized parameters. A bar always means discretization, not complex
conjugation.

Āt, B̄t, Ct Token-dependent selective parameters. A time subscript on an SSM parameter
means input dependence.

∆t Selective step size, usually generated from xt and passed through softplus.

bt Affine scan input, usually bt = B̄txt.

Kj Convolution kernel coefficient, Kj = CĀjB̄.

M Causal lower triangular sequence matrix induced by a recurrent layer.

L Default sequence length. Some cited generalization and ICL theorems use T or N
for sample count, horizon, or context length; those local meanings are stated where
they occur.

ZXt Linear CDE state driven by an input path X. It is not the same symbol as the
discrete SSM state ht.

ωX , ξX CDE gates in the selective-state-space theory of Cirone et al. [4].

Sig(X) Path signature. Words are written I = (i1, . . . , im) and AI = Aim · · ·Ai1 .

A = (Q,Σ, qinit, δ) Deterministic finite automaton. Its one-hot state vector is denoted qt, not xt.

Linear time-invariant SSM.
ht = Āht−1 + B̄xt, yt = Cht +Dxt.

Selective SSM.
ht = Ātht−1 + B̄txt, yt = Ctht +Dxt.

Reading convention. Architecture names enter through assumptions on the recurrence or sequence operator.
Long derivations and notation translations are placed in the appendix. When a result is best read in its original
letters, the theorem statement says so explicitly; otherwise the notation above is the default.

Attribution convention. Headings with a cited theorem, proposition, lemma, corollary, or section are source
results stated in the notation of this note. Headings marked “reformulating” are algebraic restatements of source
formulas. Results in a subsection explicitly marked as derived consequences are proved from earlier displayed
recurrences in this note. Bare definitions are local conventions or source definitions, as indicated in their headings.
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Result Map

Location Mathematical role

Section 2 Recurrent, convolutional, and transfer-function forms of an SSM layer.

Section 3 HiPPO memory, LSSL/S4 structured parameterization, diagonal SSMs, S5, and
H3-style recall.

Section 4 Input-dependent recurrence, Linear CDE selectivity, path signatures, and structured
selective-SSM variants.

Section 5 Hidden attention, structured semiseparable matrices, SSD, and the boundary with
softmax attention.

Section 6 Formal languages, polynomial interactions, finite automata, negative/complex
eigenvalues, and state tracking.

Section 7 Copying lower bounds, uniform circuit containment, metric automata, parity
obstructions, and diagonal group-tracking limits.

Section 8 Stable approximation, PAC and covering bounds, Lyapunov perturbation bounds, and
simplified Mamba training dynamics.

Section 9 Gradient-descent constructions, Markov-chain ICL, online-gradient behavior, outlier
robustness, and low-dimensional target learning.

Model-Class Index

Model object Where it appears

LTI SSMs, LSSL, S4 Sections 2–3.

Diagonal SSMs, DSS, S4D, DLR Sections 3, 6, and 7.

S5 and MIMO diagonal SSMs Section 3.

S6, Mamba, Mamba-2 Sections 4, 5, 8, and 9.

Linear CDE selective SSMs Section 4.

SSD and semiseparable attention Section 5.

Selective SSM variants with complex
or MIMO structure

Section 4.

Finite-precision LRNNs and SSMs Sections 6 and 7.

2 Model Objects

2.1 State Space Layers

Definition 2.1 (Continuous LTI SSM, local convention). A continuous-time linear time-invariant state space model
is

ḣ(t) = Ah(t) +Bu(t), y(t) = Ch(t) +Du(t),

with h(t) ∈ CN . For a step size ∆ > 0, zero-order-hold discretization gives

Ā = exp(∆A), B̄ =

∫ ∆

0

exp(τA)B dτ,
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and hence
ht = Āht−1 + B̄xt, yt = Cht +Dxt.

See Appendix A.8. This is the baseline object behind LSSL and S4 [14, 13].

Proposition 2.2 (Reformulated recurrence, convolution, transfer). For h0 = 0,

yt = Dxt +

t−1∑
j=0

Kjxt−j , Kj = CĀjB̄.

Equivalently, the LTI layer is a causal Toeplitz operator with transfer function

H(z) = C(zI − Ā)−1B̄ +D

up to the chosen z-normalization convention.

Proof. Appendix A.9.

The LSSL paper makes the continuous, recurrent, and convolutional views explicit [14]. Appendix A.9 records the
indexing.

Proposition 2.3 (Transfer coordinates and state-free recovery, [32]). Let

H(z) = h0 + C(zI −A)−1B

be the transfer function of a discrete LTI SSM. If

Â = SAS−1, B̂ = SB, Ĉ = CS−1

for an invertible S, then the transfer function is unchanged. If

Hℓ(z) =

ℓ−1∑
t=0

htz
−t, Tm = {e2πik/m : 0 ≤ k < m},

and m ≥ ℓ, then for 0 ≤ t < ℓ,
ht = iFFTm

(
(Hℓ(z))z∈Tm

)
t
.

For ht = CAt−1B when t > 0, the transfer-function tail satisfies

∞∑
t=ℓ+1

CAt−1Bz−t = CAℓz−ℓ(zI −A)−1B

where the resolvent series converges. Finally, a simple-pole decomposition

H(z) = h0 +

n∑
i=1

ri
z − λi

has diagonal impulse response ht =
∑
i riλ

t−1
i for t > 0.

Proof. Appendix A.10.

Thus the transfer-function view treats the rational function as the coordinate-invariant object; diagonal SSMs arise
by partial fractions, and state-free inference evaluates the truncated transfer function at roots of unity.

2.2 Structured State Matrices

S4. S4 uses normal-plus-low-rank or diagonal-plus-low-rank structure,

A = Λ− PQ∗,

so that resolvent and kernel computations reduce to structured Cauchy-type products [13].
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Diagonal SSMs. For A = diag(λ1, . . . , λN ), the kernel Kj = C diag(λj1, . . . , λ
j
N )B̄ is Vandermonde-type. This is

the algebraic setting of DSS and S4D [16, 12]: eigenvalue placement determines the long-range kernel geometry. S5
[38] keeps diagonal dynamics and scan-based recurrence, but uses MIMO input and output maps.

2.3 Selective State Spaces

Definition 2.4 (Selective SSM, local convention). A selective SSM lets the discrete transition, input, and readout
maps depend on the current token. At time t it has the form

ht = Ātht−1 + B̄txt, yt = Ctht +Dxt.

In Mamba, ∆t, Bt, and Ct are generated from xt, while the underlying state matrix A is learned and structured
[10].

There is generally no fixed convolution kernel. The scan object is the affine map

h 7→ Āth+ bt, bt = B̄txt,

with composition
(Ā, b) ◦ (Ā′, b′) = (ĀĀ′, Āb′ + b).

Appendix A.11 checks associativity.

2.4 Sequence Operators

Unrolling the selective recurrence gives a causal lower triangular operator y =Mx with blocks

Mij = Ci

 i∏
k=j+1

Āk

 B̄j , i ≥ j.

For LTI SSMs, M is Toeplitz. For selective SSMs, M is data-dependent. In the SSD/Mamba-2 line, M is studied
through semiseparable structure and structured masked attention [1, 7]. See Appendices A.13 and A.14.

3 Linear State Spaces as Memory and Compression

3.1 HiPPO

Definition 3.1 (HiPPO projection, [11]). Let µ(t) be a measure supported on (−∞, t] and let G be an N -
dimensional polynomial subspace. The HiPPO state at time t is the coefficient vector, in an orthogonal polynomial
basis of G, of the L2(µ(t)) projection of the history u≤t onto G.

Theorem 3.2 (HiPPO-LegS dynamics, Theorem 2 of [11]). For the scaled Legendre measure µ(t) = 1
t1[0,t], the

coefficient state satisfies

ḣ(t) = −1

t
Ah(t) +

1

t
Bu(t),

where

Ank =


(2n+ 1)1/2(2k + 1)1/2, n > k,

n+ 1, n = k,

0, n < k,

Bn = (2n+ 1)1/2.

The Euler discretization displayed in the source is

hk+1 =

(
I − A

k

)
hk +

1

k
Buk.

Proof. Appendix A.1.1.
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Proposition 3.3 (HiPPO-LegS timescale equivariance and fast step, Propositions 3–4 of [11]). Let HiPPON (u)(t)
denote the degree-(N − 1) LegS coefficient state of u at time t. If α > 0 and v(t) = u(αt), then

HiPPON (v)(t) = HiPPON (u)(αt).

Moreover, under any generalized bilinear-transform discretization, one HiPPO-LegS recurrence update can be com-
puted in O(N) operations.

Proof. Appendix A.1.2.

Proposition 3.4 (HiPPO-LegS approximation error, Proposition 6 of [11]). Let g(t) be the degree-(N − 1) HiPPO-
LegS projection of u≤t. If u is Lu-Lipschitz, then

∥u≤t − g(t)∥ = O(tLu/
√
N).

If u has order-k bounded derivatives, then

∥u≤t − g(t)∥ = O(tkN−k+1/2).

Proof. Appendix A.1.3.

Theorem 3.5 (FouT finite-window approximation, [15]). As N → ∞, the FouT SSM is a time-invariant orthogonal
SSM for the finite-window measure on [0, 1] with truncated Fourier basis. Let K : [0, 1] → R be differentiable, and

let K̂N be its representation by the FouT system with state size N . If K is LK-Lipschitz, then for every ε > 0,

N ≥
(
LK
πε

)2

+ 2 =⇒ ∥K − K̂N∥2 ≤ ε.

If K has k derivatives bounded by LK , then it suffices to take

N ≥
(
LK
πkε

)2/(2k−1)

+ 2.

Proof. Appendix A.1.4.

3.2 LSSL

Proposition 3.6 (Recurrent/convolutional LSSL form, Section 3.1 of [14]). For a fixed discretized SSM

ht = Āht−1 + B̄xt, yt = Cht +Dxt,

with h0 = 0, the same layer is the causal convolution

yt = Dxt +

t−1∑
j=0

Kjxt−j , Kj = CĀjB̄.

Equivalently, the length-L kernel is the Krylov sequence

KL(Ā, B̄, C) = (CB̄, CĀB̄, . . . , CĀL−1B̄).

Proof. Appendix A.1.5.

Lemma 3.7 (Gates as discretization, Lemma 1 of [14]). The scalar gated recurrence

ht = (1− σ(z))ht−1 + σ(z)xt

is the backward-Euler discretization of ḣ = −h+ x with step size ∆t = exp(z).

Proof. Appendix A.1.6.

Theorem 3.8 (Fast Krylov computation, Theorem 2 of [14]). For a k-quasiseparable matrix A with constant k,

the Krylov function KL(A,B,C) can be computed in quasi-linear time and space Õ(N + L) and logarithmic depth
in the exact-arithmetic structured-matrix model.

Proof. Appendix A.1.7.
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3.3 S4

Lemma 3.9 (Conjugation invariance, Lemma 3.1 of [13]). For any invertible V , the SSMs

(A,B,C) and (V −1AV, V −1B, CV )

define the same input-output map.

Proof. Appendix A.1.8.

Lemma 3.10 (Ill-conditioned HiPPO diagonalization, Lemma 3.2 of [13]). The HiPPO matrix studied in S4 is
diagonalized by Vij =

(
i+j
i−j
)
. In particular, V contains entries of size approximately 24N/3.

Proof. Appendix A.1.9.

Theorem 3.11 (HiPPO matrices are NPLR, Theorem 1 of [13]). The HiPPO matrices used in S4, including LegS,
LegT, and LagT variants, admit a normal-plus-low-rank representation

A = V ΛV ∗ − PQ⊤,

with V unitary, Λ diagonal, and low rank r = 1 or r = 2. After the unitary change of basis, this becomes diagonal-
plus-low-rank.

Proof. Appendix A.1.10.

Theorem 3.12 (S4 recurrent and convolutional complexity, Theorems 2–3 of [13]). For a constant-rank DPLR
state matrix and bilinear discretization, one SSM recurrent step can be computed in O(N) operations. The length-L

convolution kernel reduces to four Cauchy matrix-vector products and has complexity Õ(N + L) with O(N + L)
space under the stated Cauchy primitive.

Proof. Appendix A.1.11.

3.4 Diagonal State Spaces

Proposition 3.13 (DSS finite-horizon diagonalization, Proposition 1 of [16]). Let K be the length-L zero-order-
hold kernel of an SSM (A,B,C) with A ∈ CN×N diagonalizable, eigenvalues λi ̸= 0, and eLλi∆ ̸= 1. If Λ =
diag(λ1, . . . , λN ) and Pik = λik∆, then there exist row vectors w̃, w such that

K = K̄∆,L(Λ,1, w̃) = w̃Λ−1(eΛ∆ − I) exp(P ),

and also
K = K̄∆,L

(
Λ,
(
(eLλi∆ − 1)−1

)
i
, w
)
= wΛ−1 rowsoftmax(P ).

Proof. Appendix A.1.12.

This is a finite-horizon algebraic kernel identity; it does not bound the norms or conditioning of the resulting
diagonal parameters.

Proposition 3.14 (S4D Vandermonde kernel, Section 3.2 of [12]). For a diagonal discretized SSM,

K̄ℓ =

N∑
n=1

CnĀ
ℓ
nB̄n,

or, in vector form,
K̄ = (B̄⊤ ◦ C)VL(Ā).

Thus diagonal SSM kernel computation is a Vandermonde multiplication problem.

Proof. Appendix A.1.13.

Theorem 3.15 (S4D-LegS limit, Theorem 3 of [12]). Let A = A(N)−PP⊤ be the HiPPO-LegS decomposition used
by S4D, with A(N) normal. As N → ∞, the SSM basis generated by (A(N), B/2) converges to the original HiPPO-
LegS basis generated by (A,B). Since A(N) is unitarily diagonalizable, this gives the diagonal HiPPO initialization
its limiting interpretation.
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Proof. Appendix A.1.14.

Proposition 3.16 (Diagonal linear RNN equivalence, Proposition 1 of [17]). For a scalar linear RNN

ht = Aht−1 +Bxt, yt = Cht,

if A = V diag(λ1, . . . , λN )V −1 is diagonalizable over C, then there is a diagonal linear RNN with kernel

Kj = ⟨w,Λj⟩

that computes the same input-output map.

Proof. Appendix A.1.15.

Claim 3.17 (Real-positive DLR shift lower bound, Claim 1 of [17]). For a real-positive DLR with λi ∈ [0, 1],
representing a one-hot shift kernel at distance N requires coefficients satisfying

∥w∥∞ ≥ 22N−O(logN).

Proof. Appendix A.1.16.

Definition 3.18 (Finite-horizon diagonal SSM map, Ran-Milo et al. [34]). For K ∈ {R,C}, let A ∈ KN×N be
diagonal and let B,C ∈ KN . The induced SISO LTI map has impulse response

kℓ = C⊤AℓB =

N∑
n=1

CnBnA
ℓ
n, ℓ ≥ 0,

and is denoted ϕN,K(A,B,C) when the field matters.

Proposition 3.19 (Finite-horizon universality, Proposition result:uni of Ran-Milo et al. [34]). Let ϕ : RN → RN

be an arbitrary LTI map and let t ∈ N. For both K = R and K = C, if N ≥ t, then there are diagonal parameters
(A,B,C) over K such that ϕN,K(A,B,C) agrees with ϕ up to time t.

Proof. Appendix A.1.17.

Proposition 3.20 (Complex contains real, Proposition result:c4r of Ran-Milo et al. [34]). Given any real diagonal
SSM ϕNR,R(AR, BR, CR) and any NC ≥ NR, there are complex diagonal parameters (AC, BC, CC) such that

ϕNC,C(AC, BC, CC) = ϕNR,R(AR, BR, CR).

Proof. Appendix A.1.18.

Theorem 3.21 (Real dimension lower bound for one complex oscillator, Theorem result:r4c of Ran-Milo et al.
[34]). Let t ∈ N and ϵ ≥ 0. Consider a one-dimensional complex diagonal SSM with scalar parameters (AC, BC, CC)
satisfying

| sin(argAC)| ≥ 0.2, |AC| ≥ 0.51/t, |BCCC| ≥ 1.

If a real diagonal SSM ϕNR,R(AR, BR, CR) ϵ-approximates ϕ1,C(AC, BC, CC) up to time t, then

NR ≥ ⌊t/9⌋ − 1− 4ϵ.

Proof. Appendix A.1.19.

Theorem 3.22 (Forward-difference lower bound, Theorem result:r4general of Ran-Milo et al. [34]). Let
ϕNR,R(AR, BR, CR) ϵ-approximate an LTI map ϕ up to time t. Let ϕ(I)|odd and ϕ(I)|even denote the odd and even

subsequences of the impulse response, and let (·)(d)m denote the mth entry of the dth forward difference. Then

NR∥C⊤
R ⊙BR∥∞ ≥ max

d,m∈N, d+m≤⌊t/2⌋
σ∈{odd,even}

2d+2min{d,m}
(
2−d

∣∣∣(ϕ(I)|σ)(d)m ∣∣∣− ϵ
)
.

Proof. Appendix A.1.20.
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Proposition 3.23 (Complex bounded-parameter construction, Proposition result:c4general of Ran-Milo et al.
[34]). Let ϕ be an LTI map and let t ∈ N. For any NC ≥ t, there are complex diagonal parameters (AC, BC, CC)
that match ϕ up to time t and satisfy

∥BC∥2 ≤ 2∥ϕ(I):t∥2, ∥C⊤
C ∥2 ≤ 1.

Proof. Appendix A.1.21.

3.5 MIMO and Scan

Proposition 3.24 (S5 scan and complexity, Proposition 1 of [38]). S5 writes a diagonalized MIMO SSM as

ḣ(t) = Λh(t) + B̃x(t), y(t) = C̃h(t) +Dx(t),

and evaluates the discretized recurrence by associative scan. With latent size P = O(H), the paper’s accounting
gives the same order runtime and memory as S4 for both recurrent and offline sequence evaluation.

Proof. Appendix A.1.22.

Proposition 3.25 (Constrained S4/S5 relationship, Proposition 2 of [38]). If H S4 systems share the same state
matrix and timescale, then the corresponding constrained S5 system with P = N produces outputs that are a linear
projection of the H constrained S4 latent states. These outputs are not the ordinary block-diagonal S4 outputs unless
the output projection is also changed accordingly.

Proof. Appendix A.1.23.

3.6 Early Language-Modeling Bridge

Proposition 3.26 (H3 associative recall construction, [8]). For the four-key/four-value associative-recall language
Λ studied in H3, there is an explicit H3 construction with embedding dimension d = 8, SSM state dimension m = 2,
and H = 4 heads that solves the task. The construction uses one shift SSM, one diagonal cumulative-sum SSM,
multiplicative query-key-value interactions, and a fixed final decoder from the binary value encoding.

Proof. Appendix A.1.24.

4 Selective State Space Models

4.1 S6 and Selective Scan

Definition 4.1 (S6 selective recurrence; Gu and Dao [10]). In the Mamba S6 layer, the continuous state matrix A
is learned and structured, while ∆t, Bt, and Ct are generated from the token xt [10]. Zero-order-hold discretization
gives

Āt = exp(∆tA), B̄t =

∫ ∆t

0

exp(τA)Bt dτ,

and hence
ht = Ātht−1 + B̄txt, yt = Ctht.

Proposition 4.2 (Scalar gate, Theorem 1 of Gu and Dao [10]). Let N = 1, A = −1, B = 1, and ∆t =
softplus(a⊤xt). Under zero-order-hold discretization,

Āt = exp(−∆t), B̄t = 1− Āt.

Writing gt = σ(a⊤xt) gives

Āt = 1− gt, B̄t = gt, ht = (1− gt)ht−1 + gtxt.

Proof. Appendix A.12.
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Proposition 4.3 (Derived affine selective scan). For affine steps F(Ā,b)(h) = Āh+ b, define

(Ā, b) ◦ (Ā′, b′) = (ĀĀ′, Āb′ + b).

Then ◦ is associative. Consequently the prefix product

(Āt, bt) ◦ · · · ◦ (Ā1, b1), bt = B̄txt,

computes the map from h0 to ht for the time-varying selective recurrence.

Proof. Appendix A.11.

4.2 Input Selectivity as Basis Selection and Memory Freezing

Definition 4.4 (Mamba basis function, Huang et al. [21]). Consider a scalar continuous-time S6 channel with
An = −λn, λn > 0, fixed input matrix coefficient Bn, and input dependence only through the step-size gate ∆n.
Its nth hidden coordinate may be written as

hMn (t) =

∫ t

0

gMn (s; t, x)x(s) ds, gMn (s; t, x) = Bn exp

(
−λn

∫ t

s

∆n(xr) dr

)
.

The corresponding S4D basis is the special case ∆n ≡ 1:

gS4Dn (s; t) = Bne
−λn(t−s).

Theorem 4.5 (Haar wavelets from Mamba bases, Huang et al. [21]). Let ψj,k : [0, 1] → R be the Haar wavelet

ψj,k(s) = 2j/2
(
1[2−jk, 2−j(k+1/2))(s)− 1[2−j(k+1/2), 2−j(k+1)](s)

)
.

Let x̃s = (xs, s) be the input augmented with time. For every ϵ > 0, there are three Mamba basis functions gM1

j,k ,

gM2

j,k , and g
M3

j,k of Definition 4.4, evaluated at t = 1 on x̃, such that

sup
s∈[0,1]

∣∣∣ψj,k(s)− (gM1

j,k (s; 1, x̃)− 2gM2

j,k (s; 1, x̃) + gM3

j,k (s; 1, x̃)
)∣∣∣ < ϵ.

Proof. Appendix A.2.1.

Corollary 4.6 (Adaptive discontinuous approximation, Huang et al. [21]). Let ρ : [0, 1] → R be piecewise constant
with m ≥ 1 discontinuities. There exist N Mamba basis functions such that∥∥∥∥∥ρ−

N∑
n=1

gMn

∥∥∥∥∥
L2

= O
(
2−N/(3m)

)
.

In the same comparison made in the source, S4D/Fourier-type bases achieve O(N−1) for this approximation problem.

Proof. Appendix A.2.2.

Lemma 4.7 (Sensitivity decay, Huang et al. [21]). Consider a diagonal time-varying recurrence

ht = Λ̄tht−1 + B̄txt.

Assume the maps xj 7→ Λ̄j and xj 7→ B̄jxj are differentiable at the point considered. For j < t,

∂ht
∂xj

=

 t∏
r=j+1

Λ̄r

[ ∂

∂xj
(B̄jxj) +

∂Λ̄j
∂xj

j−1∑
s=1

(
j−1∏
r=s+1

Λ̄r

)
B̄sxs

]
.

Consequently, for the nth coordinate of an S4D state and an S6/Mamba state, there are prefactors c̃S4D and c̃M
independent of t such that ∣∣∣∣∣∂hS4D,nt

∂xj

∣∣∣∣∣ = c̃S4D(λn, Bn, x≤j)e
−λn(t−j−1)

and ∣∣∣∣∣∂hM,nt

∂xj

∣∣∣∣∣ = c̃M(∆, λn, Bn, x≤j) exp

−λn
t∑

r=j+1

∆(xr)

 .
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Proof. Appendix A.2.3.

Lemma 4.8 (Freezing selective time, Huang et al. [21]). For the discrete S6 recurrence of Lemma 4.7, assume the
nth coordinate satisfies

lim
t→∞

λn

t∑
r=j+1

∆(xr) ≤ c

for some c ≥ 0. Then

lim inf
t→∞

∣∣∣∣∣∂hM,nt

∂xj

∣∣∣∣∣ ≥ e−c
∣∣∣∣ ∂∂xj (Bn(xj)∆(xj)xj

)∣∣∣∣ .
Thus retaining nonzero sensitivity to xj along long sequences requires the cumulative selective time

∑t
r=j+1 ∆(xr),

or equivalently the product of decay factors, to remain controlled on the retained segment.

Proof. Appendix A.2.4.

Theorem 4.9 (MQAR constructions, Huang et al. [21]). Consider the multi-query associative-recall task with κ
key-value pairs over vocabulary V . The source gives the following one-layer exact constructions.

1. A Mamba model without the output gating branch solves MQAR with embedding size d = O(κ+ log |V |) and
state size N = κ.

2. A Mamba-2 model without the output gating branch solves MQAR with embedding size d = O(log κ+ log |V |)
and state size N = O(log κ).

3. A Mamba block with an S4D mixer solves MQAR with embedding size d = O(κ log |V |) and state size N = 1.

Proof. Appendix A.2.5.

Lemma 4.10 (Induction head via state-dimension selectivity, Huang et al. [21]). Let V be a finite vocabulary.
Consider the variant selective mixer

ht = exp(Λ⊙ (1d ⊗∆(x̂t)))⊙ ht−1 + x̂t ⊗Bt,

where the selective gate acts along the state dimension. There is a one-layer Mamba model with this mixer that
solves the induction-head task with embedding size d = 2|V | and state size N = |V |.

Proof. Appendix A.2.6.

Remark. The approximation and task constructions in this subsection are exact representability statements. Several
parameter choices use limiting gates such as ∆ → 0 or ∆ → ∞; the statements are not optimization or typical-
training guarantees.

4.3 Linear CDE Formulation

Definition 4.11 (Linear CDE, Definition 3.1 of Cirone et al. [4]). Let

X ⊂ C1,0([0, 1];Rd)

be an input path class. Let

ω : X → C1,0([0, 1];Rdω ), ξ : X → C1,0([0, 1];Rdξ)

be continuous gates, and write ωX = ω(X), ξX = ξ(X). A Linear CDE with hidden dimension N is

dZXt =

dω∑
i=1

AiZ
X
t dωX,it +B dξXt , ZX0 = Z0 ∈ RN ,

where Ai ∈ RN×N and B ∈ RN×dξ .
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Proposition 4.12 (S4 and S6 as Linear CDEs, Section 3 of Cirone et al. [4]). For d = 1, a continuous-time S4
channel

dZt = AZt dt+BXt dt

is the Linear CDE of Definition 4.11 with

ωXt = t, ξXt =

∫ t

0

Xs ds.

For a Mamba/S6 channel i, let

∆i(x) = softplus(αi · x+ βi) ≃ δ σ(α̃i · x+ β̃i), σ = ReLU,

with α̃i = αi/δ and β̃i = βi/δ. In the δ → 0 Euler limit,

dZXi,t = AiZ
X
i,tσ(α̃i ·Xt + β̃i) dt+ (BXt)X

i
tσ(α̃i ·Xt + β̃i) dt.

Thus the channel is a Linear CDE with

ωXi,t =

∫ t

0

σ(α̃i ·Xs + β̃i) ds, ξXi,t =

∫ t

0

XsX
i
sσ(α̃i ·Xs + β̃i) ds.

Proof. Appendix A.2.7.

Proposition 4.13 (Signature expansion, Cirone et al. [4]). Let Wdω be the set of words over {1, . . . , dω}. For
I = (i1, . . . , im), write AI = Aim · · ·Ai1 and A∅ = IN . If Bj is the jth column of B, then the solution of the Linear
CDE satisfies

ZXt =
∑

I∈Wdω

AIZ0 Sig(ωX)I0,t

+

dξ∑
j=1

∑
I∈Wdω

AIBj

∫ t

0

Sig(ωX)Is,t dξ
X,j
s .

Proof. Appendix A.2.8.

Definition 4.14 (Initial-value feature map, Appendix of Cirone et al. [4]). Let an initial-value gate

(·)0 : X → Rd0 , X 7→ X0

be fixed. The source feature map at time t is

T (X)0,t =

(
Xi

0 Sig(ω
X)I0,t,

∫ t

0

Sig(ωX)Is,t dξ
X,j
s

)
i,I,j

,

with i ∈ {1, . . . , d0}, j ∈ {1, . . . , dξ}, and I ∈ Wdω .

Proof. Appendix A.2.9.

Proposition 4.15 (RKHS of Linear CDE features; Cirone et al. [4], Appendix). Let H0,ω,ξ
t be the RKHS generated

by X 7→ T (X)0,t. A function F (·, t) : X → R belongs to H0,ω,ξ
t if and only if

F (X, t) =

d0∑
i=1

Xi
0⟨αi, Sig(ωX)0,t⟩ℓ2 +

dξ∑
j=1

∫ t

0

⟨βj , Sig(ωX)s,t⟩ℓ2 dξX,js

for some αi, βj ∈ ℓ2(Wdω ). Moreover the RKHS norm is the minimum value of

d0∑
i=1

∥αi∥2ℓ2(Wdω ) +

dξ∑
j=1

∥βj∥2ℓ2(Wdω )

over all coefficient families representing F (·, t).
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Proof. Appendix A.2.9.

Lemma 4.16 (Kernel formula for T ; Cirone et al. [4], Appendix). For X,Y ∈ X , define

KX,Y (s, t) = ⟨T (X)0,s, T (Y )0,t⟩ℓ2 .

Then
KX,Y (s, t) = ⟨X0, Y0⟩⟨Sig(ωX)0,s, Sig(ω

Y )0,t⟩ℓ2

+

∫ s

η=0

∫ t

τ=0

⟨Sig(ωX)η,s, Sig(ω
Y )τ,t⟩ℓ2⟨dξXη , dξYτ ⟩.

Equivalently, K is the solution of the two-parameter equation

KX,Y (s, t) = ⟨X0, Y0⟩+ ⟨ξXs , ξYt ⟩+
∫ s

η=0

∫ t

τ=0

KX,Y (η, τ)⟨dωXη , dωYτ ⟩.

Proof. Appendix A.2.9.

4.4 Closure Theorems

Theorem 4.17 (Dense Linear CDE closure, Theorem 4.1 of Cirone et al. [4]). Let X ⊂ C1,0([0, 1];Rd) be compact.
Let ω, ξ be continuous gates satisfying

ωX,1t = t, ωX,2t = t2.

Let
Ψ : C1,0([0, 1];Rdω ) → R, Φ : C1,0([0, 1];Rdω ) → Rdξ

be continuous. For every ϵ > 0 there exist N , dense matrices A1, . . . , Adω , B, and a linear readout C ∈ R1×N such
that

sup
(X,t)∈X×[0,1]

∣∣∣∣CZXt −Ψ(ωX[0,t])−
∫ t

0

Φ(ωX[s,t]) · dξ
X
s

∣∣∣∣ < ϵ.

Conversely, every output CZXt of a dense Linear CDE is of this path-functional form.

Proof. Appendix A.2.10.

Theorem 4.18 (Full source closure with initial-value gate; Cirone et al. [4], Appendix theorem). Let K ⊆ X be
compact and let (·)0, ω, ξ be continuous gates with

ωX,1t = t, ωX,2t = t2.

For every ϵ > 0 and every

F (X, t) = Ψ(ωX[0,t]) ·X0 +

∫ t

0

Φ(ωX[s,t]) · dξ
X
s ,

where
Ψ ∈ C0(C1,0([0, 1];Rdω );Rd0), Φ ∈ C0(C1,0([0, 1];Rdω );Rdξ),

there exist N , dense matrices Ai ∈ RN×N , B ∈ RN×dξ , an initial map C0 ∈ RN×d0 , and a readout v ∈ RN such
that the solution of

dZXt =

dω∑
i=1

AiZ
X
t dωX,it +B dξXt , ZX0 = C0X0,

satisfies
sup

(X,t)∈K×[0,1]

|F (X, t)− ⟨v, ZXt ⟩| ≤ ϵ.

Moreover, under the source LeCun initialization

[Ai]n,n′
i.i.d.∼ N (0, 1/N), [C0]n,i, [B]n,j

i.i.d.∼ N (0, 1),

the probability that such a readout v exists tends to one as N → ∞.
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If the matrices Ai are constrained to be diagonal, the coordinates t, t2 are not required and the corresponding closure
is the smaller family

F (X, t) = ψ(ωXt ) ·X0 +

∫ t

0

ϕ(ωXt − ωXs ) · dξXs ,

with ψ ∈ C0(Rdω ;Rd0) and ϕ ∈ C0(Rdω ;Rdξ). In both the dense and diagonal cases, fixed readouts of fixed Linear
CDE parameters lie in the uniform closure of the corresponding displayed family.

Proof. Appendix A.2.11.

Theorem 4.19 (Randomized Linear CDE closure, Theorem 4.2 of Cirone et al. [4]). Under the hypotheses of
Theorem 4.17, sample

[Aj ]n,n′
i.i.d.∼ N (0, 1/N), [Z0]n, [B]n,j

i.i.d.∼ N (0, 1).

For every functional

F (X, t) = Ψ(ωX[0,t]) +

∫ t

0

Φ(ωX[s,t]) · dξ
X
s

of the preceding form and every ϵ > 0,

lim
N→∞

P

[
∃C ∈ R1×N : sup

(X,t)∈X×[0,1]

|F (X, t)− CZXt | ≤ ϵ

]
= 1.

Proof. Appendix A.2.12.

Theorem 4.20 (Diagonal Linear CDE closure, Theorem 4.3 of Cirone et al. [4]). If A1, . . . , Adω are constrained to
be diagonal, the closure of linear readouts of Linear CDEs is{

(X, t) 7→ ψ(ωXt ) +

∫ t

0

ϕ(ωXt − ωXs ) · dξXs
}
,

where
ψ : Rdω → R, ϕ : Rdω → Rdξ

are continuous. In this diagonal theorem the technical coordinates ωX,1t = t and ωX,2t = t2 are not required.

Proof. Appendix A.2.13.

Corollary 4.21 (Mamba channel closure, Corollary 4.4 of Cirone et al. [4]). In the Mamba channel-separated
diagonal setting, the closure reduces to{

(X, t) 7→
dω∑
i=1

ψi(ω
X,i
t ) +

dω∑
i=1

∫ t

0

ϕi(ω
X,i
t − ωX,is ) dξX,is

}
,

where ψi, ϕi : R → R are continuous.

Proof. Appendix A.2.14.

Remark (Mamba sign pattern). In the source Mamba specialization, the diagonal system has

dωXt = softplus(WXt + λ) dt, dξXt = Xt ⊙ dωXt , V = −v ⊗ 1dω , v ≥ 0.

Thus the diagonal homogeneous factor exp(diag(V (ωXt − ωXs ))) has nonexpansive real modes when ωX is nonde-
creasing componentwise. This is the source conditioning observation behind the diagonal Mamba case.

Proposition 4.22 (Input-driven signature recovery by chained diagonal CDEs, Appendix of Cirone et al. [4]). Let
X ⊂ C1,0([0, 1];Rd) be compact. We use the source chaining condition in the displayed input-driven specialization:
at each stage the gate and injection drivers both contain the needed coordinates of X, and a constant coordinate is
adjoined if the source initial-coordinate convention is used. For every word I ∈ Wd with |I| ≥ 2 and every ϵ > 0,
there are linear maps Wk ∈ RNk×1 and diagonal Linear CDE weights such that

dZ1,X
t =

d∑
i=1

A
(1)
i Z1,X

t dXi
t +B(1) dXt, Z1,X

0 = Z1
0 ,
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and

dZk+1,X
t =

d+1∑
i=1

A
(k+1)
i Zk+1,X

t d

WkZ
k,X

X


i

t

+B(k+1) dXt, Zk+1,X
0 = Zk+1

0 .

For some v ∈ RN|I|−1 ,

sup
(X,t)∈X×[0,1]

∣∣∣Sig(X)I0,t − ⟨v, Z |I|−1,X
t ⟩

∣∣∣ ≤ ϵ.

Proof. Appendix A.2.15.

Proposition 4.23 (ReLU-gated chained recovery, Appendix of Cirone et al. [4]). Let X ⊂ C1,0([0, 1];Rd) be compact
and suppose a diagonal chained Linear CDE is driven by a nonnegative gate

ωXt =

∫ t

0

ReLU(WXs + b) ds.

Assume the gate contains paired coordinates so that a fixed linear map L satisfies

LωXt = ω̃Xt , ω̃Xt =

∫ t

0

Xs ds,

and assume the injection driver contains the same coordinates needed for dω̃X . Then for every word I ∈ Wd,
|I| ≥ 2, and every ϵ > 0, a sufficiently deep chain of diagonal Linear CDEs with linear maps between layers has a
linear readout approximating

Sig(ω̃X)I0,t

uniformly on X × [0, 1] within ϵ.

Proof. Appendix A.2.16.

Proposition 4.24 (Chained diagonal approximation, Proposition 4.5 of Cirone et al. [4]). Let F be any functional
in the dense class of Theorem 4.17. For every ϵ > 0, a sequence of diagonal Linear CDEs chained by linear maps
can be chosen so that, eventually in the chain depth k, there exists Ck ∈ R1×Nk with

sup
(X,t)∈X×[0,1]

|F (X, t)− CkZ
k,X
t | ≤ ϵ.

Proof. Appendix A.2.17.

Proposition 4.25 (Path-to-path approximation, Proposition 5.1 of Cirone et al. [4]). Fix a compact K ⊆ X and

continuous maps (·)0, ω, ξ with X1
0 ≡ 1 and ωX,1t = t. For every ϵ > 0 and every causal continuous

G : C1,0([0, 1];Rdω )× [0, 1] → R,

there exist N , a feed-forward network Fmlp : RN → R, and Linear CDE parameters C0, Ai, B, with ZX0 = C0X0,
such that

sup
(X,t)∈K×[0,1]

|Fmlp(Z
X
t )−G(ωX , t)| < ϵ.

Proof. Appendix A.2.18.

Remark. The dense closure theorem uses recurrent mixing through dense Ai. The Mamba specialization above is
the diagonal, channel-separated specialization; the chained result is the theorem that recovers dense-class signature
information through depth.
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4.5 Mamba-3 as an SSM Object

Lahoti et al. [26] modify the Mamba-2/SSD object along three mathematical axes: the discretization rule, the
spectrum of the transition, and the input-output rank of the state-space map.

Proposition 4.26 (Exponential-trapezoidal discretization; source proposition of Lahoti et al. [26]). Consider the
time-varying linear SSM

ḣ(t) = A(t)h(t) +B(t)x(t), h(t) ∈ RN ,

with scalar decay A(t) ∈ R and grid τt − τt−1 = ∆t. Replacing A(s) on [τt−1, τt] by At = A(τt) and approximating
the state-input integral by the generalized trapezoidal rule gives

ht = e∆tAtht−1 + (1− λt)∆te
∆tAtBt−1xt−1 + λt∆tBtxt,

where λt ∈ [0, 1] is data-dependent. Equivalently,

ht = αtht−1 + βtBt−1xt−1 + γtBtxt, αt = e∆tAt , βt = (1− λt)∆te
∆tAt , γt = λt∆t.

If the adjusted integrand is C3 with bounded derivatives and λt =
1
2 + O(∆t), then the local state-input quadrature

error is O(∆3
t ). The choice λt = 1 recovers exponential Euler.

Proof. Appendix A.2.19.

Proposition 4.27 (Mamba-3 mask factorization, reformulating Lahoti et al. [26]). Let vt = Btxt and write the
exponential-trapezoidal recurrence as

h0 = γ0v0, ht = αtht−1 + βtvt−1 + γtvt (1 ≤ t ≤ T ).

With empty products equal to 1, define lower-triangular time masks

(Lα)ts =

{∏t
r=s+1 αr, s ≤ t,

0, s > t,
Dβ,γ(t, s) =


γt, s = t,

βt, s = t− 1,

0, otherwise.

Then the full time map is
(h0, . . . , hT )

⊤ = LαDβ,γ(v0, . . . , vT )
⊤.

Thus the Mamba-3 structured mask is a one-semiseparable decay mask composed with a two-band state-input mask;
in SSD notation it replaces the Mamba-2 diagonal input mask by a bidiagonal one.

Proof. Appendix A.2.20.

Proposition 4.28 (Complex-to-real SSM equivalence; source proposition of Lahoti et al. [26]). Let m = N/2 and
consider the complex SSM

ż(t) = diag(a(t) + iθ(t))z(t) + (B(t) + iB̂(t))x(t), y(t) = ℜ
(
(C(t) + iĈ(t))⊤z(t)

)
,

where z(t) ∈ Cm, a(t) ∈ R is scalar, and θ(t), B(t), B̂(t), C(t), Ĉ(t) ∈ Rm. Under exponential-Euler discretization,
this is equivalent to the real SSM

ht = e∆tatRtht−1 +∆t

Bt
B̂t

xt, yt =

 Ct

−Ĉt


⊤

ht,

where ht = (ℜzt,ℑzt) ∈ RN and

Rt = blockdiag{R(∆tθt,j)}mj=1, R(ϑ) =

cosϑ − sinϑ

sinϑ cosϑ

 .
Proof. Appendix A.2.21.
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Proposition 4.29 (Data-dependent RoPE form with exponential trapezoids; source propositions of Lahoti et al.
[26]). Let Rt be the block rotation from Proposition 4.28, and suppose the realified trapezoidal recurrence is

ht = αtRtht−1 + βtRtBt−1xt−1 + γtBtxt.

Define Qt =
∏t
s=0 R⊤

s . Since the rotation blocks are orthogonal and commute across time,

h̃t := Qtht

satisfies the scalar-transition recurrence

h̃t = αth̃t−1 + βtQt−1Bt−1xt−1 + γtQtBtxt, yt = (QtCt)
⊤h̃t.

Thus the complex transition can be moved from the recurrent state transition into cumulative, data-dependent
rotations of the B and C projections.

Proof. Appendix A.2.22.

Proposition 4.30 (MIMO as SISO components, reformulating Lahoti et al. [26]). Let ρ be the MIMO rank.
Absorb the scalar input coefficient (∆t in the source two-term presentation, or γt in the notation above) into Bt.

For Bt = [B
(1)
t , . . . , B

(ρ)
t ], Ct = [C

(1)
t , . . . , C

(ρ)
t ], and scalar input components x

(j)
t , define

h
(j)
t = αth

(j)
t−1 + γtB

(j)
t x

(j)
t , ht =

ρ∑
j=1

h
(j)
t , y

(i)
t = (C

(i)
t )⊤ht.

Then

y
(i)
t =

ρ∑
j=1

(C
(i)
t )⊤h

(j)
t =

ρ∑
j=1

SSM(α, γ,B(j), C(i), x(j))t.

Equivalently, the matrix recurrence

Ht = αtHt−1 +BtX
⊤
t , Yt = H⊤

t Ct

is an algebraic packing of ρ2 SISO input-output components with shared transition sequence.

Proof. Appendix A.2.23.

Observation. The source-derived Mamba-3 results are representation and discretization facts. In the proof map
of this note, exponential trapezoids refine the selective recurrence, complex rotations connect to the eigenvalue and
state-tracking results of Section 6, and the bidiagonal mask places Mamba-3 inside the SSD/semiseparable landscape
of Section 5.

4.6 Derived Compatibility Consequences

The following statements are consequences of the displayed Mamba-3 recurrences. They are not additional claims
attributed to Lahoti et al. [26].

Proposition 4.31 (Derived affine scan compatibility). The exponential-trapezoidal recurrence remains an affine
recurrent map. In the real scalar-transition case,

ht = αtht−1 + bt, bt = βtBt−1xt−1 + γtBtxt.

In the realified complex case,

ht = Ttht−1 + bt, Tt = αtRt, bt = βtRtBt−1xt−1 + γtBtxt.

Consequently Proposition 4.3 applies after the state-input term bt has been materialized.

Proof. Appendix A.2.24.
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Proposition 4.32 (Derived off-diagonal semiseparable form). In the scalar-transition setting of Proposition 4.27,
let Kt,s be the coefficient of vs = Bsxs in ht. Then

Ks,s = γs, Kt,s = 0 (s > t),

and for s < t,

Kt,s =

(
t∏

r=s+2

αr

)(
αs+1γs + βs+1

)
.

Thus the strict lower-triangular part is generated by one scalar SSM semiseparable recurrence. The extra Mamba-3
trapezoidal term changes the input injection weights, not the scalar propagation law below the diagonal.

Proof. Appendix A.2.25.

Proposition 4.33 (Derived rotation spectrum and parity sign). For one complex mode, the realified transition

Tt = e∆tatR(∆tθt)

has eigenvalues
e∆tat±i∆tθt .

Hence positive-real-eigenvalue hypotheses do not apply unless ∆tθt ∈ 2πZ.

Moreover, for binary inputs xt ∈ {0, 1}, choose at = 0, ∆t = 1, θt = πxt, no input injection, and h0 = (1, 0)⊤.
Then

hT = ((−1)
∑T

t=1 xt , 0)⊤.

The linear readout e⊤1 hT represents the parity sign, and a final affine threshold recovers the parity bit.

Proof. Appendix A.2.26.

Proposition 4.34 (Derived finite abelian state tracking by Mamba-3 rotations). Let G be a finite abelian group,
let Σ be a finite alphabet, and let φ : Σ → G be any symbol-to-state increment map. For a word x1:T ∈ ΣT , write

gT =

T∑
t=1

φ(xt) ∈ G.

For every subset A ⊆ G, there is a zero-input-injection, realified complex Mamba-3 recurrence with 2|G| real state
coordinates and input-dependent phases such that its final linear readout equals

1A(gT ).

Consequently a fixed threshold recognizes exactly the language

LA = {x1:T :

T∑
t=1

φ(xt) ∈ A}.

Proof. Appendix A.2.27.

Proposition 4.35 (Derived componentwise lifting to MIMO). Let Tij be the SISO sequence operator from input
component x(j) to the contribution of output component y(i) in Proposition 4.30. Then the MIMO operator is

y(i) =

ρ∑
j=1

Tijx(j).

Consequently every exact linear identity for each SISO component lifts to the MIMO operator by summing over j.
More quantitatively, if

∥Tiju∥V ≤ Lij∥u∥U
for scalar-sequence norms ∥ · ∥U and ∥ · ∥V , then(∑

i

∥y(i)∥2V

)1/2

≤ ∥L∥2→2

∑
j

∥x(j)∥2U

1/2

.
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Proof. Appendix A.2.28.

Earlier result family Transfer status Mathematical reason

Selective scan Applies The update remains affine, ht = Ttht−1 + bt, after
materializing the trapezoidal state-input bt.

SSD and semiseparable duality Partly applies The scalar-transition mask has a one-semiseparable strict lower
part composed with a bidiagonal input mask; block rotations
and MIMO require block/rank bookkeeping.

Positive-real spectrum limits Does not apply
verbatim

Complex Mamba-3 modes have eigenvalues e∆tat±i∆tθt , so the
positive-real spectral hypothesis is violated except at zero
phase.

Group-state constructions Applies for finite
abelian groups

Characters of finite abelian groups are realized by
input-dependent complex phases; linear Fourier readout
recovers any subset of the group state.

Diagonal formal-language limits Needs restatement Results for simultaneously diagonal real or positive transitions
do not automatically cover real block rotations or complex
modes.

SISO stability and norm bounds Lifts with factors Componentwise SISO bounds lift through MIMO with the
matrix norm of the rank-coupling constants.

Copying and fixed-state lower
bounds

Assumption
dependent

The fixed-state bottleneck remains relevant, but the exact
lower bound must match the Mamba-3 precision, state, and
transition assumptions.

4.7 Derived Mamba-3 Transfer Theorems

Let Msc
EE denote the class of scalar-decay exponential-Euler selective SSM sequence maps

ht = e∆tAtht−1 +∆tBtxt, yt = C⊤
t ht,

where At ∈ R is allowed to depend on the input and time. Let M3 denote the class generated by the Mamba-3
recurrences displayed above, including the scalar real, realified complex, and MIMO constructions. The following
transfer statements are derived set-inclusion facts in this note; they are not source theorem claims of Lahoti et al.
[26].

Proposition 4.36 (Derived exponential-Euler subfamily containment). The scalar-decay exponential-Euler class
is contained in the Mamba-3 class:

Msc
EE ⊆ M3.

More explicitly, every recurrence in Msc
EE is obtained from Proposition 4.26 by choosing

λt = 1, βt = 0, γt = ∆t,

and by using the zero-phase real subfamily of the complex representation.

Proof. Appendix A.2.29.

Proposition 4.37 (Derived existential theorem transfer). Let P be a property of sequence maps, and suppose an
earlier positive result proves

∃f ∈ Msc
EE such that P(f).

Then the same existential statement holds for Mamba-3:

∃f ∈ M3 such that P(f).

Thus constructive upper bounds, exact simulations, and expressivity constructions from the scalar-decay exponential-
Euler subfamily transfer to Mamba-3 without changing the constructed sequence map.

Proof. Appendix A.2.30.
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Proposition 4.38 (Derived universal theorem transfer criterion). Let C be a model class and let Q be a universal
conclusion, for example an impossibility statement or a stability bound. If a theorem proves

∀f ∈ C, Q(f),

then it applies to all of Mamba-3 only under the additional inclusion M3 ⊆ C. If instead only a restricted Mamba-3
subclass M′

3 ⊆ C is known, the theorem transfers only to M′
3.

In particular, lower bounds whose hypotheses require positive real transition eigenvalues apply to the positive-real
zero-phase restriction

∆tθt ∈ 2πZ
of the realified Mamba-3 complex modes, but Proposition 4.33 shows that they do not cover the full rotation family.

Proof. Appendix A.2.31.

Remark. Proposition 4.37 is the formal mechanism for importing positive constructions into Mamba-3. Proposi-
tion 4.38 is the corresponding check for limitations: the hypotheses, not the architecture name, determine whether
a theorem applies.

5 State-Space Duality and Attention

The common object in the attention-duality papers is a causal lower triangular sequence matrix. Recurrences,
semiseparable matrices, and structured masked attention are different representations of this object under different
structural assumptions.

5.1 Hidden Attention in Mamba-1

Proposition 5.1 (Hidden attention matrix; Ali et al. [1]). Consider one S6 channel with h0 = 0,

hi = Āihi−1 + B̄ixi, yi = Cihi.

Then y = α̃x, where α̃ is causal lower triangular with entries

α̃ij = Ci

 i∏
k=j+1

Āk

 B̄j , j ≤ i.

If Āi is diagonal with state dimension N , then each channel-level coefficient is the sum of N coordinatewise attention
coefficients,

α̃ij =

N∑
m=1

Ci[m]B̄j [m]

i∏
k=j+1

Āk[m,m].

Proof. Appendix A.3.1.

Remark. This is an exact unrolling identity for the S6 recurrence. The later query-history-key expression in Ali
et al. [1] substitutes the Mamba parameter maps into this identity and uses an approximation to simplify Softplus
terms.

5.2 SSMs as Semiseparable Matrices

Definition 5.2 (N -semiseparable and N -SSS matrices; Dao and Gu [7]). A lower triangular matrix M ∈ RT×T is
N -semiseparable if every submatrix contained on or below the diagonal has rank at mostN . It has anN -sequentially
semiseparable representation if there are At ∈ RN×N and Bt, Ct ∈ RN such that

Mji = C⊤
j AjAj−1 · · ·Ai+1Bi, i ≤ j.

Theorem 5.3 (SSM equals SSS; Dao and Gu [7], Theorem 3.5). For state size N , set M = SSS(A,B,C). Then

SSM(A,B,C)(x) =Mx.

The matrix M is an N -SS matrix in sequentially semiseparable representation.
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Proof. Appendix A.3.2.

Proposition 5.4 (Semiseparable matrix-vector multiplication; Dao and Gu [7], Proposition 3.6). An N -
semiseparable matrix of size T has an O(NT )-parameter compressed representation and supports matrix-vector
multiplication in O(NT ) time and space.

Proof. Appendix A.3.3.

Theorem 5.5 (Efficient SSM computation; Dao and Gu [7], Theorem 3.7). Any SSM of state size N on sequence
length T can be computed in O(TN) time, not counting potential preprocessing.

Proof. Appendix A.3.4.

5.3 Structured State-Space Duality

Proposition 5.6 (Scalar-identity SSD duality; Dao and Gu [7], Section 5). Suppose the SSM transition has scalar-
identity form At = atIN . Let

Lji =

j∏
k=i+1

ak, i ≤ j,

and Lji = 0 for i > j. If B,C ∈ RT×N collect the input and output projections, then the SSM sequence matrix is

M = L⊙ (CB⊤).

Thus the same transformation has the recurrent SSM form and the quadratic structured masked-attention form.

Proof. Appendix A.3.5.

Corollary 5.7 (1-SS SMA as a diagonal SSM; Dao and Gu [7], Corollary 5.1). Structured masked attention with
a 1-semiseparable mask is a special case of a diagonal SSM whose diagonal transition matrix is a scalar multiple of
the identity.

Proof. Appendix A.3.5.

Theorem 5.8 (Autoregressive attention is semiseparable; Dao and Gu [7], Theorem 5.2). For any structured
masked-attention instance that is an autoregressive process of bounded order, the structured mask L must be semisep-
arable.

Proof. Appendix A.3.6.

Remark. The source duality is exact for scalar-identity SSMs and structured masked attention with a 1-
semiseparable mask. More general semiseparable masked attention is a broader algebraic class; the standard
scalar-identity SSM form does not cover it without changing the expansion/contraction representation.

Theorem 5.9 (SSD algorithm; Dao and Gu [7], Theorem 6.1). For an SSD model with state expansion N and
head dimension P = N , there is an algorithm that computes the model on any X ∈ RT×P using O(TN2) training
FLOPs, O(TN) inference FLOPs, O(N2) inference memory, and work dominated by matrix multiplications. In the
block decomposition, the source chooses block length Q = N ; the displayed bounds are unchanged by a final shorter
block.

Proof. Appendix A.3.7.

5.4 Diagonal SSD Beyond Scalar Identity

Proposition 5.10 (Diagonal SSM as a sum of 1-SS attention heads; Hu et al. [20], Section 4.1). Let M be the
sequence matrix of a diagonal SSM,

Mji = c⊤j AjAj−1 · · ·Ai+1bi, i ≤ j,

where each At is diagonal in RN×N . Writing a
(n)
t = (At)nn, b

(n)
t = (bt)n, and c

(n)
t = (ct)n, one has

M =

N∑
n=1

1 SS(a(n))⊙
(
c(n)(b(n))⊤

)
.
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If every At is invertible, this representation can be reparameterized as a single 1-SS masked-attention dual

M = 1SS(1)⊙ (C ′B′⊤).

Proof. Appendix A.3.9.

Definition 5.11 (Fine 1-SS masks and new columns; Hu et al. [20]). Let L = 1SS(a1, . . . , aT ) be a 1-semiseparable
mask. It is fine if a1a2 · · · aT ̸= 0. For a lower triangular matrix M , column t is new if the tail Mt:T,t is not in the
span of the previous tails Mt:T,s with s < t. If a 1-SS mask is not fine, its zero transition entries split the lower
triangular matrix into diagonal blocks.

Theorem 5.12 (General state-space duality condition; Hu et al. [20], Theorem 4.1). Let M be an N -semiseparable
matrix corresponding to an SSM. This SSM has a 1-SS masked-attention dual if and only if M has several diagonal
blocks containing all nonzero entries of M , and each diagonal block has at most N new columns.

Proof. Appendix A.3.10.

5.5 Boundary of the Duality

Proposition 5.13 (Softmax rank obstruction; Hu et al. [20], Section 5). There are rank-one score matrices V for
which Softmax(V ) has full rank T , and every submatrix of Softmax(V ) is full rank. Since a finite-state SSM dual
would require a fixed semiseparable rank, standard softmax attention does not admit the same finite-dimensional
SSD duality in general.

Proof. Appendix A.3.10.

Proposition 5.14 (Low-state SSM obstruction; Hu et al. [20], Section 5). For every state dimension N ≥ 2 and all
sufficiently large T , there are SSM parameters whose sequence matrix is 2-semiseparable, for exampleM = IT+E

T,1,
but which have no representation

M = L⊙ (QK⊤), Q,K ∈ RT×N ,

with a 1-SS mask L.

Proof. Appendix A.3.10.

Proposition 5.15 (Mamba S6 head pattern; Dao and Gu [7], Proposition 7.2). In the SSD attention-dual vocab-
ulary, the selective SSM layer of Mamba has head dimension P = 1: each channel has independent SSM dynamics
A, while B and C, corresponding to keys and queries in the attention dual, are shared across input channels.

Proof. Appendix A.3.8.

Thus Mamba-2 is not only an implementation change. Its core SSD layer moves from Mamba-1’s diagonal per-
channel transition to scalar-identity transitions organized with larger head dimension, exposing the exact structured
attention-dual form and the block SSD algorithm.

6 Expressivity and Formal Languages

Formal-language results give a controlled way to ask what an SSM layer can represent at arbitrary sequence lengths.
The recurring objects are exact recognition, next-symbol prediction, and algebraic state tracking.

6.1 Recognition, Prediction, and State Tracking

Definition 6.1 (Recognition and predictive modeling, local convention). Let L ⊆ Σ∗ be a language. A sequence
model recognizes L if its final output separates w ∈ L from w /∈ L. It predictively models L if, for every valid prefix
w, it outputs the set of symbols

{σ ∈ Σ : ∃v ∈ Σ∗ such that wσv ∈ L}.

Definition 6.2 (Group state tracking, local convention). Let G be a finite group or semigroup. Given inputs
x1, . . . , xT ∈ G, the target at time t is

gt = x1x2 · · ·xt.

Parity, modular counting, cyclic automata, and permutation tracking are instances of this object.
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6.2 Star-Free Languages and Counters

In the results of Sarrof et al. [35], finite precision means an unbounded number of integer bits but only a fixed
number of fractional bits, independent of input length.

Theorem 6.3 (Flip-Flop; Sarrof et al. [35], Theorem 1). There is a two-layer finite-precision SSM that predictively
models the Flip-Flop language LFF at all input lengths.

Proof. Appendix A.4.1.

Theorem 6.4 (Star-free characterization; Sarrof et al. [35], Theorem 4). Let L be a regular language. For the
finite-precision SSM abstraction of Sarrof et al. [35] satisfying the nonnegative-gate assumption, the following are
equivalent:

(i) L is predictively modeled at all input lengths,

(ii) L is star-free.

Proof. Appendix A.4.2.

Theorem 6.5 (Counter languages and bounded Dyck; Sarrof et al. [35], Theorems 5 and 6). Under the finite-
precision convention of Sarrof et al. [35], with bounded fractional precision and unbounded integer bits, the languages

Dyck1, Shuffle-Dyckk, n-ary Boolean expressions, anbn, anbncn, anbncndn

can each be predictively modeled by an SSM. Moreover, for bounded-depth Dyck, which uses only bounded counter
values, there is a two-layer SSM with width O(h logK) that predictively models DyckK,h at all input lengths.

Proof. Appendix A.4.3.

6.3 Finite-Context Prediction

Theorem 6.6 (n-gram prediction; Nandakumar et al. [30], Theorem 4.1). Let L be a language over a vocabulary
W , and let f∗ng be an n-gram language model obtained from a finite rule datum (P, fng). For every ϵ > 0, there is
a state-space language model f∗S such that f∗S and f∗ng are ϵ-equivalent on L. The SSM component may be chosen
with one hidden layer of size |P |, and the embedding dimension may be any fixed e ≥ 1.

Proof. Appendix A.4.4.

Proposition 6.7 (Memorization and finite context; Nandakumar et al. [30], Propositions 4.4 and 4.5). Let
{(xi, yi)}Ki=1 be distinct finite input-output sequence pairs, where each xi has length n. There is a one-hidden-
layer SSM with K hidden units that memorizes these pairs, and its transition matrix may be chosen so that An = 0.
Conversely, if an SSM transition satisfies An = 0, then the output at time T depends only on xT−n+1, . . . , xT .

Proof. Appendix A.4.4.

6.4 Polynomial Selectivity

Proposition 6.8 (S6 versus linear attention; Cohen-Karlik et al. [5], Lemmas 1 and 2). For input length L ≥ 3,
there is a function f : RL → R implemented by one channel of the simplified S6 layer analyzed by Cohen-Karlik
et al. [5] such that a single-head causal linear-attention model requires logarithmically many stacked layers to express
f . Conversely, every function expressible by a single causal linear-attention head is expressible by one channel of
the same S6 class.

Proof. Appendix A.4.5.

Lemma 6.9 (Monomial extraction by three Mamba layers; Cohen-Karlik et al. [5], Lemma 3). For a scalar
input sequence x ∈ RL, a three-layer simplified Mamba model with sufficiently many channels, learnable positional
encodings, and a linear encoder in the first layer can isolate any position j and output

c xPj

in a prescribed channel, for any coefficient c ∈ R and any monomial degree P in the polynomial under consideration.
Sufficient zero padding is used when the construction needs more positions than the original sequence length.
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Proof. Appendix A.4.5.

Theorem 6.10 (Polynomial universality of stacked Mamba blocks; Cohen-Karlik et al. [5], Theorem 2). For a
scalar input sequence x ∈ RL, four stacked Mamba layers, with sufficiently many channels, learnable positional
encodings, sufficient padding, and a linear encoder in the first layer, can express any multivariate polynomial of
bounded degree in x. This is in the paper’s simplified setting with state size N = 1 and the SiLU activations removed.

Proof. Appendix A.4.5.

6.5 Finite Automata and Diagonal State Tracking

Proposition 6.11 (FSA-to-selective-SSM mapping; Terzić et al. [40]). Let A = (Q,Σ, qinit, δ) be a deterministic
finite automaton. With one-hot state encodings eq, define

A(σ) =
∑
q∈Q

eδ(q,σ)e
⊤
q , b(σ) = 0.

Then the selective recurrence
qt = A(xt)qt−1, q0 = eqinit ,

exactly emulates the automaton state sequence.

Proof. Appendix A.4.6.

Definition 6.12 (PD-SSM transition class, Terzić et al. [41]). Let HN×N be the set of matrices with exactly one
nonzero entry in each column. A PD-SSM transition has the form

At = PtDt, Pt ∈ HN×N , Dt = diag(dt,1, . . . , dt,N ) ∈ CN×N .

Proposition 6.13 (One-hot-column monoid and linear multiplication, Properties 1–2 of Terzić et al. [41]). The
set HN×N is a monoid under matrix multiplication. Moreover, if A,B ∈ HN×N , then C = AB ∈ HN×N can be
computed in Θ(N) arithmetic operations.

Proof. Appendix A.4.7.

Proposition 6.14 (PD-SSM stability, Terzić et al. [41]). Let

ht = Atht−1 + bt, At = PtDt, Pt ∈ HN×N ,

and assume ∥At∥∞ ≤ 1− ε for some ε ∈ (0, 1]. If ∥h0∥2 ≤ B and ∥bt∥2 ≤ B for all t, then

∥ht∥2 ≤
√
N B

ε
for all t.

Proof. Appendix A.4.8.

Theorem 6.15 (PD-SSM finite-state tracking, Propositions 1–3 of Terzić et al. [41]). Every deterministic FSA with
N states can be exactly represented by a single-layer PD-SSM with state size N and a linear readout of size N ×N .
Under unique state encodings, for every N there is an N -state FSA that cannot be emulated by any single-layer
SSM with state size less than N−1. If arbitrary precision and a lookup readout are allowed, then a scalar recurrence
of the form

xt+1 = xt + ut
√
pt,

with pt the tth prime and rational input encodings ut, can encode any FSA into a scalar state.

Proof. Appendix A.4.9.

Proposition 6.16 (Commutativity of simultaneously diagonal transitions; Terzić et al. [40], Proposition 1). Under
the FSA mapping above, suppose b(xt) = 0 and all transition matrices A(xt) are simultaneously diagonalizable.
Then the resulting single-layer selective SSM can emulate only commutative automata.

Proof. Appendix A.4.6.
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Theorem 6.17 (Diagonal complex group tracking; Shakerinava et al. [36], Theorems 1 and 2). Let G be a fi-
nite group. For the input-dependent complex-valued diagonal SSM abstraction at finite precision, with the source
assumptions that A, b, and the decoder are universal function approximators:

one layer tracks G ⇐⇒ G is Abelian.

More generally, a k-layer DCD SSM tracks G if and only if there exists a subnormal series

G = Gk ⊵ Gk−1 ⊵ · · · ⊵ G1 ⊵ G0 = {e}

such that every quotient Gi+1/Gi is Abelian.

Proof. Appendix A.4.10.

6.6 Eigenvalues and Regular Languages

Theorem 6.18 (Eigenvalue obstructions; Grazzi et al. [9], Theorems 1 and 2). Let an LRNN have finitely many
finite-precision layers of the form Ht = A(xt)Ht−1 + B(xt). If it solves parity at arbitrary input lengths, then in
at least one layer there is an input x such that A(x) has an eigenvalue outside R≥0. If an L-layer LRNN counts
modulo m, equivalently recognizes (1m)∗, where m is not a power of two, then there exist i ∈ {1, . . . , L} and inputs
x1, . . . , x2i−1 such that

Ai(x1)Ai(x2) · · ·Ai(x2i−1)

has a nonreal eigenvalue.

Proof. Appendix A.4.11.

Theorem 6.19 (Generalized Householder positive construction; Grazzi et al. [9], Theorems 3 and 4). Let Mn
k (Ω)

denote products of k generalized Householder matrices in Rn×n whose nontrivial eigenvalues lie in Ω. Every finite
automaton whose transition monoid is a group can be implemented by a one-layer finite-precision LRNN with
transitions in Mn

k−1({−1, 1}), where the transition monoid embeds in a subgroup of Sn and k is the maximum
number of points displaced by a one-symbol transition. With repeated products of generalized Householder matrices
whose eigenvalues lie in [−1, 1], LRNNs can recognize every regular language.

Proof. Appendix A.4.11.

Theorem 6.20 (Adaptive unitary expressivity; Karuvally et al. [24], Lemmas 1–2 and Theorem 2). Under the
paper’s logarithmically bounded precision assumption, a single-layer AUSSM can count modulo k for every k ∈ Z+,
hence can simulate arbitrary cyclic group automata. Interleaved Mamba and AUSSM blocks can implement cascade
products of automata simulated by the individual blocks. Consequently, hybrid Mamba+AUSSM can recognize every
solvable regular language, i.e. every regular language whose syntactic monoid has no non-solvable subgroup.

Proof. Appendix A.4.12.

6.7 Placement of Dense Selective Transitions

The Selective Dense SSM of Terzić et al. [40] replaces diagonal transition generation by a softmax-weighted dic-
tionary of dense transition matrices, followed by operator normalization and a linear readout. The empirical part
studies finite-state emulation and length generalization for this architecture. The simultaneously diagonal proposi-
tion above is the theorem-level limitation used here.

7 Limitations

The limitation results use different mathematical abstractions: fixed-state copying, uniform circuit simulations,
finite-precision eigenvalue dynamics, and algebraic restrictions on diagonal group tracking.

7.1 Copying

Theorem 7.1 (Copying separation; Jelassi et al. [22], Theorems 2.3 and 2.7). For every n, there is a depth-2
Transformer T of dimension O(n logD) such that, for all 2n ≤ L ≤ Dn and every length-L copy distribution DL,

errDL
(T ) < pn-gram(DL),
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where pn-gram is the probability of an n-gram collision in the input. In contrast, for every GSSM H with finite state
space S and the uniform length-L copy distribution,

errDL
(H) > 1− |S|D−L.

Hence if mem(S) < L logD − 1, then errDL
(H) > 1/2.

Proof. Appendix A.5.1.

This is a memory-recovery result, not a formal-language state-tracking result. Copying a random string and tracking
a finite algebraic state are different tasks.

7.2 Circuit-Complexity Containment

Theorem 7.2 (Log-precision SSMs in TC0; Merrill et al. [29], Theorems 4.1, 4.3, and 4.5). For log-precision
generalized linear SSMs of bounded depth, the convolutional form is computable by an L-uniform TC0 circuit family
in each of the following cases:

(i) Āi, B̄i, Ci, Di are independent of i,

(ii) Āi = diag(āi) and all tokenwise parameters are TC0-computable,

(iii) Āi =W diag(āi)W
−1 for a fixed W.

Consequently, S4 and the S6 layer used by Mamba satisfy the stated TC0 containment in this formal model [29,
Corollaries 4.2 and 4.4].

Proof. Appendix A.5.2.

Corollary 7.3 (Merrill et al. [29], Corollary 4.6). Assuming TC0 ̸= NC1, no log-precision bounded-depth SSM
with the S4 or S6 architecture solves the word problem for S5, or any other NC1-hard problem, under the paper’s
formalization.

Proof. Appendix A.5.2.

Theorem 7.4 (DLOGTIME-uniform simulation of Selective SSMs and Mamba; Chen et al. [3], Theorems 4.4, 4.5,
and C.22). Let the sequence length, width, hidden dimension, and floating-point precision be bounded by poly(n).
The Selective SSM map and the Mamba block map formalized by Chen et al. [3] are computable by DLOGTIME-
uniform threshold circuits of constant depth and polynomial size. If TC0 ̸= NC1, then constant-depth Selective
SSMs and Mamba blocks with hidden dimension O(n) cannot solve arithmetic formula evaluation, Boolean formula
value, or permutation-composition problems in that model.

Proof. Appendix A.5.3.

7.3 Metric Automata and Robust Finite Abstractions

Definition 7.5 (Metric automata objects, Dankowiakowski and Ronca [6]). A set X ⊆ Rd or X ⊆ Cd is η-finite
if it is a finite union of compact path-connected components. A dynamics D = ⟨X,U, f⟩ is η-finite if both X and
U are η-finite. Its canonical semiautomaton quotients X and U by membership in η-components. For ε > 0, D is
ε-robust in an ambient space Ω if

BΩ(f(x, u), ε) ⊆ X for every x ∈ X, u ∈ U.

It is strongly ε-robust if, additionally, each state η-component contains an Ω-ball of radius at least ε.

Theorem 7.6 (Canonical automaton and finite datatype implementation, Theorems 1–2 of Dankowiakowski and
Ronca [6]). An η-finite system can implement exactly the same functions as its canonical finite automaton; these
functions are necessarily regular. If the system has strongly ε-robust dynamics, then it can be implemented with
floating-point operations at sufficiently high finite precision.

Proof. Appendix A.5.4.
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Theorem 7.7 (Robust LRD and Mamba FLIP-FLOP obstruction, Theorems 3–4 and 7 of Dankowiakowski and
Ronca [6]). Let an η-finite linear recurrent dynamics have at least two canonical states and an input inducing the
identity transformation on the canonical semiautomaton. Then it is not ε-robust for any ε > 0. Consequently, a
cascade of η-finite ε-robust LRDs cannot implement FLIP-FLOP. Under the source’s Mamba parameterization and
finite/robust hypotheses, SSMs with Mamba parameterization cannot recognize FLIP-FLOP.

Proof. Appendix A.5.5.

Theorem 7.8 (Aperiodicity and star-free boundary, Theorem 6 of Dankowiakowski and Ronca [6]). Let D be an
η-finite LRD whose state-transition gates have only nonnegative eigenvalues. Then D is aperiodic in the metric-
automata sense. Equivalently, its canonical semiautomaton is group-free. Cascades of such dynamics, including
the source’s finite-precision Mamba-style cascades under the stated nonnegative-eigenvalue hypotheses, can recognize
only star-free regular languages.

Proof. Appendix A.5.6.

Theorem 7.9 (Geometric Mamba results, Theorems 8–9 of Dankowiakowski and Ronca [6]). As geometrically
constrained systems, SSMs with Mamba parameterization can recognize all star-free languages. Conversely, if an η-
finite LRD has nonnegative-eigenvalue transition gates and the covering is convex-regular, then the induced dynamics
are aperiodic with respect to the covering; hence alternating functions cannot be implemented in that GCS setting.

Proof. Appendix A.5.7.

7.4 Parity, Modularity, and Diagonal Dynamics

Theorem 7.10 (Nonnegative parity obstruction; Sarrof et al. [35], Theorem 2). No finite-precision SSM satisfying
the nonnegative-gate assumption of Sarrof et al. [35], with the layerwise linear, GLU, or SwiGLU operations covered
by their proof, can recognize PARITY at arbitrary input lengths. In particular, the authors identify Mamba-style
positive diagonal gating as an instance of this obstruction under their surveyed assumptions.

Proof. Appendix A.4.2.

Theorem 7.11 (Input dependence and negative eigenvalues must coincide; Khavari et al. [25], Theorem 4.4). A
finite-precision LRNN consisting of diagonal S4D layers and positive diagonal Mamba layers, with skip connections
and learnable initial states allowed, cannot solve parity. More generally, in the source’s diagonal finite-precision
setting, the proof applies to combinations of time-invariant layers whose complex phases have a common finite period
and input-dependent nonnegative layers.

Proof. Appendix A.5.8.

The theorem complements the eigenvalue obstructions of Grazzi et al. [9]: it is not enough for input dependence
and negative or complex eigenvalues to appear somewhere in a diagonal stack; for parity, the analyzed setting needs
them in the same recurrence layer.

7.5 Diagonal Selectivity and Algebraic Order

The diagonal state-tracking theorem of Shakerinava et al. [36], stated in the previous section, gives a sharper
algebraic boundary inside the DCD abstraction: one layer tracks exactly Abelian groups, and k layers track exactly
groups with a length-k subnormal series of Abelian quotients. This is distinct from the circuit-containment results
above: it is an exact group-theoretic classification for diagonal complex input-dependent recurrences at finite
precision.

The simultaneously diagonal proposition of Terzić et al. [40] is narrower but useful. With b = 0 and a common diag-
onalizing basis, transition products commute, so order-sensitive automata cannot be represented by that particular
single-layer mapping.

7.6 Relations

The copying theorem concerns recovery of long random strings from fixed state. The circuit theorems concern
uniform low-depth simulation under explicit precision and depth assumptions. The eigenvalue theorems concern
oscillatory dynamics needed for parity and modular counting. The DCD theorem concerns exact all-length group
tracking by diagonal input-dependent dynamics. These are adjacent but not interchangeable statements.
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8 Stability and Generalization

The results in this section are not one theorem family. They concern stable approximation, data-dependent uniform
convergence, PAC bounds for deep stable SSMs, covering-number bounds for selective SSMs, and gradient descent
on a simplified Mamba block. The shared variable is stability: old inputs, perturbations, covers, and gradients all
accumulate through transition products.

Common notation. This section keeps source constants when they carry theorem scope. The letter T denotes
a sequence horizon or continuous-time interval unless a result explicitly says otherwise. Sample sizes are denoted
by n, m, or M according to the source theorem. The spectral abscissa of a continuous matrix A is

s(A) = max
λ∈spec(A)

ℜλ.

Stability means s(A) < 0 in continuous time, or a horizon-uniform system norm bound in discrete time. In the final
training-dynamics subsection, L is the sequence length and Tgd is the number of gradient descent iterations.

8.1 Stable Approximation and Memory Decay

Definition 8.1 (Stable approximation objects; Wang and Li [42]). For a bounded Heaviside input ux(t) = x1{t≥0},
the memory function of a bounded, causal, continuous, regular, time-homogeneous functional sequence H = {Ht :
t ∈ R} is

M(H)(t) = sup
x̸=0

∣∣ d
dtHt(u

x)
∣∣

∥x∥∞ + 1
.

The approximation norm used below is

∥H− Ĥ∥W 1,∞ = sup
t

(
∥Ht − Ĥt∥∞ +

∥∥∥∥∥dHt

dt
− dĤt

dt

∥∥∥∥∥
∞

)
.

For approximants Ĥ(·, θm) with θm = (Λ, U, b, c), let

Em(β) = sup
∥θ̃m−θm∥2≤β

∥H− Ĥ(·, θ̃m)∥W 1,∞ , E(β) = lim sup
m→∞

Em(β).

The sequence {Ĥ(·, θm)} is a β0-stable approximation of H if E(0) = 0 and E is continuous on [0, β0].

Theorem 8.2 (Curse of memory for unreparameterized SSMs; Wang and Li [42], Theorem 3.3). Let H be a sequence
of bounded, causal, continuous, regular, and time-homogeneous functionals on X with decaying memory. Suppose
that {Ĥ(·, θm)}m≥1 is a sequence of state-space models that β0-stably approximates H in the preceding W 1,∞ norm.
Assume the hidden states are uniformly bounded, the activation is strictly increasing, continuously differentiable,
and L0-Lipschitz, and the model weights are uniformly bounded with θmax = supm ∥θm∥2 < ∞. Then for every
0 < β < β0,

M(H)(t) ≤ (d+ 1)L0θ
2
maxe

−βt, t ≥ 0.

For an ℓ-layer SSM, the induced bound has the form

M(H)(t) ≤ (d+ 1)Lℓ0θ
ℓ+1
maxP (t)e

−βt, t ≥ 0,

where P is a polynomial of degree at most ℓ− 1.

Proof. Appendix A.6.2.

Definition 8.3 (Stable reparameterization; Wang and Li [42], Definition 3.4). A scalar continuous-time reparam-
eterization f : R → R is stable if there is a continuous g : [0,∞) → [0,∞) with g(0) = 0 such that

sup
w

|f(w)| sup
|w̃−w|≤β

∫ ∞

0

∣∣∣ef(w̃)t − ef(w)t
∣∣∣ dt ≤ g(β).

Examples include f(w) = −ew and f(w) = − log(1 + ew).
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Theorem 8.4 (Stable approximation under stable reparameterization; Wang and Li [42], Theorem 3.5). Let H be
any bounded, causal, continuous, regular, time-homogeneous linear functional. If H is approximated by a sequence
of linear RNNs {Ĥ(·, θm)}m≥1 with stable reparameterization, then under the recurrent-weight perturbation model

λ̃i = f(w̃i), |w̃i − wi| ≤ β,

with the input and readout coefficients fixed during this stability test, the approximation is a stable approximation.

Proof. Appendix A.6.3.

Proposition 8.5 (Gradient scale induced by a stability map; Wang and Li [42], Theorem 3.6). Suppose a diagonal
recurrent eigenvalue is parameterized as λ = f(w), where w is the trainable scalar. For a fixed target sequence H

and approximating SSM sequence Ĥm, the gradient with respect to w obeys

Gf (w) :=

∣∣∣∣∂ Loss∂w

∣∣∣∣ ≤ CH,Ĥm

|f ′(w)|
f(w)2

in continuous time. In discrete time,

GDf (w) ≤ CH,Ĥm

|f ′(w)|
(1− f(w))2

.

The balanced-gradient criterion CH,Ĥm
|f ′(w)|/f(w)2 = L|w| leads to

f(w) = − 1

aw2 + b

in continuous time, and to f(w) = 1− 1
aw2+b in discrete time.

Proof. Appendix A.6.3.

8.2 Data-Dependent Generalization for LTI SSMs

Theorem 8.6 (Data-dependent uniform convergence; Liu and Li [28], Theorem 1). Consider the single-block
continuous-time linear SSM functional, with no skip term,

x 7−→
∫ T

0

ρθ(T − s)x(s) ds.

Let µ(t) and K(s, t) be the mean and covariance of the input process, and assume the normalized process

x̃(t) =
x(t)− µ(t)√

K(t, t)

is almost surely Holder continuous and pointwise sub-Gaussian as in the source Assumption 1. For a parameter set
Θ, define

ψ(Θ) = sup
θ∈Θ

∫ T

0

|ρθ(T − s)|
√
K(s, s) ds+ sup

θ∈Θ

∣∣∣∣∣
∫ T

0

ρθ(T − s)µ(s) ds

∣∣∣∣∣ .
Then for every δ ∈ (0, 1), with probability at least 1− δ over n training sequences,

sup
θ∈Θ

|Rx(θ)−Rn(θ)| ≤ (ψ(Θ) + 1)2 ·O

(
log3/2(Tn/δ)√

n

)
,

where the hidden constant depends only on the Holder and sub-Gaussian process constants in Assumption 1.

Proof. Appendix A.6.4.

Proposition 8.7 (Initialization by the generalization proxy; Liu and Li [28], Proposition 1). Let θ = (C,A,B) and
ρθ(s) = CeAsB. Define

τ(θ) =

(∫ T

0

|ρθ(T − s)|
√
K(s, s) ds+

∣∣∣∣∣
∫ T

0

ρθ(T − s)µ(s) ds

∣∣∣∣∣
)2
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and rescale

C̃ =
C√
τ(θ)

, θ̃ = (C̃, A,B).

If the input process satisfies the theorem’s process assumption, then

Ex

[∣∣∣∣∣
∫ T

0

ρθ̃(T − s)x(s) ds

∣∣∣∣∣
]
≤ O(

√
log T ),

with a constant depending only on the Holder and sub-Gaussian process constants.

Proof. Appendix A.6.4.

8.3 Length-Independent Bounds for Deep Stable SSMs

Definition 8.8 (Rademacher contraction; Rácz et al. [33], Definition 5.1). Let Φ = {φ : X1 → X2} be a class of
maps between subsets of Banach spaces X1,X2. It is (µ, c)-Rademacher contractive if, for every M ≥ 1 and every
Z ⊆ XM

1 ,

Eσ

sup
φ∈Φ

sup
{ui}M

i=1∈Z

∥∥∥∥∥ 1

M

M∑
i=1

σiφ(ui)

∥∥∥∥∥
X2

 ≤ µEσ

 sup
{ui}M

i=1∈Z

∥∥∥∥∥ 1

M

M∑
i=1

σiui

∥∥∥∥∥
X1

+
c√
M
.

Lemma 8.9 (Composition of Rademacher contractions; Rácz et al. [33], Lemma 5.2). If Φ1 is (µ1, c1)-Rademacher
contractive and Φ2 is (µ2, c2)-Rademacher contractive, then

Φ2 ◦ Φ1 = {φ2 ◦ φ1 : φ1 ∈ Φ1, φ2 ∈ Φ2}

is (µ1µ2, µ2c1 + c2)-Rademacher contractive.

Proof. Appendix A.6.5.

Theorem 8.10 (Deep stable SSM PAC bound; Rácz et al. [33], Theorem 5.5). Let F be the family of deep SSM
models satisfying the source Assumption 4.7: fixed depth ℓ, scalar output, Lipschitz loss, bounded input and labels,
stable SSM blocks with bounded ℓ1 and H2 norms, bounded encoder/decoder weights, and bounded MLP or GLU
blocks with the source activation and norm restrictions. Then, for data sample S ∼ DM , with probability greater
than 1− δ, every f ∈ F satisfies

L(f)− LSemp(f) ≤
µKuLℓ + cLℓ√

M
+Kℓ

√
2 log(4/δ)

M
.

Here Kℓ = 2Lℓmax{KDecrℓ,Ky}, the radius sequence is

ri =


KEncKu, i = 1,

r̂1(K2r1) + α1r1, i = 2,

r̂i−1(K1ri−1) + αi−1ri−1, i > 2,

and µ, c are the products and sums of the component contraction constants from Rácz et al. [33]:

µ = KEncKDec(µ1K2 + α1)

ℓ∏
i=2

(µiK1 + αi),

c = KDec

ℓ∑
j=1

 ℓ∏
i=j+1

(µiK1 + αi)

 cj .
None of these terms depends on the sequence length T .

Proof. Appendix A.6.5.
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8.4 Selective SSM Bounds Through Attention

Theorem 8.11 (Selective SSM covering bound; Honarpisheh et al. [19], Theorem 3.3). Let S = {(u(i), z(i))}mi=1

and let FSSM be the selective SSM block class in the source. Assume bounded inputs, bounded parameter norms for
WB ,WC , w, q, bounded and Lipschitz loss, and ∥Ac∥2 ≤ BA, ∥Ac∥2,1 ≤ MA. Then with probability more than 1−δ,
every h ∈ FSSM satisfies∣∣∣∣∣Eu,zℓ(h(u), z)− 1

m

m∑
i=1

ℓ(h(u(i)), z(i))

∣∣∣∣∣ ≤ 12lℓCFSSM√
m

(
1 + log

cℓ
√
m

3CFSSM

)

+ 3cℓ

√
log(2/δ)

2m
,

where

CFSSM = Õ

(
M∆BwB

3
uBBBCBAS2

(
M

2/3
∆ N1/3d1/3 +B2/3

q B2/3
u

)3/2)
,

S2 =

T−1∑
t=0

tρtA =
ρA(1− ρTA)

(1− ρA)2
− TρTA

1− ρA
, ρA = (1 + ep−BqBu)sA+η, M∆ = log(1 + ep+BqBu).

Here sA is the spectral abscissa of Ac and η > 0 is chosen so sA+η ̸= 0; at ρA = 1 the expression for S2 is understood
by its limit T (T − 1)/2. The displayed capacity uses the source’s final simplifying convention M(·) = B(·) for all
parameter classes except ∆.

Proof. Appendix A.6.6.

Proposition 8.12 (Linear-attention specialization; Honarpisheh et al. [19], Proposition 3.4). Under the source
constant-step specialization q = 0, p = e, which the paper normalizes as ∆[t] = 1, and Ac = 0, so that A[t] = I, the
selective SSM reduces to causal linear attention. For the resulting class FLA parameterized by {WC ,WB , w}, the
same generalization bound holds with

CFLA
= Õ

(
TBwBBBCB

3
u

)
.

Proof. Appendix A.6.6.

Proposition 8.13 (Unstable spectral abscissa lower bound; Honarpisheh et al. [19], Theorem 4.1). Let sA > 0 be
fixed and let S = {u(i)}mi=1 ⊂ [−1, 1]T . If |w| ≤ Bw, then

RadS(FSSM) ≥ Bw
(1 + sA)

T − 1

sA

√
2

πm
.

If sA = 0, then

RadS(FSSM) ≥ BwT

√
2

πm
.

Proof. Appendix A.6.6.

8.5 Lyapunov Stability of MambaBlock Perturbations

Halloran et al. [18] study the Mamba and Mamba-2 SSM layer as the time-varying recurrence

ht = Ātht−1 + B̄txt, yt = Ctht, Āt = exp(∆̄tA).

The following statement makes explicit the diagonal stability condition used by the proof.

Theorem 8.14 (Non-positive MambaBlock Lyapunov exponent; Halloran et al. [18], Theorem 1). Let

A = diag(a1, . . . , aN ), ∆̄t = diag(δt,1, . . . , δt,N ),

where δt,i ≥ 0 and Re ai ≤ 0. Let Fθ denote the source MambaBlock state map ht = Fθ(ht−1, xt). Then

λmax := lim sup
L→∞

1

L
log

∥∥∥∥∥
L∏
t=1

∂ht
∂ht−1

∥∥∥∥∥
2

≤ 0.
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Consequently, for perturbations of size ε at a latent/input state,

max |Fnθ (ht−1, xt)− Fnθ (ht−1 + ε, xt + ε)| ∈ O
(
|ε|enζ

)
for some ζ ≤ 0.

Proof. Appendix A.6.7.

Corollary 8.15 (Output and fine-tuning perturbations; Halloran et al. [18], Theorems 2–4). Assume the preceding
MambaBlock hypotheses and supt ∥Ct∥2 < ∞. Let {ht, xt, yt} be the full-precision trajectory and {h′t, x′t, y′t} be the
trajectory under the source MPFT/PEFT perturbation model. Define

ε∗ = max
0≤t≤L

max{∥ht − h′t∥∞, ∥xt − x′t∥∞}, x0 = 0.

Then
max

∣∣FLθ (h0, x1)− FLθ (h
′
0, x

′
1)
∣∣ ∈ O

(
ε∗eLζ

)
, max |yL − y′L| ∈ O

(
ε∗eLζ

)
,

for some ζ ≤ 0.

Proof. Appendix A.6.7.

8.6 Training Dynamics for a Simplified Mamba Block

Shandirasegaran et al. [37] analyze a single-layer, single-head representative Mamba block with input-dependent
gating and a two-layer MLP readout. The following statements use the source notation: L is the sequence length,
d the ambient dimension, m the model width, N the number of training samples, η the learning rate, and Tgd the
number of gradient-descent iterations.

The data model fixes an orthonormal family O = {o+, o−, o3, . . . , od}. Each token is a Gaussian-noisy copy of one
element of O, and the training set is balanced up to O(

√
N) samples between positive and negative labels. In the

majority-voting regime, αr and αc denote the average fractions of class-relevant and confusing tokens, so αr − αc
is the signal gap. In the locality-structured regime, the quantities ∆L+

o+ and ∆L−
o+ record the separation between

the two o+ tokens in positive and negative samples, respectively.

Lemma 8.16 (Gating alignment for majority-voting data; Shandirasegaran et al. [37], Lemma 4.1). Assume each

entry of W
(0)
O is drawn independently from N (0, ξ2) and w

(0)
∆ = 0. With sufficiently many training samples and

iterations,

⟨w(Tgd)
∆ , o+⟩ ≥

ηTgd
8L2

Θ((αrL− αcL)
2),

⟨w(Tgd)
∆ , o−⟩ ≥

ηTgd
8L2

Θ((αrL− αcL)
2),

and for every j ≥ 3,

⟨w(Tgd)
∆ , oj⟩ ≤ Õ(1/poly(d)).

Proof. Appendix A.6.8.

Theorem 8.17 (Majority-voting generalization; Shandirasegaran et al. [37], Theorem 1). Suppose m ≥ d2 log q for
some constant q > 0 and the token noise level satisfies τ < O(1/d). With probability at least 1−N−d, if

N ≥ Ω

(
L2d

η2(αr − αc)2

)
, Tgd = Θ

(
L2

η(αr − αc)2

)
,

then the trained model has zero value for the source target-error functional,

f(v(0),W
(Tgd)
O , w

(Tgd)
∆ ,W

(0)
B ,W

(0)
C ) = 0.

Proof. Appendix A.6.8.
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Lemma 8.18 (Gating alignment for locality-structured data; Shandirasegaran et al. [37], Lemma 4.2). Under the
same initialization, with sufficiently many training samples and iterations, for every j ≥ 3,

⟨w(Tgd)
∆ , o+⟩ ≥ −Õ(1/poly(d)), ⟨w(Tgd)

∆ , o−⟩ ≥ −Õ(1/poly(d)),

and

⟨w(Tgd)
∆ , oj⟩ ≤ −ηTgdc

′3

16L

[
(1/2)

∆L+
o+

−2 − (1/2)
∆L−

o+
−2
]

·
[
(1/2)

∆L+
o+ + (1/2)

∆L−
o−

]
.

Proof. Appendix A.6.8.

Theorem 8.19 (Locality-structured generalization; Shandirasegaran et al. [37], Theorem 2). Suppose m ≥ d2 log q
for some constant q > 0 and τ < O(1/d). With probability at least 1−N−d, if

N ≥ Ω

 L2d

η2
[
(1/2)∆L

+
o+ − (1/2)∆L

−
o+

]2


and

Tgd = Θ

 L2

η
[
(1/2)∆L

+
o+ − (1/2)∆L

−
o+

]
 ,

then
f(v(0),W

(Tgd)
O , w

(Tgd)
∆ ,W

(0)
B ,W

(0)
C ) = 0.

Proof. Appendix A.6.8.

9 In-Context Learning and Algorithmic Behavior

The in-context-learning results below are task-model theorems. They identify particular algorithms that SSM or
Mamba-like mechanisms can implement or learn: gradient descent, Laplace smoothing, online gradient descent,
outlier-filtered classification, and low-dimensional feature learning. Here N is often the prompt length or number
of in-context examples, following the source papers; hidden dimension is written dh when both quantities appear
in the same statement. Symbols such as T , T1, and T2 denote training iterations or pretraining sample counts only
inside the theorem where they are defined.

9.1 SSMs as Gradient Accumulators

Proposition 9.1 (One-step gradient descent by a diagonal recurrent SSM; Sushma et al. [39], Proposition 4.1).
Consider the zero-initialized linear-regression construction in Sushma et al. [39] and let

∆w = η∇wL(D1:t;w0).

There is a diagonal linear recurrent layer with linear input and output gating, token-dependent recurrent matrix
A(cj), input map B(cj), and output map U(cj) such that, for tokens

sj = cj = [yjxj , xj+1], j = 1, . . . , N,

each recurrent step outputs
ŷj+1 = −(∆w)⊤xj+1.

The final token contains xN+1 and gives the test prediction ŷN+1.

Proof. Appendix A.7.1.
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Proposition 9.2 (Vector-valued, multi-step, and nonlinear variants; Sushma et al. [39], Proposition 4.2 and Propo-
sitions A.1–A.2). For vector-valued linear regression with sequence tokens s2j = xj and s2j+1 = yj, a diagonal linear
recurrent layer with a sliding window of size 3 and stride 2 can be constructed so that

ŷj+1 = −(∆W )⊤xj+1, ∆W = η∇WL.

With ℓ recurrent layers, one can construct layerwise pairs of recurrent matrices, input maps, and output maps so
that the output corresponds to ℓ steps of gradient descent. If the recurrent layer is followed by an MLP, the same
construction extends to a nonlinear regression model by using the MLP to map the accumulated linear statistic to
the nonlinear gradient statistic.

Proof. Appendix A.7.1.

9.2 Markov Chains and Laplace Smoothing

Theorem 9.3 (Bayes-optimal add-β estimator for Markov prompts; Bondaschi et al. [2], Theorem 3). Let P =
(Pik1 )ik1∈Xk be a k-th order binary Markov kernel, with each conditional distribution independently drawn from

Dir(β). If xk1 ∼ Unif(X k) is independent of P , then the predictor minimizing the Bayesian cross-entropy loss is the
add-β estimator

P(k)
β (xt+1 = j | xt1) =

nj + β

n+ 2β
,

where nj is the number of previous occurrences of symbol j after the current length-k context and n = n0 + n1.

Proof. Appendix A.7.2.

Theorem 9.4 (MambaZero represents order-1 Laplace smoothing; Bondaschi et al. [2], Theorem 1). For the
canonical MambaZero model with dimensions d = N = 2, expansion e = 1, and convolution window w = 2, for
every β > 0 and ε ∈ (0, 1) there are parameters θ such that, for all binary sequences (xt)t≥1 and all t ≥ 1,

KL
(
P(1)
β (· | xt1)

∥∥∥Pθ(· | xt1)) ≤ ε.

Proof. Appendix A.7.2.

Theorem 9.5 (Finite-precision recurrent lower bound; Bondaschi et al. [2], Theorem 2). Consider any recurrent
predictor

rt = h(rt−1, xt), p̂t = g(rt), rt ∈ Rd,

with bit precision p. Suppose P ∼ Dir(1) and the predictor satisfies, for all sufficiently large t and almost surely
over P and xt1 ∼ P , ∥∥∥p̂t − P(k)

1 (· | xt1)
∥∥∥
∞

≤ ε.

Then
d · p ≥ 2k(1− 3ε) log(1/ε).

The same lower bound holds for time-varying maps rt = ht(rt−1, xt) and p̂t = gt(rt).

Proof. Appendix A.7.3.

9.3 Trained Mamba as Online Gradient Descent

Theorem 9.6 (Online-gradient-descent form of trained Mamba; Jiang et al. [23], Theorem 1). Assume the simplified
Mamba linear-regression setting of Jiang et al. [23]: A = −Idh , w∆ = 0, fixed b∆ = log(exp((log 2)/N)−1), Gaussian

initialization of WB ,WC , dh = Ω̃(d2), learning rate η = O(d−2d−1
h ), zero bias initialization, and N = Ω(d). If

Mamba is trained by gradient descent, then with probability at least 1 − δ, as training time t → ∞ the trainable
parameters

θ′(t) = {WB(t),WC(t), bB(t), bC(t)}

converge to parameters satisfying

(W⊤
C )[1:d,:]h

(d+1)
l = α(W⊤

C )[1:d,:]h
(d+1)
l−1 + (1− α)βylxl,
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ŷq = x⊤q

N−1∑
i=0

(1− α)αi+1β yN−ixN−i,

and

L(θ(t)) ≤ 3d(d+ 1)

2N
.

Here

α = exp(−(log 2)/N), β =
2(1 + α)

α(3(1− α)d+ 4− 2α)
.

Proof. Appendix A.7.4.

9.4 Outliers and Gating

Theorem 9.7 (Mamba training with outlier prompts; Li et al. [27], Theorem 1). Let pa ∈ [0, 1) be the fraction of
outlier-containing context examples in training prompts and define

BT = max{ε−2, M1(1− pa)
−1} log ε−1,

BM = max{BT , β−4V 2κ−2
a (1− pa)

−2 log ε−1}.

For the one-layer Mamba model, orthogonal pattern task distribution, balanced training labels, and training-task
coverage condition of Li et al. [27], if

B ≳ BM , V β−4 ≲ κa ≲ V β(1− pa)p
−1
a ε−1,

p−1
a poly(Mκa

1 ) ≳ ltr ≳ (1− pa)
−1 logM1,

and after
T ≥ TM = Θ(η−1(1− pa)

−1β−2M1)

iterations with η ≤ 1 and N = BT samples, then

Ef∈T , P∼D[ℓ(Ψ
(T );P, z)] ≤ ε.

Proof. Appendix A.7.5.

Theorem 9.8 (Generalization to shifted outliers; Li et al. [27], Theorem 2). Let the test outlier directions belong
to

V ′ =

{
v : v =

V∑
i=1

λiv
∗
i ,

V∑
i=1

λi ≥ L > 0, ∥v∥ = 1

}
.

If
κ′a ∈

[
κa, Θ(V βp−1

a κ−1
a L−1(1− pa)ε

−1)
]
,

α < min(1, paltr/lts), α−1 poly(Mκa
1 ) ≳ lts ≳ (1− α)−1 logM1,

then for testing prompts P ′ ∼ D′,
L0-1
f∈T , P ′∼D′(Ψ(T );P ′, z) ≤ ε.

Proof. Appendix A.7.5.

Corollary 9.9 (Attention selection and nonlinear gating; Li et al. [27], Corollaries 1 and 2). For the model trained
as above, let N1 be the indices of context examples sharing the query’s relevant pattern. With high probability,∑

i∈N1

p̃⊤i (W
(T )
B )⊤W

(T )
C p̃query ≥ Θ(1),

whereas ∑
i∈[lts]\N1

p̃⊤i (W
(T )
B )⊤W

(T )
C p̃query ≤ Θ((1− pa)

−1ε).
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Moreover, for an outlier-containing example,

Gi,lts+1(w
(T )) ≤ O(poly(M1)

−1),

while if h(j) is the j-th closest clean context example to the query, then

Gh(j),lts+1(w
(T )) ≥ Θ(2−(j−1)).

Proof. Appendix A.7.5.

9.5 Low-Dimensional Targets and Test-Time Feature Learning

Definition 9.10 (Information and generative exponents; Oh et al. [31]). For h ∈ L2(N (0, 1)), write its Hermite
expansion as

h(z) =

∞∑
i=0

H(h, i)

i!
Hei(z), H(h, i) = E[h(Z)Hei(Z)].

The information exponent is
ie(h) = min{i ≥ 1 : H(h, i) ̸= 0},

and the generative exponent is

ge(h) = min
T ∈L2(Ph)

min{i ≥ 1 : H(T ◦ h, i) ̸= 0}.

For polynomial g∗,

ge(g∗) =

{
2, g∗ even,

1, g∗ not even,

as used in Oh et al. [31].

Definition 9.11 (Low-dimensional Mamba ICL setup; Oh et al. [31]). The final two results use Gaussian single-
index prompts. A task has an unknown feature vector β supported on an r-dimensional coordinate subspace, and
examples satisfy

x ∼ N (0, Id), y = g∗(⟨β, x⟩) + ζ.

Let ϕ(x) be the Hermite feature embedding up to degree two, and let Z be the prompt embedding of
(x1, y1, . . . , xN , yN , x). Write γ for the trainable Mamba vector and γinit for the scalar initialization scale. The
simplified Mamba layer used in the theorem has

W⊤
BWC = diag(γ, 0), w = (0, . . . , 0, ρ−1),

so that its last output coordinate is

Mamba(Z; γ)[d̃+ 1, N + 1] =

N∑
j=1

Gj,N+1(Z)yjϕ(xj)
⊤(γ ⊙ ϕ(x)),

where

Gj,l(Z) = σ(w⊤zj + b)

l∏
k=j+1

(
1− σ(w⊤zk + b)

)
,

with zk denoting the kth prompt-embedding column. The prediction model is the two-layer ReLU readout

f(Z; γ, u, v, a) =

m∑
k=1

uk ReLU
(
vkN

−1 Mamba(Z; γ)[d̃+ 1, N + 1] + ak

)
.

For Tpt = T1 + T2 pretraining tasks of context length Npt, define squared losses L1, L2 on the first T1 and last T2
tasks by

Lℓ(γ, u, v, a) =
1

Tℓ

Tℓ−1+Tℓ∑
t=Tℓ−1+1

(
f(Zt; γ, u, v, a)− yt

)2
, ℓ = 1, 2, T0 = 0.
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Stage I initializes

γ(0) = (γ2init, 1, . . . , 1, γinit, . . . , γinit), u(0) = m−11m, v(0) = 1m, a(0) = 0,

and takes one regularized gradient step

γ∗ = γ(0) − η ∇γ

(
L1(γ, u

(0), v(0), a(0)) +
λ1
2
∥γ∥22

)∣∣∣∣
γ=γ(0)

.

Stage II fixes γ∗, samples v∗ ∼ Unif({±1}m) and a∗ ∼ Unif([−1, 1]m), and solves the ridge problem

u∗ = argmin
u

(
L2(γ

∗, u, v∗, a∗) +
λ2
2
∥u∥22

)
.

Proposition 9.12 (Test-time feature learned by the Mamba layer; Oh et al. [31], Proposition B.8). Let
(x1, y1, . . . , xN , yN , x) be a prompt from a Gaussian single-index model with feature vector β ∈ Rd, context length
N ≤ N∗, and embedding Z. If N = Ω̃(r3 ge(g∗)), the Stage-I updated parameter γ∗ is the one-step gradient update
above, and η = Θ(d2Cb(log d)−Cη ) for a sufficiently large constant Cη, then with high probability

N−1 Mamba(Z; γ∗)[d̃+ 1, N + 1] = P1 + P2

(
⟨β, x⟩
r

)ge(g∗)

+ o
(
P2r

−3 ge(g∗)/2(log d)−2 deg(g∗)+2
)
,

where P1 = o(1) and P2 = Θ((log d)−CP2 ) are independent of the data.

Proof. Appendix A.7.6.

Theorem 9.13 (Low-dimensional single-index ICL; Oh et al. [31], Theorem 3.2). Let f(·; γ∗, u∗, v∗, a∗) be the
Mamba model pretrained by the two-stage procedure above. Assume N∗, T ∗ ≤ dC

∗
for a sufficiently large constant

C∗ > 0, and suppose

Npt = Ω̃
(
r3 ge(g∗)d8 ∨ T 2

1 d
4
)
,

T1 = Ω̃(r3 ge(g∗)d6), T2 = Ω̃(r3 ge(g∗)),

m = Ω̃(r4 ge(g∗)),

with fixed weights
ρ = Θ((log d)Cρ), b = Cb log d, γinit = Θ((log d)−Cγ )

for sufficiently large constants Cρ, Cb, Cγ > 0. Then there exist λ1, λ2, η such that, with probability at least 0.99
over pretraining data and random initialization, if

Ntest = Ω̃(r3 ge(g∗)),

then
RNtest(γ

∗, u∗, v∗, a∗) ≤ τ + o(1).

Proof. Appendix A.7.6.

A Proofs and Derivations

This appendix collects longer proofs, derivations, and notation translations used in the main text. A proof heading
inherits the provenance of the corresponding main-text result: source results follow the cited theorem or section,
reformulated results are algebraic restatements of displayed source formulas, and derived results are consequences
proved inside this note.

A.1 Proofs: Memory and Structured SSMs

This subsection gives the derivations used by Section 2. For algorithmic results, the proof records the mathematical
reduction and the structured primitive being invoked.
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A.1.1 Theorem 3.2: HiPPO-LegS dynamics

This follows [11, Theorem 2 and Appendix D.3].

Proof. Let
p(t)n (s) =

√
2n+ 1Pn(2s/t− 1),

where Pn is the usual Legendre polynomial on [−1, 1]. The basis {p(t)n } is orthonormal for dµ(t)(s) = t−11[0,t](s) ds,
and the LegS coefficient is

hn(t) =
1

t

∫ t

0

u(s)p(t)n (s) ds.

Differentiate this coefficient. The moving upper endpoint gives t−1u(t)p
(t)
n (t), and p

(t)
n (t) =

√
2n+ 1 because

Pn(1) = 1. The derivative of the scaled measure and the derivative of the moving basis combine into the lower-
triangular expansion

−1

t
p(t)n (s) + ∂tp

(t)
n (s) = −1

t

(
(n+ 1)p(t)n (s) +

∑
k<n

√
(2n+ 1)(2k + 1) p

(t)
k (s)

)
.

Substituting this expansion into the differentiated coefficient formula and using

hk(t) =
1

t

∫ t

0

u(s)p
(t)
k (s) ds

gives

ḣn(t) = −1

t

∑
k≤n

Ankhk(t) +
1

t
Bnu(t),

with the matrix A and vector B stated in the theorem. Forward Euler at integer times gives

hk+1 =

(
I − A

k

)
hk +

1

k
Buk.

A.1.2 Proposition 3.3: HiPPO-LegS timescale equivariance and fast step

This follows [11, Propositions 3–4 and Appendix E.1–E.2].

Proof. For timescale equivariance, write the LegS coefficient of u as

cun(t) =
1

t

∫ t

0

u(s)ϕn(s/t) ds, ϕn(r) =
√
2n+ 1Pn(2r − 1).

If v(s) = u(αs), then the change of variables r = αs gives

cvn(t) =
1

t

∫ t

0

u(αs)ϕn(s/t) ds =
1

αt

∫ αt

0

u(r)ϕn(r/(αt)) dr = cun(αt).

This proves the displayed identity for every coefficient.

For the fast step, the LegS matrix is a diagonal part plus diagonal scalings of a triangular cumulative-sum operator.
Consequently multiplication by the LegS matrix is computed by cumulative sums in O(N) time. A generalized
bilinear-transform discretization only requires applying matrices of the form I + ηA and (I − ηA)−1 for scalar
η. The triangular factorization reduces the inverse application to a first-order recurrence over coordinates, again
computable by one cumulative pass. Thus each discretized recurrent update costs O(N) operations.
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A.1.3 Proposition 3.4: HiPPO-LegS approximation

This follows [11, Proposition 6 and Appendix E.4].

Proof. Write the LegS expansion of the rescaled history vt(r) = u(tr), r ∈ [0, 1], as

vt(r) =
∑
n≥0

cn(t)ϕn(r), ϕn(r) =
√
2n+ 1Pn(2r − 1).

The degree-(N − 1) HiPPO projection keeps the first N coefficients. By orthonormality and Parseval,

∥vt −ΠNvt∥2L2([0,1]) =
∑
n≥N

|cn(t)|2.

If u is Lu-Lipschitz, then vt is tLu-Lipschitz. The standard Legendre coefficient estimate for Lipschitz functions
gives |cn(t)| ≲ tLu/n, so ∑

n≥N

|cn(t)|2 ≲ t2L2
u

∑
n≥N

n−2 ≲
t2L2

u

N
.

Taking square roots gives O(tLu/
√
N). If u has k bounded derivatives, repeated integration by parts against the

Legendre differential equation gives |cn(t)| ≲ tkn−k, hence∑
n≥N

|cn(t)|2 ≲ t2k
∑
n≥N

n−2k = O(t2kN−2k+1).

Taking square roots gives
∥vt −ΠNvt∥L2([0,1]) = O(tkN−k+1/2).

A.1.4 Theorem 3.5: FouT finite-window approximation

This follows the theorems labelled ‘thm:hippo-fourier’ and ‘thm:fourier-kernel-approx’ in [15, Appendix D].

Proof. The generalized HiPPO construction differentiates coefficients in a moving orthogonal basis. For the finite-
window Fourier choice on a fixed window, differentiating the sine and cosine basis functions only mixes neighboring
Fourier coordinates through constant coefficients. Thus the N → ∞ limit is a time-invariant SSM using the
orthonormal basis

1, cn(r) =
√
2 cos(2πnr), sn(r) =

√
2 sin(2πnr), r ∈ [0, 1].

It remains to record the approximation bound. Let M = ⌊N/2⌋ and write the Fourier coefficients of K as an =
⟨K, cn⟩ and bn = ⟨K, sn⟩. Parseval gives

∥K − K̂N∥22 =
∑
n≥M

(
|an|2 + |bn|2

)
.

If K is LK-Lipschitz, integration by parts gives, for n ≥ 1,

|an| =
∣∣∣∣− 1

2πn

∫ 1

0

K ′(r)sn(r) dr

∣∣∣∣ ≤ LK
2πn

,

and the same estimate holds for |bn|. Therefore

∥K − K̂N∥22 ≤
∑
n≥M

2L2
K

(2πn)2
≤ L2

K

π2(N − 2)
.

Thus ∥K − K̂N∥2 ≤ LK/(π
√
N − 2), and the first displayed condition on N implies error at most ε.

If K has k derivatives bounded by LK , repeat integration by parts k times. Periodicity of the sine and cosine basis
removes boundary terms, and

|an|, |bn| ≤
LK

(2πn)k
.
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Hence

∥K − K̂N∥22 ≤
∑
n≥M

2L2
K

(2πn)2k
≤ L2

K

π2k(N − 2)2k−1
.

Taking square roots and solving LK/(π
k(N − 2)k−1/2) ≤ ε gives the second state-size condition.

A.1.5 Proposition 3.6: LSSL convolution form

Proof. Unroll the recurrence in [14, Section 3.1]. Since h0 = 0,

ht = Āht−1 + B̄xt =

t∑
r=1

Āt−rB̄xr.

Multiplying by C and adding the skip term gives

yt = Dxt +

t∑
r=1

CĀt−rB̄xr = Dxt +

t−1∑
j=0

CĀjB̄ xt−j .

Thus the causal convolution kernel is Kj = CĀjB̄, i.e. the Krylov sequence KL(Ā, B̄, C).

A.1.6 Lemma 3.7: Gate as discretization

Proof. Apply backward Euler to ḣ = −h+ x with step size ∆t > 0:

ht − ht−1

∆t
= −ht + xt.

Solving for ht gives

ht =
1

1 +∆t
ht−1 +

∆t

1 + ∆t
xt.

Set ∆t = exp(z). Then
∆t

1 + ∆t
=

ez

1 + ez
= σ(z),

1

1 + ∆t
= 1− σ(z),

which is exactly the gated recurrence.

A.1.7 Theorem 3.8: Fast Krylov computation

Proof. The generating function of the Krylov sequence is∑
j≥0

CAjB zj = C(I − zA)−1B.

Thus computing KL(A,B,C) is equivalent to computing the first L coefficients of this rational function. For a
k-quasiseparable matrix with constant k, [14, Appendix E.1] represents the relevant resolvent entries by a recursive
product of low-rank generators. Each merge step is polynomial multiplication and truncation, so divide-and-conquer
with fast polynomial arithmetic evaluates the first L coefficients in Õ(N +L) time and space and logarithmic depth
in the structured-matrix model. This proves the theorem after identifying the coefficients with the convolution
kernel.

A.1.8 Lemma 3.9: Conjugation invariance

Proof. Let h = V h̃. Then

V
˙̃
h = AV h̃+Bu,

so
˙̃
h = V −1AV h̃+ V −1Bu.

The output is
y = Ch = CV h̃.

Thus the transformed triple (V −1AV, V −1B,CV ) produces exactly the same input-output map.
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A.1.9 Lemma 3.10: HiPPO diagonalization

Proof. [13, Lemma 3.2 and Appendix B.1] gives an explicit eigenvector matrix for the HiPPO matrix,

Vij =

(
i+ j

i− j

)
.

Substituting this formula into the eigenvector relation verifies AV = V Λ column by column, using the standard
binomial recurrence

(
m
r

)
=
(
m−1
r

)
+
(
m−1
r−1

)
. The conditioning statement comes from inspecting large entries of V .

Along the relevant diagonal one finds binomial coefficients of order(
4i

2i

)
∼ 24i√

2πi
,

by Stirling’s formula. Taking i proportional to N gives entries of size about 24N/3, so direct diagonalization is
numerically ill-conditioned.

A.1.10 Theorem 3.11: NPLR HiPPO representation

Proof. The proof in [13, Theorem 1 and Appendix C.1] constructs low-rank matrices P,Q such that

N := A+ PQ⊤

is normal. By the spectral theorem, N = V ΛV ∗ for a unitary V and diagonal Λ. Therefore

A = V ΛV ∗ − PQ⊤.

Conjugating by V gives
V ∗AV = Λ− (V ∗P )(V ⊤Q)⊤,

which is diagonal plus low rank. For the HiPPO variants used in S4, the correction is written explicitly and
normality is checked by direct matrix algebra; the rank is 1 or 2 depending on the variant.

A.1.11 Theorem 3.12: S4 complexity

Proof. Write the state matrix in DPLR form A = Λ−PQ∗ after the unitary change of basis. Bilinear discretization
requires applying matrices of the form

(I − ∆
2 A)

−1(I + ∆
2 A) and (I − ∆

2 A)
−1B.

Since I − ∆
2 A is diagonal plus low rank, Woodbury gives

(D + UV ∗)−1 = D−1 −D−1U(I + V ∗D−1U)−1V ∗D−1.

For constant rank, this costs O(N) per recurrent step.

For convolution, let
K̂(z) = C(I − zĀ)−1B̄

be the truncated generating function. Evaluating K̂ at the Lth roots of unity and applying an inverse FFT recovers
the length-L kernel. The same Woodbury identity reduces each resolvent evaluation to a constant number of Cauchy
matrix-vector products of the form ∑

n

an
z − λn

.

The Cauchy primitive used by [13, Appendix C] evaluates these products in quasi-linear time, yielding the stated

Õ(N + L) convolution complexity.
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A.1.12 Proposition 3.13: DSS diagonal kernel

Proof. Diagonalize A = V ΛV −1. The zero-order-hold discretization has

Ā = eA∆ = V eΛ∆V −1, B̄ = A−1(eA∆ − I)B.

The kernel entries are
Kk = CĀkB̄ = CV eΛk∆V −1A−1(eA∆ − I)B.

Absorb CV , V −1B, and the diagonal factors into weights w̃i to obtain

Kk =
∑
i

w̃iλ
−1
i (eλi∆ − 1)eλik∆.

This is the first displayed form. For the finite horizon 0 ≤ k < L, multiply and divide each term by eLλi∆ − 1; this
rewrites the same exponential family as a row-softmax over Pik = λik∆, with renormalized weights wi.

A.1.13 Proposition 3.14: S4D Vandermonde kernel

Proof. If Ā = diag(Ā1, . . . , ĀN ), then
Āℓ = diag(Āℓ1, . . . , Ā

ℓ
N ).

Thus

K̄ℓ = CĀℓB̄ =

N∑
n=1

CnB̄nĀ
ℓ
n.

Stacking the entries ℓ = 0, . . . , L− 1 gives
K̄ = (B̄⊤ ◦ C)VL(Ā),

where VL(Ā)nℓ = Āℓn.

A.1.14 Theorem 3.15: S4D-LegS limit

Proof. The S4D-LegS normal approximation removes a rank-one term from the finite HiPPO-LegS operator. Let
{ϕn}n<N be the corresponding orthonormal system under the exponentially warped measure. The removed rank-
one term is a projection onto a function represented by this same basis. As N → ∞, completeness of the LegS basis
gives convergence of the finite projection of that function to the full rank-one correction in L2.

Therefore the basis generated by the normal part A(N) together with the scaled input vector B/2 converges to
the basis generated by the original HiPPO-LegS pair (A,B). Since A(N) is normal, it is unitarily diagonalizable.
Passing to this diagonal basis yields the S4D-LegS initialization and preserves the limiting kernel.

A.1.15 Proposition 3.16: DLR equivalence

Proof. Unrolling the original linear RNN gives the convolution kernel

Kj = CAjB.

If A = V ΛV −1, then

Kj = CV ΛjV −1B =
∑
i

(CV )i(V
−1B)iλ

j
i .

Set wi = (CV )i(V
−1B)i. The diagonal RNN with transition Λ and readout weights w has kernel ⟨w,Λj⟩, hence

the same input-output map.

A.1.16 Claim 3.17: Real-positive DLR lower bound

Proof. To represent a one-hot shift kernel, the coefficients wi must solve a Vandermonde system∑
i

wiλ
j
i = 1{j = N}, j = 0, . . . , N.
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For λi ∈ [0, 1], the inverse Vandermonde formula expresses some coefficient wi as a ratio whose denominator contains
products

∏
r ̸=i |λi − λr|. The maximal separation of N + 1 points in [0, 1] is controlled by the Fekete determinant

bound. Applying this bound to the inverse system gives

max
i

|wi| ≥ 22N−O(logN).

Thus real-positive diagonal recurrences can represent the shift only with exponentially large weights.

A.1.17 Proposition 3.19: finite-horizon diagonal universality

This is Proposition result:uni of Ran-Milo et al. [34].

Proof. Let k0, . . . , kt−1 be the first t entries of the impulse response of ϕ. Choose N ≥ t distinct scalars a1, . . . , aN ∈
K, and form the t×N Vandermonde matrix

Vℓn = aℓn, 0 ≤ ℓ < t, 1 ≤ n ≤ N.

The first t columns with distinct an have full rank t. Therefore there is w ∈ KN such that

V w = (k0, . . . , kt−1)
⊤.

Set A = diag(a1, . . . , aN ), B = w, and C = 1. Then

C⊤AℓB =

N∑
n=1

wna
ℓ
n = kℓ, 0 ≤ ℓ < t.

This gives the required finite-horizon match. The same Vandermonde argument works over R and over C.

A.1.18 Proposition 3.20: complex contains real

This is Proposition result:c4r of Ran-Milo et al. [34].

Proof. If NC = NR, take
AC = AR, BC = BR, CC = CR

and regard the real entries as complex entries with zero imaginary part. The impulse responses agree term by term:

C⊤
C A

ℓ
CBC = C⊤

R A
ℓ
RBR.

If NC > NR, append NC −NR unused coordinates by setting the corresponding entries of BC or CC to zero. These
modes contribute nothing to the impulse response.

A.1.19 Theorem 3.21: one complex oscillator

This follows Theorem result:r4c of Ran-Milo et al. [34].

Proof. The complex one-mode impulse response is

kℓ = BCCCA
ℓ
C.

The assumptions | sin(argAC)| ≥ 0.2 and |AC| ≥ 0.51/t imply that along the first t time steps, the real-valued
output sequence extracted from this complex mode has Θ(t) robust oscillations: on the odd-indexed subsequence
it alternates between values at least 1/4 and at most −1/4 after the source’s normalization.

A real diagonal SSM impulse response is a real exponential sum

k̂ℓ =

NR∑
n=1

wna
ℓ
n, wn = CR,nBR,n.

Such a sequence has limited sign oscillation. Split the terms according to the sign of an and then restrict to an
even or odd subsequence. On either subsequence each term has the form w̃n(a

2
n)
m with a2n ≥ 0. After merging
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equal bases, the functions m 7→ bmn with distinct bn ≥ 0 form a discrete Chebyshev system: if
∑r
n=1 w̃nb

m
n has r

distinct nonnegative bases, its number of sign changes is at most r−1. This follows by applying the finite-difference
operator that annihilates one base,

(Dbs)m = sm+1 − bsm,

and inducting on r. Hence an NR-term real diagonal SSM has only O(NR) robust sign alternations across the two
parity subsequences. The complex target has Θ(t) alternating intervals separated by the 1/4 margin, so the source’s
margin count gives that approximation within ϵ is possible only if

NR ≥ ⌊t/9⌋ − 1− 4ϵ.

This is the stated lower bound.

A.1.20 Theorem 3.22: forward-difference lower bound

This is Theorem result:r4general of Ran-Milo et al. [34].

Proof. For a real diagonal SSM, the odd and even restrictions of the impulse response are still sums of at most NR
real exponentials:

k̂σ,m =

NR∑
n=1

wnb
m
n,σ, |wn| ≤ ∥C⊤

R ⊙BR∥∞.

For a scalar exponential sequence bm, the dth forward difference equals

∆d(bm) = bm(b− 1)d.

For the odd/even restrictions used in the theorem, the rescaled real bases bn,σ lie in [0, 1]. For 0 ≤ b ≤ 1, the
function bm(1− b)d is maximized at b = m/(m+ d), and hence

|bn,σ|m|bn,σ − 1|d ≤
(

m

m+ d

)m(
d

m+ d

)d
.

The elementary bound (
m

m+ d

)m(
d

m+ d

)d
≤ 2−2min{d,m}

is Lemma bounds on multiplication of parts in the source. Thus bases close to 1 pay through |b − 1|d, while
bases away from 1 pay through their m-step decay. Therefore each scalar mode contributes at most |wn|2−2min{d,m}

to the dth difference. By linearity, ∣∣∣(k̂|σ)(d)m ∣∣∣ ≤ NR∥C⊤
R ⊙BR∥∞2−2min{d,m}.

If k̂ ϵ-approximates the target impulse response k up to time t, then

∆d(k − k̂)m =

d∑
r=0

(−1)d−r
(
d

r

)
(k − k̂)m+r,

so

|∆d(k − k̂)m| ≤ ϵ

d∑
r=0

(
d

r

)
= 2dϵ.

Thus
|(k̂|σ)(d)m | ≥ |(k|σ)(d)m | − 2dϵ.

Combining this lower bound with the real-exponential upper bound and rearranging gives, for every admissible
d,m, σ,

NR∥C⊤
R ⊙BR∥∞ ≥ 2d+2min{d,m}

(
2−d|(k|σ)(d)m | − ϵ

)
.

Taking the maximum over admissible d,m, σ gives the theorem.
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A.1.21 Proposition 3.23: complex DFT construction

This is Proposition result:c4general of Ran-Milo et al. [34].

Proof. Let k = (k0, . . . , kt−1) = ϕ(I):t. Choose t distinct complex roots of unity ωn = e2πin/t and set

AC = diag(ω0, . . . , ωt−1)

on the first t coordinates, with any unused coordinates zeroed out if NC > t. Let F be the unitary discrete Fourier
matrix, Fℓn = t−1/2ωℓn. The inverse DFT gives coefficients α = F ∗k such that

kℓ =

t−1∑
n=0

αnt
−1/2ωℓn.

Set CC = t−1/21 and BC = α on these coordinates. Then

C⊤
C A

ℓ
CBC = kℓ, 0 ≤ ℓ < t.

Since F is unitary, Plancherel gives

∥BC∥2 = ∥α∥2 = ∥k∥2 ≤ 2∥k∥2, ∥C⊤
C ∥2 = 1,

where the theorem statement keeps the source’s looser constant.

A.1.22 Proposition 3.24: S5 scan and complexity

Proof. After diagonalization and zero-order-hold discretization, each S5 step has the affine form

ht = Λ̄tht−1 + B̄txt.

Affine maps compose associatively:

(A2, b2) ◦ (A1, b1) = (A2A1, A2b1 + b2).

Therefore all hidden states can be computed by a parallel prefix scan over the pairs (Λ̄t, B̄txt). The remaining
costs are the input projection into the latent MIMO state, the scan itself, and the output projection. In the paper’s
accounting, offline S4 evaluation has order O(H2L+HL logL), while S5 has order O(PHL+PL). Online generation
has the same order when P = O(H) and the S4 state size is of order H. Hence, for P = O(H), S5 matches the
runtime and memory order of S4 in the source comparison.

A.1.23 Proposition 3.25: Constrained S4/S5 relationship

Proof. Under the shared state matrix and shared timescale assumptions, each of the H S4 channels evolves with
the same discretized transition Ā and channel-specific input vector. Stack the H channel states into a single MIMO
state. Linearity gives

hS5t =

H∑
r=1

Prh
(r)
t

for fixed projections Pr determined by the S5 input and output matrices. Thus the constrained S5 output is a linear
projection of the collection of constrained S4 latent states. The corresponding output matrix is

Cequiv = [C | C | · · · | C ],

whereas the ordinary block-diagonal S4 output matrix keeps the channel readouts on separate diagonal blocks.
Thus the proposition identifies equivalent dynamics and a modified output projection, not equality with the usual
block-diagonal S4 outputs.
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A.1.24 Proposition 3.26: H3 associative recall

Construction. Let
LK = {k1, k2, k3, k4}, LV = {v1, v2, v3, v4}.

A sequence in the source language has even length N of key-value examples followed by a query key:

x1, x2, . . . , xN , xN+1.

Odd positions are keys, even positions are their values x2i = fx(x2i−1), and the query xN+1 is one of the previously
appearing keys. The desired next token is fx(xN+1).

Embed keys as e1, . . . , e4 and values as e5, . . . , e8 in R8. The construction uses four H3 heads, one per key. The
query and key projections are chosen so that head i is active only on token ki:

WQ =WK =



1 1 0 0 0 0 0 0

0 0 1 1 0 0 0 0

0 0 0 0 1 1 0 0

0 0 0 0 0 0 1 1

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0



.

The value projection encodes each value token by two binary coordinates and sends the same encoding to every
head:

WV =



0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 1 0 1 0 1 0 1

1 0 1 0 1 0 1 0

1 1 1 1 1 1 1 1



.

The first SSM in each head is a one-step shift: with state dimension m = 2, take Bshift = e1 and Cshift = [0 1].
Thus the key signal at time t − 1 is available at time t. The second SSM is diagonal with Adiag = I, Bdiag = e1,
and Cdiag = e⊤1 , so it cumulatively sums its input.

Suppose the final query is xN+1 = ki. Then the query vector in head i is nonzero and the query vectors in all
heads j ̸= i are zero. By the multiplicative H3 interaction, only head i can contribute. In that head, the shifted key
signal is nonzero exactly at positions t for which xt−1 = ki. At those positions, by construction of the language,
xt = fx(ki). Therefore the diagonal cumulative-sum SSM in head i sums copies of the same two-bit encoding of
fx(ki), while all other heads output zero. A fixed final decoder maps any positive multiple of that binary encoding
to the embedding of fx(ki). Hence the constructed H3 model solves Λ.

A.2 Proofs: Selective SSMs and Linear CDEs

A.2.1 Theorem 4.5: Mamba bases approximate Haar wavelets

This follows the wavelet construction of Huang et al. [21, Appendix].
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Proof. Write the shifted Heaviside function as Ha(s) = 1{s≥a}. A Haar wavelet at scale j and location k decomposes
as

ψj,k(s) = 2j/2 (Ha0(s)− 2Ha1(s) +Ha2(s)) ,

where
a0 = 2−jk, a1 = 2−jk + 2−(j+1), a2 = 2−j(k + 1).

It is therefore enough to realize each 2j/2Ha as a limiting Mamba basis.

Fix a threshold a ∈ [0, 1]. Use the time-augmented signal x̃s = (xs, s) and let the selective step depend only on the
time coordinate:

∆w(x̃s) = softplus(w(s− a)) , λ = 1, B = 2j/2.

With the sign convention used in the source, take w → −∞. Then ∆w(x̃s) → ∞ for s < a and ∆w(x̃s) → 0 for
s > a. Thus the basis

gMw (s; 1, x̃) = 2j/2 exp

(
−
∫ 1

s

∆w(x̃r) dr

)
converges to 2j/2Ha(s) in the limiting-gate model: if s < a, the integral crosses an interval on which the gate
diverges, and the exponential vanishes; if s > a, the limiting gate on [s, 1] is zero, and the exponential equals one.
At the jump, the source uses the Heaviside convention matched by the limiting construction.

Applying this construction with thresholds a0, a1, a2 gives three Mamba bases gMa0 , g
M
a1 , and gMa2 . Their linear

combination
gMa0 − 2gMa1 + gMa2

is the desired Haar wavelet in the limit. Choosing finite gate parameters sufficiently far along the limiting sequence
gives the stated ϵ-approximation in the source theorem.

A.2.2 Corollary 4.6: adaptive wavelet approximation

This is the approximation-rate corollary of Huang et al. [21].

Proof. The adaptive Haar expansion of a piecewise-constant function with m discontinuities uses only the wavelets
whose supports intersect the jump set, together with the constant term. At dyadic scale j, each discontinuity
belongs to one dyadic interval, so at most O(m) Haar functions have nonzero coefficients. Keeping all selected
coefficients through scale J therefore uses

M = O(mJ)

terms. The remaining error is supported only on the union of the O(m) dyadic intervals of length 2−J containing
jumps. Since the function is bounded on each side of each jump, its squared error is O(2−J) up to a constant
depending on the jump heights. Rewriting J in terms of M gives the adaptive rate∥∥∥∥∥ρ−

M∑
ℓ=1

cℓψℓ

∥∥∥∥∥
L2

= O(2−M/m).

By Theorem 4.5, each Haar function ψℓ is approximated by three Mamba basis functions. Thus N Mamba bases
implement M = N/3 adaptive Haar terms, giving∥∥∥∥∥ρ−

N∑
n=1

gMn

∥∥∥∥∥
L2

= O(2−(N/3)/m) = O(2−N/(3m)).

In the comparison made in the source, the S4D basis Bne
−λn(t−s) is treated as a Fourier-type smooth basis for this

discontinuous target class, yielding the stated O(N−1) rate.
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A.2.3 Lemma 4.7: sensitivity decay

This is the product-rule calculation behind Huang et al. [21, Lemma lemma exp decay].

Proof. Unrolling
ht = Λ̄tht−1 + B̄txt

gives

ht =

t∑
s=1

(
t∏

r=s+1

Λ̄r

)
B̄sxs +

(
t∏

r=1

Λ̄r

)
h0.

The terms depending on xj are the direct injection B̄jxj and the transition Λ̄j , which multiplies all earlier injected
terms. Differentiating the unrolled expression therefore gives

∂ht
∂xj

=

 t∏
r=j+1

Λ̄r

 ∂

∂xj
(B̄jxj)

+

 t∏
r=j+1

Λ̄r

 ∂Λ̄j
∂xj

[
j−1∑
s=1

(
j−1∏
r=s+1

Λ̄r

)
B̄sxs

]
,

which is the displayed formula in the lemma.

For S4D, the nth diagonal transition is
Λ̄r,n = e−λn

and the B coefficient is independent of the future time t. The product from r = j + 1 to t is therefore

t∏
r=j+1

Λ̄r,n = e−λn(t−j−1)

up to the same endpoint convention as the source. All remaining factors depend only on (λn, Bn, x≤j), so they form
c̃S4D.

For S6/Mamba, the nth transition is
Λ̄r,n = e−λn∆(xr)

under the diagonal discretization used in the source. Hence

t∏
r=j+1

Λ̄r,n = exp

−λn
t∑

r=j+1

∆(xr)

 .

The differentiated bracket depends on the local derivative at xj and on the history before j, but not on the terminal
length t. This is c̃M(∆, λn, Bn, x≤j).

A.2.4 Lemma 4.8: freezing selective time

This is the retention consequence of the previous sensitivity formula in Huang et al. [21, Lemma lemma:constant].

Proof. For the nth S6 coordinate, isolate the direct local term in the sensitivity formula:

Dj =
∂

∂xj

(
Bn(xj)∆(xj)xj

)
.

The source writes the same local factor with its own running index convention. The future transition product is

t∏
r=j+1

e−λn∆(xr) = exp

−λn
t∑

r=j+1

∆(xr)

 .
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If

lim
t→∞

λn

t∑
r=j+1

∆(xr) ≤ c,

then

lim inf
t→∞

t∏
r=j+1

e−λn∆(xr) ≥ e−c.

Keeping the direct local sensitivity contribution gives

lim inf
t→∞

∣∣∣∣∣∂hM,nt

∂xj

∣∣∣∣∣ ≥ e−c|Dj |,

which is the stated lower bound. Thus a coordinate can keep sensitivity to a past input only if the accumulated
selective time after that input is bounded. Equivalently, along the retained part of the sequence the factors e−λn∆(xr)

must stay close enough to one.

A.2.5 Theorem 4.9: MQAR constructions

This collects the three constructive MQAR results of Huang et al. [21].

Proof. An MQAR instance contains κ key-value pairs

(k1, v1), . . . , (kκ, vκ)

followed by query tokens. On a query key ki, the desired output is the stored value vi. The constructions are exact
representability statements: they specify embeddings, short convolutions, selective storage maps, and output maps.

Mamba without gating. Start with a one-hot construction of dimension d = κ+ |V |. Allocate the first κ coordinates
to the keys and the remaining |V | coordinates to values. A key ki is represented by a scaled key basis vector in
coordinate i, and a value v is represented in the value subspace. The size-2 nonlinear convolution is chosen so that
adjacent key-value pairs survive while non-pair adjacencies are suppressed. Because the vocabulary and the list of
allowed adjacent patterns are finite, this can be done by a finite-margin separator: give each allowed pair a positive
score, give every forbidden pair a score below a negative bias, and choose the margin larger than the maximum
within-pair perturbation. The resulting local feature is nonzero exactly on key-value adjacencies.

The S6 state is organized as a matrix
Ht ∈ Rd×κ,

whose ith column stores the value associated with key ki. On the position containing the pair (ki, vi), the input-
dependent map Bt selects column i, and the injected vector is the embedding of vi. On a query position containing
ki, the input-dependent readout Ct selects column i. Thus

CtHt = emb(vi)

at the query, and a fixed final decoder returns vi.

The one-hot value subspace can be reduced by a Johnson–Lindenstrauss map. Choose a random projection that
preserves inner products among the finite set of value embeddings with a constant margin. After adding the source’s
nonnegativity/shift trick, the same storage and decoding inequalities remain valid with value dimension O(log |V |).
The key-indexing subspace remains κ-dimensional, giving

d = O(κ+ log |V |), N = κ.

Mamba-2 without gating. The Mamba-2 construction uses the extra independence between the convolutional features
that feed u, B, and C. In the source notation, set the B-feature convolution to a one-step shift,

convB = (1, 0),

and take the u and C feature convolutions to be identities. Then the storage map sees the previous key while
the value stream supplies the current value, exactly aligning each pair. Because the key and value features are
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now separated before the SSM storage operation, Johnson–Lindenstrauss reduction can be applied to both the
key-indexing and value subspaces. This gives the source dimensions

d = O(log κ+ log |V |), N = O(log κ).

S4D mixer inside a Mamba block. With an S4D mixer, B and C are no longer input-dependent storage and retrieval
maps. The construction compensates by arranging the hidden features along the embedding dimension: split the
embedding into κ chunks, one for each key, and store the value embedding for key ki in the ith chunk. The gated
convolution/output part of the Mamba block selects the queried chunk at readout. Starting from a one-hot value
representation gives O(κ|V |) embedding dimension; applying the same finite-set Johnson–Lindenstrauss reduction
to each value chunk reduces this to

d = O(κ log |V |).
The S4D recurrence itself uses one scalar state coordinate in the source construction, so N = 1.

A.2.6 Lemma 4.10: induction head

This is the state-dimension-selective construction of Huang et al. [21, Lemma lem ind head].

Proof. For a sequence x1, . . . , xt over V , the induction-head target at time t is

yt = xj(t)+1, j(t) = max{j < t : xj = xt},

with a blank output if there is no previous occurrence. Index the state dimension by tokens in V , so N = |V |. Use
an embedding of size 2|V |: the first copy identifies the key role and the second copy stores the value role. The
size-2 convolution transforms adjacent tokens into pair features, so that after convolution the feature at position i
contains the key xi−1 and the value xi.

The mixer is
ht = exp(Λ⊙ (1d ⊗∆(x̂t)))⊙ ht−1 + x̂t ⊗Bt.

Choose the selective gate so that, when the current pair has key token a, the ath state column is erased and all
other columns are retained. In the source construction this is obtained by taking

∆(x̂t) = softplus
(
w∆[I|V | 0]x̂t

)
and sending the gate scale to the limiting regime. The transition factor in the column corresponding to the current
key tends to zero, while the transition factors in the other columns tend to one. The injection x̂t ⊗Bt then writes
the current value into the erased column.

Inductively, after processing position t, the column indexed by a token a ∈ V stores the token that followed the
latest previous occurrence of a. If the current query token is xt = a, the readout vector Ct selects the ath column:

htCt = htea.

The fixed output matrix keeps the value half of the embedding, producing xj(t)+1. The state has one column per
vocabulary symbol and the embedding has two vocabulary copies, so

N = |V |, d = 2|V |.

A.2.7 Proposition 4.12: S4 and S6 as Linear CDEs

This follows [4, Section 3].

Proof. For S4, set

ωXt = t, ξXt =

∫ t

0

Xs ds.

Then dωXt = dt and dξXt = Xt dt. The one-channel Linear CDE

dZXt = AZXt dωXt +B dξXt
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therefore becomes
dZXt = AZXt dt+BXt dt,

which is the continuous-time S4 channel.

For the S6/Mamba channel, write the discrete update as

zi,ℓ = Āi(xℓ)zi,ℓ−1 + B̄i(xℓ)x
i
ℓ, Āi(x) = exp(∆i(x)Ai),

with
∆i(x) = softplus(αi · x+ βi).

Introduce a mesh size δ > 0 and write
αi = δα̃i, βi = δβ̃i.

Approximating softplus by σ = ReLU in the small-step scaling gives

∆i(x) ≃ δσ(α̃i · x+ β̃i).

Hence

Āi(x) = exp
(
δAiσ(α̃i · x+ β̃i)

)
= I + δAiσ(α̃i · x+ β̃i) + o(δ).

Under the same first-order scaling, the input term in the Mamba parameterization has the form

B̄i(x)x
i ≃ δ(Bx)xiσ(α̃i · x+ β̃i).

Thus
zi,ℓ − zi,ℓ−1 = δAizi,ℓ−1σ(α̃i · xℓ + β̃i)

+ δ(Bxℓ)x
i
ℓσ(α̃i · xℓ + β̃i) + o(δ).

Taking the Euler limit gives

dZXi,t = AiZ
X
i,tσ(α̃i ·Xt + β̃i) dt+ (BXt)X

i
tσ(α̃i ·Xt + β̃i) dt.

This is the Linear CDE driven by

dωXi,t = σ(α̃i ·Xt + β̃i) dt, dξXi,t = XtX
i
tσ(α̃i ·Xt + β̃i) dt,

which integrates to the gates stated in the proposition.

A.2.8 Proposition 4.13: Signature expansion

This is the expansion used in [4, Appendix, expansion for ZXt ].

Proof. Fix X and let WX
s,t ∈ RN×N be the fundamental solution of the homogeneous equation

dWX
s,t =

dω∑
i=1

AiW
X
s,t dω

X,i
t , WX

s,s = IN .

Equivalently,

WX
s,t = IN +

dω∑
i=1

∫ t

s

AiW
X
s,r dω

X,i
r .

Picard iteration gives

WX
s,t = IN +

∑
m≥1

dω∑
i1,...,im=1

Aim · · ·Ai1
∫
s<u1<···<um<t

dωX,i1u1
· · · dωX,imum

.
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For the word I = (i1, . . . , im), the iterated integral is Sig(ωX)Is,t and AI = Aim · · ·Ai1 , so

WX
s,t =

∑
I∈Wdω

AI Sig(ω
X)Is,t.

Since ωX has bounded variation, this series is the usual signature series of the linear controlled equation and
converges absolutely on compact variation-bounded sets.

Variation of constants for
dZXt =

∑
i

AiZ
X
t dωX,it +B dξXt

gives

ZXt =WX
0,tZ0 +

∫ t

0

WX
s,tB dξ

X
s .

Writing Bj for the jth column of B,

B dξXs =

dξ∑
j=1

Bj dξ
X,j
s .

Substituting the expansion for WX
0,t and W

X
s,t gives

ZXt =
∑

I∈Wdω

AIZ0 Sig(ωX)I0,t

+

dξ∑
j=1

∑
I∈Wdω

AIBj

∫ t

0

Sig(ωX)Is,t dξ
X,j
s .

A.2.9 Definition 4.14, Proposition 4.15, and Lemma 4.16: Feature map and RKHS

These are the feature-map and RKHS statements in [4, Appendix, Main Result].

Proof. The full source appendix allows the initial value to depend on the input through a continuous gate (·)0 :
X → Rd0 . Write the initial condition as ZX0 = C0X0, and let C0,i be the ith column of C0. Variation of constants
and the Wronskian expansion give

ZXt =

d0∑
i=1

∑
I∈Wdω

AIC0,iX
i
0 Sig(ω

X)I0,t

+

dξ∑
j=1

∑
I∈Wdω

AIBj

∫ t

0

Sig(ωX)Is,t dξ
X,j
s .

Thus every coordinate of ZXt is a linear functional of the feature vector

T (X)0,t =

(
Xi

0 Sig(ω
X)I0,t,

∫ t

0

Sig(ωX)Is,t dξ
X,j
s

)
i,I,j

.

The same object can be defined intrinsically as a tensor-valued CDE. Let ei encode the initial-value coordinates,
εξj the injection coordinates, and εωk the ω-letters. Then

T (X)0,t =

d0∑
i=1

Xi
0ei +

dξ∑
j=1

ξX,jt εξj

+

dω∑
k=1

∫ t

0

T (X)0,s ⊗ εωk dω
X,k
s .
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Iterating this equation gives exactly the displayed coordinates: starting from ei produces Xi
0 Sig(ω

X)I0,t, while

starting from εξj at time s and then appending ω-letters produces
∫ t
0
Sig(ωX)Is,t dξ

X,j
s .

The RKHS generated by X 7→ T (X)0,t consists precisely of Hilbert linear functionals on T (X)0,t. Splitting such a
Hilbert coefficient into the initial-value coordinates and the injection coordinates gives

F (X, t) =
∑
i

Xi
0⟨αi, Sig(ωX)0,t⟩ℓ2 +

∑
j

∫ t

0

⟨βj , Sig(ωX)s,t⟩ℓ2 dξX,js .

Conversely, any coefficient families αi, βj ∈ ℓ2(Wdω ) define a Hilbert linear functional on T (X)0,t. The norm formula
is the standard quotient norm for a feature-map RKHS: take the minimal squared ℓ2 norm of all Hilbert coefficients
representing the same function.

For the kernel, compute the Hilbert inner product of the two feature vectors. The initial-value coordinates give

⟨X0, Y0⟩⟨Sig(ωX)0,s, Sig(ω
Y )0,t⟩ℓ2 .

The injection coordinates give ∫ s

η=0

∫ t

τ=0

⟨Sig(ωX)η,s, Sig(ω
Y )τ,t⟩ℓ2⟨dξXη , dξYτ ⟩.

This is the signature expression in Lemma 4.16. Alternatively, differentiating the tensor CDE for T (X) against the
tensor CDE for T (Y ) gives

KX,Y (s, t) = ⟨X0, Y0⟩+ ⟨ξXs , ξYt ⟩+
∫ s

0

∫ t

0

KX,Y (η, τ)⟨dωXη , dωYτ ⟩.

A.2.10 Theorem 4.17: Dense Linear CDE closure

This is the content of [4, Theorem 4.1 and Appendix, Main Result].

Proof. Let
K = {ωX[0,t] : (X, t) ∈ X × [0, 1]}

and
K2 = {ωX[s,t] : (X, s, t) ∈ X × [0, 1]2, s ≤ t}.

These are compact because X is compact, the gates are continuous, and path restriction is continuous in bounded
variation topology.

The signature expansion of Proposition 4.13 shows that every linear readout CZXt is a linear functional of the
feature coordinates

T (X)0,t =

(
Sig(ωX)I0,t,

∫ t

0

Sig(ωX)Is,t dξ
X,j
s

)
I,j

.

Hence the closure of Linear CDE readouts is contained in the uniform closure of linear functionals of T .

We identify that closure. On compact subsets of bounded-variation paths, signature coordinates form an algebra
under the shuffle identity:

Sig(γ)I Sig(γ)J =
∑

K∈I⨿J
Sig(γ)K .

The added coordinates ωX,1t = t and ωX,2t = t2 separate the relevant restricted paths uniformly in both X and t;
equivalently, they rule out the path identifications that would otherwise require quotienting by tree-like equivalence.
Therefore Stone-Weierstrass, applied to the signature algebra, gives: for every continuous

Ψ : C1,0([0, 1];Rdω ) → R
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and every η > 0, there is a finite linear combination P (Sig(ωX)0,t) such that

sup
(X,t)∈X×[0,1]

|Ψ(ωX[0,t])− P (Sig(ωX)0,t)| < η.

Likewise, for each coordinate of the continuous Φ : C1,0([0, 1];Rdω ) → Rdξ , there is a finite signature polynomial
Qj satisfying

sup
γ∈K2

|Φj(γ)−Qj(Sig(γ))| < η.

Since ξX has uniformly bounded variation on the compact set, say ∥ξX∥1;[0,1] ≤M , the integral error satisfies

sup
(X,t)

∣∣∣∣∫ t

0

(
Φ(ωX[s,t])−Q(Sig(ωX)s,t)

)
· dξXs

∣∣∣∣
≤ ηM.

Thus every target of the displayed form is uniformly approximated by a finite linear functional of the coordinates
of T (X)0,t.

It remains to realize finite linear functionals of T by a finite-dimensional Linear CDE with dense matrices. Choose
a finite word set I large enough to contain the signature coordinates appearing in P and Q. Dense matrices Ai can
be chosen as the left-shift representation on the finite word span:

AieI =

{
eIi, Ii ∈ I,
0, Ii /∈ I,

after identifying the finite word span with RN . Choosing Z0 and B to inject the empty-word and ξ coordinates
gives a state whose coordinates are precisely the finite coordinates of T , up to the chosen truncation. A final linear
functional C forms the required finite combination. Taking η and the truncation error small enough gives the stated
ϵ.

The reverse inclusion follows from the first paragraph: every CZXt is already a linear functional of the same
signature/integrated-signature feature map, hence belongs to the corresponding closed class.

A.2.11 Theorem 4.18: Full source closure with initial-value gate

This is [4, Appendix, Theorem Main Result].

Proof. We use the feature map of Definition 4.14. The expansion proved in A.2.9 shows first that every fixed
readout ⟨v, ZXt ⟩ is a linear functional of T (X)0,t, up to a uniformly vanishing signature-tail truncation. Indeed, for
fixed matrices there is λ ≥ 0 such that

|v⊤AIC0,i|+ |v⊤AIBj | ≤ λ|I|

for all words I. Since

| Sig(ωX)Is,t| ≤
∥ωX∥|I|1-var;[s,t]

|I|!
,

compactness of K and continuity of the gates give a uniform bound on the tail∑
|I|≥M

λ|I|| Sig(ωX)Is,t|

which tends to zero as M → ∞. Hence readouts lie in the uniform closure of the RKHS generated by T .

Conversely, let

F (X, t) = Ψ(ωX[0,t]) ·X0 +

∫ t

0

Φ(ωX[s,t]) · dξ
X
s .

The maps
(X, t) 7→ ωX[0,t], (X, s, t) 7→ ωX[s,t]
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have compact images. The technical coordinates ωX,1t = t and ωX,2t = t2 ensure that signatures separate these
restricted paths on the relevant compact images, avoiding tree-like identifications in the uniform approximation
argument. By the shuffle identity, linear functionals of signatures form an algebra; by Stone-Weierstrass they
uniformly approximate the continuous functions Ψ and Φ on those compact images. Uniform bounded variation of
ξX controls the integral error. Therefore every displayed target F lies in the uniform closure of the RKHS generated
by T .

It remains to realize a finite RKHS truncation as a finite Linear CDE. Choose M large enough that replacing each
coefficient αi, βj by its word-length truncation πMαi, πMβj changes the target by at most ϵ/2. Let µ(M,d) be the
dimension of the truncated tensor space TM (Rd0+dξ+dω ). On this space, let Λk denote right tensoring by the kth
ω-letter, truncated at level M . The CDE

Z̃Xt =

d0∑
i=1

Xi
0ei +

dξ∑
j=1

ξX,jt εξj +

dω∑
k=1

∫ t

0

ΛkZ̃
X
s dωX,ks

is a finite-dimensional Linear CDE of the stated form and its coordinates are exactly the truncated feature vector
πMT (X)0,t. A readout vector v whose coordinates are the truncated coefficient families πMαi, πMβj therefore
realizes the truncation. This gives the deterministic dense statement.

For the randomized statement, the source replaces the exact truncated-tensor orthogonality above by approximate
orthogonality of the random vectors AIC0,i and AIBj . Under the LeCun/Gaussian initialization, for fixed truncation
level M the relevant inner products satisfy L2 errors of order N−1/2, with constants depending on M and the word
lengths. Taking

v(N) =
1

N

∑
i,I

αIiAIC0,i +
∑
j,I

βIjAIBj


over the finite set |I| ≤M makes ⟨v(N), ZXt ⟩ converge in L2, uniformly on the compact set, to the same truncated
RKHS functional. Markov’s inequality then gives probability tending to one for the uniform approximation event.
Combining with the truncation error proves the probability limit.

For the diagonal statement, write Ai = diag(vi) and V = [v1| · · · |vdω ]. The homogeneous solution is explicit:

WX
s,t = exp

(
diag(V (ωXt − ωXs ))

)
.

Thus a readout has the form

ψN (ωXt ) ·X0 +

∫ t

0

ϕN (ωXt − ωXs ) · dξXs

where ψN , ϕN are finite sums of exponentials z 7→ e⟨v,z⟩. These exponential spans form point-separating algebras
on compact subsets of Rdω , so Stone-Weierstrass gives the displayed diagonal closure. This argument uses only
the values and increments of ωX , so the extra coordinates t, t2 are unnecessary in the diagonal case. The same
expansion also gives the reverse inclusion for fixed diagonal parameters.

A.2.12 Theorem 4.19: Randomized Linear CDE closure

This is [4, Theorem 4.2 and Appendix, Main Result].

Proof. Fix a target F of the form in Theorem 4.19 and ϵ > 0. By the proof of Theorem 4.17, there is a finite-
dimensional feature vector

Θ(X, t) =

(
Sig(ωX)I0,t,

∫ t

0

Sig(ωX)Is,t dξ
X,j
s

)
(I,j)∈J

and a coefficient vector a such that
sup
(X,t)

|F (X, t)− ⟨a,Θ(X, t)⟩| < ϵ/2.

Thus it suffices to approximate the finite feature span generated by Θ.

For fixed N , the random Linear CDE state ZXt ∈ RN gives N random linear functionals of the infinite feature map
T (X)0,t. The entries of Ai, B, and Z0 are sampled from nondegenerate Gaussian laws, so for any finite collection of
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feature coordinates the induced random coefficient vectors have a distribution with full support on the corresponding
finite coefficient space. In particular, for the finite-dimensional subspace containing Θ, the probability that the span
of the N readout coordinates fails to approximate the required vector goes to zero as N → ∞. Equivalently,

lim
N→∞

P

[
inf

C∈R1×N
sup
(X,t)

|⟨a,Θ(X, t)⟩ − CZXt | ≤ ϵ/2

]
= 1.

Combining this with the deterministic approximation of F by ⟨a,Θ⟩ gives

lim
N→∞

P

[
∃C : sup

(X,t)

|F (X, t)− CZXt | ≤ ϵ

]
= 1.

Only C is chosen after the random draw; the recurrent parameters remain fixed.

A.2.13 Theorem 4.20: Diagonal Linear CDE closure

This is [4, Theorem 4.3 and Appendix, Diagonal Case].

Proof. Write Ai = diag(vi) with vi ∈ RN , and put V = [v1| · · · |vdω ] ∈ RN×dω . Since diagonal matrices commute,
the homogeneous Wronskian is explicit:

WX
s,t = exp

(
diag(V (ωXt − ωXs ))

)
.

Thus variation of constants gives

ZXt = exp(diag(V ωXt ))Z0 +

∫ t

0

exp(diag(V (ωXt − ωXs )))B dξXs .

After applying a linear readout C, the first term is a finite linear combination of functions

z 7→ e⟨v,z⟩, z = ωXt ,

and the integral term is a finite linear combination of

z 7→ e⟨v,z⟩, z = ωXt − ωXs ,

integrated against dξXs . Therefore every diagonal readout has the form

ψN (ωXt ) +

∫ t

0

ϕN (ωXt − ωXs ) · dξXs

with ψN , ϕN in finite exponential spans. This gives one inclusion in the closure statement.

Conversely, let ψ and ϕ be continuous on the compact sets reached by ωXt and ωXt − ωXs . The exponential span

span{z 7→ e⟨v,z⟩ : v ∈ Rdω}

is an algebra, contains constants, and separates points; by Stone-Weierstrass it is uniformly dense in continuous
functions on those compact sets. Hence there are finite exponential sums ψN , ϕN with

∥ψ − ψN∥∞ < η, ∥ϕ− ϕN∥∞ < η.

Uniform bounded variation of ξX on compact X gives

sup
(X,t)

∣∣∣∣∫ t

0

(ϕ− ϕN )(ωXt − ωXs ) · dξXs
∣∣∣∣ ≤ η sup

X
∥ξX∥1;[0,1].

Choosing η small gives the desired approximation. Each exponential term is implemented by one diagonal coordinate
with diagonal vector v, so the finite exponential sums are diagonal Linear CDE readouts.

The same conclusion can be read from signatures: when the Ai commute, AI = Aσ(I) for every permutation σ, so
the readout can only see the symmetrized signature, which is a function of the increment ωXt −ωXs rather than the
ordered path section ωX[s,t].
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A.2.14 Corollary 4.21: Mamba channel closure

This is [4, Corollary 4.4 and Appendix, Mamba Case].

Proof. In the Mamba specialization, the model runs independent diagonal systems for the separate channels. The
ith channel has one-dimensional gate ωX,i and input driver ξX,i. By Theorem 4.20, the closure of readouts from
the ith subsystem is

(X, t) 7→ ψi(ω
X,i
t ) +

∫ t

0

ϕi(ω
X,i
t − ωX,is ) dξX,is .

The full Mamba-style channel stack concatenates these hidden states and applies a linear output mixing. Linear
output mixing produces finite sums of the channelwise closure classes. Taking uniform closures gives exactly

dω∑
i=1

ψi(ω
X,i
t ) +

dω∑
i=1

∫ t

0

ϕi(ω
X,i
t − ωX,is ) dξX,is .

A.2.15 Proposition 4.22: Input-driven chained diagonal signature recovery

This is the chaining argument in [4, Appendix, Stability and Chaining of Diagonal Systems].

Proof. We specialize the source level-two recovery condition to the case where the same bounded-variation coordi-
nates of X are available as gate and injection drivers. LetM = supX∈X ∥X∥1;[0,1] <∞. The base case is a level-two
signature coordinate. For bounded-variation paths,

Sig(X)ij0,t =

∫ t

0

∫ s

0

dXi
r dX

j
s

and

Xi
tX

j
t =

∫ t

0

∫ t

0

dXi
r dX

j
s

=

∫ t

0

∫ s

0

dXi
r dX

j
s +

∫ t

0

∫ t

s

dXi
r dX

j
s .

The second term is ∫ t

0

(Xi
t −Xi

s) dX
j
s .

Therefore

Sig(X)ij0,t = Xi
tX

j
t −

∫ t

0

(Xi
t −Xi

s) dX
j
s .

This belongs to the diagonal closure class of Theorem 4.20, so it can be uniformly approximated by a diagonal
Linear CDE readout.

Assume inductively that every word I of length k can be recovered by a chain of k − 1 diagonal CDEs: for every
η > 0 there is a readout Wk−1Z

k−1,X
t with

sup
(X,t)

| Sig(X)I0,t −Wk−1Z
k−1,X
t | ≤ η.

Let Ij be a word of length k + 1. Then

Sig(X)Ij0,t =

∫ t

0

Sig(X)I0,s dX
j
s .

Drive the next diagonal CDE by the path Wk−1Z
k−1,X

X

 .
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The level-two argument applied to this augmented driver gives a diagonal readout vZk,Xt approximating∫ t

0

Wk−1Z
k−1,X
s dXj

s

uniformly within any prescribed tolerance. The remaining error is bounded by∣∣∣∣∫ t

0

(
Sig(X)I0,s −Wk−1Z

k−1,X
s

)
dXj

s

∣∣∣∣ ≤ η ∥Xj∥1;[0,1]

≤ ηM.

Choosing η and the second approximation tolerance small enough gives the claimed uniform ϵ bound. Induction
proves the statement for all |I| ≥ 2.

A.2.16 Proposition 4.23: ReLU-gated chained recovery

This is the ReLU-gate observation in [4, Appendix, ReLU activation choice].

Proof. The only possible obstruction is that the Mamba-style gate is constrained to be componentwise nonnegative:

ωXt =

∫ t

0

ReLU(WXs + b) ds.

The algebraic observation is that paired ReLU coordinates preserve the integrated input. If, for each input coordi-
nate j, the gate contains the two rows e⊤j and −e⊤j with zero bias, then

ReLU(Xj
s )− ReLU(−Xj

s ) = Xj
s ,

and hence a fixed linear map L satisfies

(LωX)jt =

∫ t

0

Xj
s ds = ω̃X,jt .

The more general assumption in the proposition records exactly this linear recoverability.

In the level-two recovery argument, replace every occurrence of ωXt inside the functions ψ and ϕ by LωXt . Because
L is fixed and linear, the maps

ωXt 7→ ω̃X,it ξX,jt , ωXt − ωXs 7→ ω̃X,it − ω̃X,is

are continuous functions of the admissible diagonal-closure variables. Thus the same diagonal closure theorem
approximates

ω̃X,it ξX,jt −
∫ t

0

(ω̃X,it − ω̃X,is ) dξX,js .

When the injection driver contains the corresponding dω̃X,j coordinate, this expression is∫ t

0

∫ s

0

dω̃X,ir dω̃X,js = Sig(ω̃X)ij0,t.

For longer words, use the same induction as in Proposition 4.22. If a previous chain approximates Sig(ω̃X)I0,s
uniformly, drive the next diagonal CDE by the previous readout and the available ω̃X coordinates. The bounded-
variation estimate ∣∣∣∣∫ t

0

(
Sig(ω̃X)I0,s −Wk−1Z

k−1,X
s

)
dω̃X,js

∣∣∣∣ ≤ η ∥ω̃X,j∥1;[0,1]

controls the propagated error uniformly on the compact input set. Choosing the induction tolerance small enough
gives the required ϵ.
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A.2.17 Proposition 4.24: Chained diagonal approximation

This follows [4, Proposition 4.5 and Appendix, Chaining].

Proof. Let F be in the dense Linear CDE closure class and fix ϵ > 0. By the proof of Theorem 4.17, there is a finite
set of signature and integrated-signature coordinates and a linear functional L of those coordinates such that

sup
(X,t)

|F (X, t)− L(T (X)0,t)| < ϵ/2.

Each required signature coordinate can be uniformly approximated by a chained diagonal system by Proposi-
tion 4.22. For the integrated coordinates ∫ t

0

Sig(ωX)Is,t dξ
X,j
s ,

the same chaining construction is applied to the relevant augmented driver and then integrated through the final
diagonal system. Since only finitely many coordinates are required, run the corresponding chains in parallel and
concatenate their hidden states. A final linear readout Ck implements the finite linear functional L up to error ϵ/2.
Combining the two errors gives

sup
(X,t)

|F (X, t)− CkZ
k,X
t | ≤ ϵ

for sufficiently large chain depth and hidden dimensions.

A.2.18 Proposition 4.25: Path-to-path approximation

This is [4, Proposition 5.1 and Appendix, Path-to-Path].

Proof. Let G : C1,0([0, 1];Rdω )× [0, 1] → R be continuous and causal. The continuous initial map X 7→ X0 and the
constant coordinate X1

0 ≡ 1 are carried by the source initialization ZX0 = C0X0. Since K × [0, 1] is compact and
the gates are continuous, G(ωX , t) is uniformly continuous in (X, t). Choose a finite mesh

0 = s0 < s1 < · · · < sm = 1

so fine that, whenever t lies in the neighboring interval of sr,

|G(ωX , t)−G(ωX , sr)| < ϵ uniformly in X ∈ K.

For each fixed sr, causality makes G(ωX , sr) a continuous functional of the restricted path ωX[0,sr]. Signature density,

as in the proof of Theorem 4.17, gives a Linear CDE readout fr(X, t) = CrZ
X
t satisfying

sup
X∈K

|fr(X, sr)−G(ωX , sr)| < ϵ.

By continuity in time and compactness, after refining the mesh if necessary,

|fr(X, t)− fr(X, sr)| < ϵ

whenever t is in the neighboring interval of sr.

Run the finitely many CDEs for f0, . . . , fm in parallel, and include the time coordinate through the gate assumption
ωX,1t = t. The hidden state therefore contains approximations of

(t, f0(X, t), . . . , fm(X, t)).

On the compact range of this vector, a feed-forward network can uniformly approximate the piecewise linear
interpolation map

(t, z0, . . . , zm) 7→ sr+1 − t

sr+1 − sr
zr +

t− sr
sr+1 − sr

zr+1, t ∈ [sr, sr+1].

Combining the time-discretization error, the fixed-time signature approximation error, and the MLP interpolation
error yields

sup
(X,t)∈K×[0,1]

|Fmlp(Z
X
t )−G(ωX , t)| < Cϵ

for a universal finite constant C. Replacing ϵ by ϵ/C gives the stated bound.
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A.2.19 Proposition 4.26: source exponential-trapezoidal discretization

Proof. On the interval [τt−1, τt], variation of constants gives

h(τt) = exp

(∫ τt

τt−1

A(s) ds

)
h(τt−1) +

∫ τt

τt−1

exp

(∫ τt

τ

A(s) ds

)
B(τ)x(τ) dτ.

Approximating the state-transition integral by the right endpoint At = A(τt) gives

ht ≈ e∆tAtht−1 +

∫ τt

τt−1

e(τt−τ)AtB(τ)x(τ) dτ.

Set
gt(τ) = e(τt−τ)AtB(τ)x(τ).

The generalized trapezoidal rule with endpoint weight λt is∫ τt

τt−1

gt(τ) dτ ≈ ∆t

(
(1− λt)gt(τt−1) + λtgt(τt)

)
.

Since
gt(τt−1) = e∆tAtBt−1xt−1, gt(τt) = Btxt,

the displayed recurrence in Proposition 4.26 follows.

For the local error, suppose gt has three bounded derivatives on the interval. Taylor expansion around τt−1 gives∫ τt

τt−1

gt(τ) dτ = ∆tgt(τt−1) +
∆2
t

2
g′t(τt−1) +

∆3
t

6
g′′t (τt−1) +O(∆4

t ),

while
∆t

(
(1− λt)gt(τt−1) + λtgt(τt)

)
= ∆tgt(τt−1) + λt∆

2
t g

′
t(τt−1)

+
λt∆

3
t

2
g′′t (τt−1) +O(∆4

t ).

Subtracting yields (
1

2
− λt

)
∆2
t g

′
t(τt−1) +

(
1

6
− λt

2

)
∆3
t g

′′
t (τt−1) +O(∆4

t ).

If λt =
1
2 +O(∆t), the first term is also O(∆3

t ), giving the claimed local order. Setting λt = 1 keeps only the right
endpoint and gives the exponential-Euler update.

A.2.20 Proposition 4.27: reformulated Mamba-3 mask factorization

Proof. Let
w0 = γ0v0, wt = βtvt−1 + γtvt (t ≥ 1).

Then w = Dβ,γv by the definition of the bidiagonal matrix Dβ,γ . The recurrence becomes

ht = αtht−1 + wt, h0 = w0.

Unrolling gives

ht =

t∑
s=0

(
t∏

r=s+1

αr

)
ws.

This is exactly h = Lαw = LαDβ,γv.

Equivalently, the coefficient of vs in ht is γt when s = t, is zero when s > t, and for s < t is(
t∏

r=s+2

αr

)(
γsαs+1 + βs+1

)
,

with empty products equal to 1. This is the lower-triangular mask displayed by Lahoti et al. [26]. The factor Lα is
the usual scalar SSM one-semiseparable decay mask, while Dβ,γ is two-band.
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A.2.21 Proposition 4.28: source complex-to-real SSM equivalence

Proof. It is enough to check one complex coordinate; stacking coordinates gives the block-diagonal statement. Write
the coordinate as zt = ut + ivt and the transition as at + iθt. Exponential-Euler discretization gives

zt = e∆t(at+iθt)zt−1 +∆t(Bt + iB̂t)xt.

Since
e∆t(at+iθt) = e∆tat

(
cos(∆tθt) + i sin(∆tθt)

)
,

the real and imaginary parts satisfyut
vt

 = e∆tat

cos(∆tθt) − sin(∆tθt)

sin(∆tθt) cos(∆tθt)


ut−1

vt−1

+∆t

Bt
B̂t

xt.
For the output,

ℜ
(
(Ct + iĈt)(ut + ivt)

)
= Ctut − Ĉtvt =

 Ct

−Ĉt


⊤ ut

vt

 .
Applying this calculation to each coordinate gives the block-diagonal rotation matrix Rt and the real input/output
projections in the proposition.

A.2.22 Proposition 4.29: source data-dependent RoPE form

Proof. Let
Qt = R⊤

0 R⊤
1 · · ·R⊤

t , Q−1 = I.

The matrices Rt are orthogonal block rotations, so QtRt = Qt−1. Multiplying

ht = αtRtht−1 + βtRtBt−1xt−1 + γtBtxt

on the left by Qt gives
Qtht = αtQt−1ht−1 + βtQt−1Bt−1xt−1 + γtQtBtxt.

With h̃t = Qtht, this is the scalar-transition recurrence in the proposition. For the output, orthogonality gives

C⊤
t ht = (QtCt)

⊤(Qtht) = (QtCt)
⊤h̃t.

Thus the transition rotations can be moved into cumulative rotations of the input and output projections. This is
the data-dependent RoPE form used by Lahoti et al. [26].

A.2.23 Proposition 4.30: reformulated MIMO as SISO components

Proof. The scalar input factor has been absorbed into Bt, matching the source display after writing ∆tBt as Bt.
For each input rank j, define the SISO state

h
(j)
t = αth

(j)
t−1 + γtB

(j)
t x

(j)
t .

Linearity of the recurrence gives

ht =

ρ∑
j=1

h
(j)
t = αt

ρ∑
j=1

h
(j)
t−1 + γt

ρ∑
j=1

B
(j)
t x

(j)
t .

Applying the ith output projection gives

y
(i)
t = (C

(i)
t )⊤ht =

ρ∑
j=1

(C
(i)
t )⊤h

(j)
t ,

which is the sum of the ρ SISO maps sharing the transition sequence α. Repeating this for every output rank i
yields ρ2 SISO input-output components.

For the packed matrix form, collect columns into Bt = [B
(1)
t , . . . , B

(ρ)
t ] and inputs into Xt. The outer product

BtX
⊤
t is the sum of the rank-one state-input terms above, and Yt = H⊤

t Ct collects all output projections. Hence
the matrix recurrence is the same algebraic map with the components packed for the MIMO implementation.
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A.2.24 Proposition 4.31: derived affine scan compatibility

Proof. For the real scalar-transition recurrence, define

bt = βtBt−1xt−1 + γtBtxt.

Then Proposition 4.26 is exactly
ht = αtht−1 + bt.

This is the affine map
Ft(h) = αth+ bt.

Composition of two affine maps satisfies

Ft ◦ Fs(h) = αtαsh+ αtbs + bt,

which is the associative product used in Proposition 4.3.

For the realified complex recurrence, put Tt = αtRt and

bt = βtRtBt−1xt−1 + γtBtxt.

The update has the same affine form
ht = Ttht−1 + bt,

now with a matrix linear part. Affine composition is still associative:

(T2, b2) ◦ (T1, b1) = (T2T1, T2b1 + b2).

Thus the scan theorem applies once the term bt, including its dependence on the previous state-input, has been
formed.

A.2.25 Proposition 4.32: derived off-diagonal semiseparable form

Proof. The recurrence is
ht = αtht−1 + βtvt−1 + γtvt.

For the diagonal coefficient, vs enters hs with coefficient γs, so Ks,s = γs. If s > t, causality gives Kt,s = 0.

For s < t, the token vs first enters hs with coefficient γs and then propagates to hs+1 through αs+1; it also enters
hs+1 directly through the trapezoidal previous-input term with coefficient βs+1. Therefore its total coefficient in
hs+1 is

αs+1γs + βs+1.

From time s+ 2 to time t, it is only propagated by the scalar recurrence factors αs+2, . . . , αt. Hence

Kt,s =

(
t∏

r=s+2

αr

)(
αs+1γs + βs+1

)
,

with the empty product equal to 1 when t = s+ 1.

Thus each off-diagonal column evolves by the same scalar recurrence law below its first nonzero entry. This is the
scalar semiseparable generator form: the generator injected after column s is αs+1γs + βs+1, and the propagation
factors are αr.

A.2.26 Proposition 4.33: derived rotation spectrum and parity sign

Proof. The real rotation matrix

R(ϑ) =

cosϑ − sinϑ

sinϑ cosϑ


has complex eigenvectors (1,−i)⊤ and (1, i)⊤ with eigenvalues eiϑ and e−iϑ. Therefore

Tt = e∆tatR(∆tθt)
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has eigenvalues e∆tat±i∆tθt . These eigenvalues are positive real only when the phase is 0 modulo 2π.

For the parity construction, take at = 0, ∆t = 1, θt = πxt, and remove the input injection. The update is

ht = R(πxt)ht−1.

If xt = 0, then R(πxt) = I; if xt = 1, then R(πxt) = R(π) = −I. Thus

hT =

T∏
t=1

R(πxt)h0 = (−1)
∑T

t=1 xth0.

With h0 = (1, 0)⊤, this gives

hT = ((−1)
∑T

t=1 xt , 0)⊤.

The first coordinate is +1 for even parity and −1 for odd parity, so a fixed affine threshold maps it to the parity
bit.

A.2.27 Proposition 4.34: derived finite abelian state tracking

Proof. Let Ĝ be the character group of G. Since G is finite abelian, the characters form an orthonormal basis for
functions G→ C with respect to the inner product

⟨f1, f2⟩ =
1

|G|
∑
g∈G

f1(g)f2(g).

For each character χ ∈ Ĝ, allocate one complex state coordinate zχt and initialize zχ0 = 1. For input symbol xt,
define the phase θχt by

eiθ
χ
t = χ(φ(xt)).

Use the realified complex Mamba-3 transition with at = 0, ∆t = 1, and no input injection. In complex notation
this is simply

zχt = eiθ
χ
t zχt−1 = χ(φ(xt))z

χ
t−1.

Induction gives

zχT =

T∏
t=1

χ(φ(xt)) = χ

(
T∑
t=1

φ(xt)

)
= χ(gT ),

where the second equality uses multiplicativity of characters.

By finite Fourier inversion,

1A(g) =
∑
χ∈Ĝ

cχχ(g), cχ =
1

|G|
∑
a∈A

χ(a).

Therefore the complex linear readout ∑
χ∈Ĝ

cχz
χ
T

equals 1A(gT ). Writing each complex coordinate as two real coordinates converts this readout into a real linear

readout on 2|Ĝ| real coordinates. Since |Ĝ| = |G|, the state dimension is 2|G|. The output is exactly 0 or 1, so
thresholding at 1/2 recognizes LA.

A.2.28 Proposition 4.35: derived componentwise lifting to MIMO

Proof. The identity

y(i) =

ρ∑
j=1

Tijx(j)

is exactly the last display in Proposition 4.30. Because the outer sum is linear, any exact identity Tij = Sij for each
SISO component gives

y(i) =
∑
j

Sijx(j)
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for the MIMO operator.

For the norm statement, use the component bound and triangle inequality:

∥y(i)∥V ≤
∑
j

∥Tijx(j)∥V ≤
∑
j

Lij∥x(j)∥U .

Let ai = ∥y(i)∥V and bj = ∥x(j)∥U . Then a ≤ Lb componentwise with nonnegative vectors, so

∥a∥2 ≤ ∥Lb∥2 ≤ ∥L∥2→2∥b∥2,

which is the desired inequality.

A.2.29 Proposition 4.36: derived exponential-Euler subfamily containment

Proof. Take any recurrence in Msc
EE:

ht = e∆tAtht−1 +∆tBtxt, yt = C⊤
t ht.

The Mamba-3 exponential-trapezoidal recurrence is

ht = e∆tAtht−1 + (1− λt)∆te
∆tAtBt−1xt−1 + λt∆tBtxt.

Set λt = 1. Then
(1− λt)∆te

∆tAtBt−1xt−1 = 0, λt∆tBtxt = ∆tBtxt,

so the two recurrences are identical. The zero-phase real subfamily of the complex formulation has transition

e∆tAtR(0) = e∆tAtI,

so the realified complex representation introduces no additional change. Using the same output vectors Ct gives
the same sequence map. Hence every map in Msc

EE lies in M3.

A.2.30 Proposition 4.37: derived existential theorem transfer

Proof. By Proposition 4.36,
Msc

EE ⊆ M3.

If there is an f ∈ Msc
EE with P(f), then the same f is also an element of M3. Therefore there is an f ∈ M3 with

P(f).

A.2.31 Proposition 4.38: derived universal theorem transfer criterion

Proof. If M3 ⊆ C and a theorem proves Q(f) for every f ∈ C, then every f ∈ M3 is also in C, so Q(f) follows for
every Mamba-3 map. The same argument with M′

3 in place of M3 gives the restricted-subclass statement.

For the positive-real-eigenvalue example, a realified complex Mamba-3 mode has transition eigenvalues

e∆tat±i∆tθt .

These eigenvalues are positive real exactly when the phase is an integer multiple of 2π, namely ∆tθt ∈ 2πZ.
Thus a theorem whose hypotheses require positive real eigenvalues applies directly to that zero-phase restriction.
Proposition 4.33 chooses nonzero input-dependent phases, so its construction lies outside that positive-real class.

A.3 Proofs: State-Space Duality and Attention

A.3.1 Hidden attention

Hidden-attention unrolling of Ali et al. [1]. Starting from

hi = Āihi−1 + B̄ixi, h0 = 0,
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one obtains by induction

hi =

i∑
j=1

 i∏
k=j+1

Āk

 B̄jxj .

Multiplying by Ci gives

yi =

i∑
j=1

Ci

 i∏
k=j+1

Āk

 B̄jxj .

Thus y = α̃x with

α̃ij = Ci

 i∏
k=j+1

Āk

 B̄j , j ≤ i.

If Āk is diagonal, then the product is coordinatewise:

Ci

 i∏
k=j+1

Āk

 B̄j =

N∑
m=1

Ci[m]B̄j [m]

i∏
k=j+1

Āk[m,m].

This is the decomposition into coordinatewise hidden-attention matrices.

A.3.2 SSM equals SSS

Proof of the SSM/SSS equivalence in Dao and Gu [7]. Unroll the SSM

hj = Ajhj−1 +Bjxj , yj = C⊤
j hj ,

with zero initial state. For i ≤ j the contribution of xi to hj is

AjAj−1 · · ·Ai+1Bixi,

and hence the contribution to yj is
C⊤
j AjAj−1 · · ·Ai+1Bixi.

Therefore the sequence map is multiplication by the lower triangular matrix

Mji = C⊤
j AjAj−1 · · ·Ai+1Bi, i ≤ j.

This is exactly the sequentially semiseparable representation M = SSS(A,B,C).

To see semiseparability directly, fix a block below the diagonal crossing a split s. For rows j > s and columns i ≤ s,

Mji = C⊤
j Aj · · ·As+1︸ ︷︷ ︸

Uj

As · · ·Ai+1Bi︸ ︷︷ ︸
Vi

.

The block factors as UV through an N -dimensional state space, so its rank is at most N . This proves that an N -SSS
representation gives anN -semiseparable matrix. The converse, that every N -semiseparable matrix admits anN -SSS
representation, is the structured-matrix representation result used by Dao and Gu [7] and restated constructively
by Hu et al. [20].

A.3.3 Semiseparable matrix-vector multiplication

Proof of Dao and Gu [7], Proposition 3.6. The proposition is a structured-matrix fact for semiseparable matrices,
used as a black-box input by Dao and Gu [7]. In compressed generator form, an N -semiseparable T×T matrix stores
O(N) row and column generators per time index, hence O(NT ) parameters overall. Matrix-vector multiplication
is then a single causal scan over the sequence: the scan state records the N -dimensional summary of all previous
columns that can affect the current row. At step t, the generator update costs O(N) operations and the output
contraction also costs O(N). Summing over T steps gives O(NT ) time and space.

If one starts from a dense sequentially semiseparable representation with arbitrary At ∈ RN×N , converting it to
the compressed generator representation may require preprocessing. This is why the following efficiency theorem
explicitly excludes preprocessing from the stated runtime.
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A.3.4 Efficient SSM computation

Proof of Dao and Gu [7], Theorem 3.7. Let M be the sequence matrix induced by an SSM of state size N on
a sequence of length T . By the SSM/SSS equivalence in Appendix A.3.2, M is an N -semiseparable matrix in
sequentially semiseparable representation.

By Appendix A.3.3, an N -semiseparable T × T matrix admits an O(NT )-parameter compressed representation
and supports matrix-vector multiplication in O(NT ) time and space. Applying this multiplication routine to Mx
computes the full output sequence of the SSM. The theorem excludes possible preprocessing needed to convert an
arbitrary representation into the compressed one; after that representation is available, the sequence computation
costs O(TN).

A.3.5 Scalar-identity SSD duality

Scalar-identity SSM as structured masked attention. Assume At = atIN . The SSM sequence matrix is

Mji = C⊤
j (ajI)(aj−1I) · · · (ai+1I)Bi =

(
j∏

k=i+1

ak

)
C⊤
j Bi.

Define the 1-semiseparable causal mask

Lji =

j∏
k=i+1

ak, i ≤ j,

and Lji = 0 for i > j. If the rows of C and B are C⊤
j and B⊤

i , then (CB⊤)ji = C⊤
j Bi. Hence

M = L⊙ (CB⊤).

MultiplicationMx may be computed either by the recurrent SSM scan or by materializing the quadratic structured
masked-attention matrix. These are the two dual forms of the same transformation.

The corollary for 1-SS structured masked attention follows by reversing this calculation. The bottleneck multipli-
cation by L is a scalar SSM recurrence; placing the query-key outer product around that mask gives the diagonal
SSM with scalar-identity transition.

A.3.6 Autoregressive structured masked attention

Proof of Dao and Gu [7], Theorem 5.2. Let y = Lx be an autoregressive linear transformation of order k in the
sense that

yt = µtxt + ℓt1yt−1 + · · ·+ ℓtkyt−k.

Moving the previous-output terms to the left gives

yt − ℓt1yt−1 − · · · − ℓtkyt−k = µtxt.

Vectorizing over t gives
By = Dµx,

where B is lower triangular and (k + 1)-banded, while Dµ is diagonal. Thus L = B−1Dµ.

It remains to show that B−1 is semiseparable with rank controlled by k. Fix a split time s, put the input to zero
after the split, and look at future outputs ys+1, ys+2, . . .. For t > s the recursion becomes homogeneous:

yt = ℓt1yt−1 + · · ·+ ℓtkyt−k.

Hence the entire future vector (ys+1, ys+2, . . .) is determined by the boundary state

rs = (ys, ys−1, . . . , ys−k+1) ∈ Rk.

The map from past inputs x1, . . . , xs to this boundary state is linear, and the map from the boundary state to
future outputs is also linear. Thus every strictly lower off-diagonal block of L crossing the split factors as

x1:s 7−→ rs ∈ Rk 7−→ ys+1:T .

Its rank is at most k. Since the split was arbitrary, L is k-semiseparable, and by the SSM/SSS equivalence it has a
finite-order SSM representation.
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A.3.7 SSD block algorithm

Proof of the SSD algorithm of Dao and Gu [7]. The SSD sequence matrix is semiseparable and also has the scalar-
identity attention form

M = L⊙ (CB⊤).

Partition the sequence into contiguous blocks of length Q. For two positions in the same block, the output can be
computed directly from the quadratic attention form because the corresponding submatrix has size Q×Q. Summing
over all diagonal blocks costs O((T/Q)Q2N) = O(TQN) when the value/head dimension is N .

For positions in different blocks, the semiseparable factorization lets all communication pass through boundary
states. If a split point s separates input position i and output position j, then

Mji = C⊤
j Aj · · ·As+1︸ ︷︷ ︸
right factor

As · · ·Ai+1Bi︸ ︷︷ ︸
left factor

, i ≤ s < j.

For a whole block of past inputs, the left factors can be summarized by one state-like N -dimensional quantity at
the block boundary. The block summaries are then propagated by the associative scan

hend(b) = Ablock(b)hend(b−1) + ublock(b),

where Ablock(b) is the product of transitions across block b and ublock(b) is the contribution of inputs inside that
block. The right factors inside later blocks contract these boundary states to outputs. Hence the off-diagonal part
is computed by block scans and blockwise matrix multiplications rather than by materializing the full T ×T matrix.

Choosing the SSD regime P = N and the source block size Q = N , the diagonal attention work, the state
propagation between blocks, and the contractions from boundary states all have total training cost O(TN2) and
use matrix-multiplication-dominated primitives. The source assumes Q | T for notation; a shorter final block only
changes constants. During autoregressive inference one only stores the current state summary for each head, an
N×N object in this parameterization, and updates it once per new token. This gives O(TN) total inference FLOPs
and O(N2) inference memory.

A.3.8 Mamba S6 head pattern

Head-pattern translation for Dao and Gu [7], Proposition 7.2. In the SSD vocabulary, a sequence transformation
has state size N , head dimension P , and number of heads H. The tensor X is the value-like input, while B and C
play the key-like expansion and query-like contraction roles in the attention-dual matrix L⊙ (CB⊤).

The original Mamba S6 layer applies one scalar SSM channel to each expanded input channel. Thus each channel is
a separate sequence head with P = 1, and the decay or transition parameter A is independent across those channels.
The input-dependent projections B and C are not given separate copies for every scalar channel; they are shared
across the input channels of X. In the head-pattern terminology of Dao and Gu [7], this is the multi-input SSM
pattern, or equivalently the multi-value-attention analog.

A.3.9 Diagonal SSD

Diagonal state-space duality of Hu et al. [20]. Let At = diag(a
(1)
t , . . . , a

(N)
t ). The SSM sequence matrix satisfies

Mji = c⊤j AjAj−1 · · ·Ai+1bi =

N∑
n=1

c
(n)
j b

(n)
i

j∏
k=i+1

a
(n)
k .

For each coordinate n, define the 1-SS mask

L
(n)
ji =

j∏
k=i+1

a
(n)
k

and the vectors c(n) = (c
(n)
1 , . . . , c

(n)
T )⊤ and b(n) = (b

(n)
1 , . . . , b

(n)
T )⊤. Then

M =

N∑
n=1

L(n) ⊙
(
c(n)(b(n))⊤

)
.
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This is the diagonal SSM as a sum of N one-semiseparable masked-attention heads.

If every At is invertible, define cumulative products

r
(n)
t =

t∏
k=1

a
(n)
k .

Then for i ≤ j,
j∏

k=i+1

a
(n)
k =

r
(n)
j

r
(n)
i

.

Absorb r
(n)
j into the output vector and (r

(n)
i )−1 into the input vector:

c
′(n)
j = c

(n)
j r

(n)
j , b

′(n)
i = b

(n)
i (r

(n)
i )−1.

Then

Mji =

N∑
n=1

c
′(n)
j b

′(n)
i = (C ′B′⊤)ji

on the causal lower triangle, which is M = 1SS(1)⊙ (C ′B′⊤).

A.3.10 General duality condition and boundary

Proof of Hu et al. [20], Theorem 4.1 and Section 5. The constructive semiseparable theorem says that a lower tri-
angular matrix is N -semiseparable if and only if it has an N -SSS representation. Therefore one may discuss whether
a general SSM has a 1-SS masked-attention dual by looking directly at its N -semiseparable sequence matrix M .

For a lower triangular M , call column t new if the tail Mt:T,t is not in the span of the previous tails
Mt:T,1, . . . ,Mt:T,t−1. This is the number of genuinely new column directions introduced while scanning left to
right.

For a fine 1-SS mask L = 1SS(a), the representation

M = L⊙ (QK⊤), Q,K ∈ RT×N ,

can introduce at most N new columns. Indeed, since L is fine, define rt =
∏t
ℓ=1 aℓ. Multiplying row t by r−1

t

and column t by rt preserves which columns are new, and transforms the lower triangular part of M into the
lower triangular part of QK⊤. If M had N + 1 new columns at indices t1 < · · · < tN+1, then the full columns
(QK⊤):,t1 , . . . , (QK

⊤):,tN+1
would be linearly independent: taking a nontrivial dependence and looking at the

largest active index contradicts newness of the corresponding tail. This is impossible because rank(QK⊤) ≤ N .

Conversely, supposeM has at most N new columns. Fill the entries above the diagonal from left to right. If column
t is new, set its entries above the diagonal to zero. If it is not new, choose coefficients c1, . . . , ct−1 such that

Mt:T,t =
∑
s<t

csMt:T,s,

and set the above-diagonal part of the filled column to
∑
s<t csM

′
1:t−1,s. Induction on t shows that the filled matrix

M ′ has rank at most the number of new columns, hence at most N . Therefore M ′ = QK⊤ for some Q,K ∈ RT×N ,
and on the lower triangle

M = 1SS(1)⊙ (QK⊤).

This proves the fine-mask equivalence.

If the 1-SS mask has zeros, the zeros split the lower triangular matrix into diagonal blocks: entries crossing a zero
transition in the mask vanish. On each block the induced mask is fine, so the argument above applies blockwise.
Hence a general 1-SS masked-attention dual exists exactly when all nonzero entries of M lie in diagonal blocks and
each block has at most N new columns.

For the softmax obstruction, take V ∈ RT×T with Vij = ij. This matrix has rank one. But

Softmax(V )ij =
exp(ij)∑T
ℓ=1 exp(iℓ)
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is a row-rescaled Vandermonde matrix in the bases e1, e2, . . . , eT , hence has full rank; its square submatrices are
full rank for the same Vandermonde reason. A finite-dimensional SSM dual would force fixed semiseparable rank.
Generic softmax attention therefore does not fit the finite-state SSD duality without additional structure.

The paper also gives an SSM-side obstruction. For N ≥ 2, there are SSM parameters whose sequence matrix is
M = I+ET1. If M = L⊙ (QK⊤) with a 1-SS mask, then MT1 ̸= 0 forces the mask entries connecting the first and
last position to be nonzero. The zero lower triangular entries before the last row then force many entries of QK⊤ to
vanish, while the diagonal entries remain nonzero. This implies rank(QK⊤) ≥ T−1, contradicting rank(QK⊤) ≤ N
when T is large relative to N .

A.4 Proofs: Expressivity and Formal Languages

A.4.1 Flip-Flop construction

Proof of the Flip-Flop construction of Sarrof et al. [35]. The Flip-Flop language uses instruction symbols r, w, i
and data symbols 0, 1. A valid read after r must reproduce the data bit following the most recent preceding
write instruction w.

The first SSM layer records the previous instruction while forwarding the current data token. In the scalar form
used by Sarrof et al. [35], one can set

A(r) = A(w) = A(i) = 0, A(0) = A(1) = 1, B(0) = B(1) = 0,

and choose B(r), B(w), B(i) to encode the instruction token. Thus, after a data token, the layer output contains
both the current bit and the instruction that immediately preceded it.

The second layer is a set-reset memory for the last written data bit. If the first-layer output indicates that the
preceding instruction was w, the gate overwrites the hidden state with the current bit. If the preceding instruction
was r or i, the gate preserves the previous hidden state. The readout then uses the current instruction and the
stored bit to list the legal next symbols: after a read instruction, only the stored bit is legal; after write or ignore,
the legality condition does not force the read bit. All hidden values range over a fixed finite set, so the construction
is finite-precision and works for all lengths.

A.4.2 Star-free characterization

Proof of the star-free characterization of Sarrof et al. [35]. The parity lower bound is the base obstruction. On
inputs 1t, a nonnegative finite-precision SSM layer has no oscillatory transition. For one coordinate of a recurrent
state, after the input has stabilized the update has the scalar affine form

ht = αht−1 + β, α ≥ 0.

Thus

ht = αth0 + β
t−1∑
s=0

αs.

If α < 1 the sequence converges; if α = 1 it is affine in t; and if α > 1 it diverges exponentially unless the corre-
sponding coefficient vanishes. Linear maps preserve this trichotomy. Sigmoid gates in GLU components converge to
finite limits on such inputs, and SwiGLU components are products of terms that converge, diverge polynomially, or
diverge exponentially. After normalization, the dominating coordinates converge to a fixed direction and the domi-
nated ones converge to zero; finite precision then makes the top-layer representation ultimately constant. PARITY
alternates on the same subsequence, so no nonnegative finite-precision SSM of this form recognizes PARITY at
arbitrary lengths.

For a non-star-free regular language, the McNaughton–Papert and Schutzenberger theory gives words u, v, w such
that membership of uvtw is nonconstant periodic in t. Repeating the same convergence argument on the v-loop
gives, for each position i inside the period and each layer k,

h
(k)
t|v|+i = α

(k)
i ⊙ h

(k)
(t−1)|v|+i + β

(k)
i

for all sufficiently large t, because the lower-layer states have already become stationary by induction. Hence the
states along vt and then along the fixed suffix w are ultimately constant at finite precision. This contradicts the
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required dependence of membership on t mod k. Thus nonnegative finite-precision SSMs cannot recognize non-star-
free regular languages.

For the positive direction, every star-free language has an aperiodic syntactic monoid. The Krohn–Rhodes decom-
position, together with Schutzenberger’s aperiodicity characterization, represents the corresponding automaton as
an iterated cascade of set-reset automata. A set-reset automaton has transitions of the form “preserve the current
state” or “reset to a state determined by the current symbol.” An SSM layer implements this with a nonnegative
gate:

ht = A(xt)ht−1 +B(xt),

where A(xt) = I and B(xt) = 0 for preserve symbols, while A(xt) = 0 and B(xt) = eδ(xt) for reset symbols.

It remains to implement cascades. If automaton A1 feeds automaton A2, then A2 needs the pair consisting of the
current input symbol and the previous state of A1. A one-layer delay gadget stores the previous symbol/state at
finite precision by using a contracting update such as A = 1/4, which leaves a constant decoding margin. Stacking
this delay layer between the SSM for A1 and the SSM for A2 implements the cascade product. Iterating the
construction implements the full aperiodic cascade. The final readout maps the finite automaton state to the set
of legal next symbols, so every star-free regular language is predictively modeled at finite precision and at all input
lengths.

A.4.3 Counter languages and bounded Dyck

Counter and bounded-Dyck constructions of Sarrof et al. [35]. For a counter language, let c : Σ → Zm be the vector
of counter increments induced by each symbol. The SSM update

ht = ht−1 + c(xt)

is obtained by taking A ≡ 1 and B(xt) = c(xt). A readout that distinguishes negative, zero, and positive counter
values gives the legal next symbols for Dyck-1, Shuffle-Dyck-k, anbn, anbncn, and the other listed counter languages.
The state values may grow with input length; the construction uses the source’s finite-precision convention with
unbounded integer bits and bounded fractional precision, and is therefore different from the bounded finite-state
constructions.

For DyckK,h, the first layer tracks the current depth up to h by the same counter mechanism. The second layer
keeps, for each depth 1, . . . , h, the type of the last open bracket at that depth. This is a set-reset memory: an
opening bracket at depth d writes its type into the dth register, and other registers persist. Since each register
stores one of K types, it needs O(logK) finite-precision coordinates; over h depths the width is O(h logK). The
readout allows an opening bracket when the depth is below h, and allows a closing bracket exactly when it matches
the stored type at the current depth.

A.4.4 n-gram SSM construction

Proof of the n-gram SSM construction of Nandakumar et al. [30]. First, if an SSM has transition matrix A with
An = 0, then its recurrent state satisfies

hT =

T−1∑
j=0

AjBxT−j .

All summands with j ≥ n vanish, so hT depends only on xT , xT−1, . . . , xT−n+1. This proves the finite-context
claim.

Second, let (xi, yi)
K
i=1 be distinct finite input-output pairs. The paper proves that, for a generic choice of A and

B subject to the desired nilpotency constraint, the hidden vectors vi = h(xi) can be made linearly independent
after applying the hidden bias and ReLU. If V is the matrix with rows v⊤i and Y is the matrix with rows y⊤i , then
independence gives a linear output map C satisfying

V C = Y.

Thus a one-hidden-layer SSM with K hidden units memorizes the K desired associations.

For the n-gram theorem, the finite set P contains the admissible (n − 1)-token contexts. For each context p ∈ P ,
choose a strictly positive probability vector sp within ϵ in ℓ1 of the n-gram next token distribution, and choose
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logits s̄p with Softmax(s̄p) = sp. The nilpotent transition ensures that the SSM state depends only on the last n−1
tokens; the memorization result chooses the output map so that this context is sent to s̄p. Applying softmax gives
an ϵ-equivalent next-token distribution on L.

A.4.5 Polynomial selectivity

Polynomial-selectivity calculations. For the simplified scalar S6 model of Cohen-Karlik et al. [5], take the input-
dependent transition to be linear in the token. After unrolling, the last-token output has the form

yL =

L∑
j=1

cjx
2
Lx

2
j

L−1∏
k=j+1

xk,

after absorbing fixed coefficients into cj . These monomials have degree growing linearly with L. A scalar single-head
causal linear-attention layer has last output of the form

yL =

L∑
j=1

cjx
2
jxL,

which has degree 3. Stacking N polynomial layers multiplies degrees, so an N -layer linear-attention stack has degree
at most 3N . To represent the linearly growing degree realized by one S6 channel, one needs 3N ≳ L, so the required
number of stacked layers grows logarithmically with L.

The reverse containment for one attention head is obtained by choosing the S6 parameters so that the recurrence
accumulates exactly the same causal quadratic value terms as the linear-attention head. This is a representation
statement for the simplified polynomial S6 class.

For the three-layer monomial lemma, work in the simplified source setting with state size N = 1 and without SiLU
activations. The first block isolates the chosen position j. A positional-encoding channel is set to the indicator of
position j, the first-half input channels duplicate the scalar input, and the linear maps around the S6 block are
identities. With the S6 parameters chosen as Ā = 0 and B̄ = C̄ = 1, the output sequence has xj only at the selected
position and zero elsewhere.

The second block duplicates this selected value. Its gate is set to one on the positions used for the construction
and zero afterward, while the S6 recurrence with Ā = B̄ = C̄ = 1 copies the selected scalar into the needed run of
positions. If the desired degree P exceeds the available sequence room, the zero-padding component lengthens the
sequence before this copying step.

The third block multiplies the duplicates. It runs two identical S6 channels on two sequences that differ by inserting
one initial zero before the run of copies, and then subtracts the two channel outputs in the final linear map. The
two accumulated product sums cancel telescopically, leaving exactly the last product term xPj . The coefficient c is
inserted by scaling the corresponding output channel.

For the four-layer Mamba polynomial theorem, write a bounded-degree polynomial as a finite sum of monomials

P (x) =

T∑
i=1

ci

L∏
j=1

αi,jx
pi,j
j .

By the monomial lemma, the first three blocks create the univariate factors sj = αi,jx
pi,j
j in separate channels. The

fourth S6 block, with system matrices equal to one, forms the product
∏
j sj by the same product-accumulation

construction. The final linear output map weights these product channels by ci and sums them, realizing the
polynomial in the simplified model.

A.4.6 FSA mapping and diagonal commutativity

FSA mapping and diagonal commutativity in Terzić et al. [40]. For an automaton A = (Q,Σ, qinit, δ) with one-hot
encodings eq, define

A(σ) =
∑
q∈Q

eδ(q,σ)e
⊤
q .
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If qt−1 = eq, then A(xt)qt−1 = eδ(q,xt). Induction gives qt = eδ(qinit,x1···xt), so the recurrence emulates the
automaton.

Now suppose all A(x) are simultaneously diagonalizable: A(x) = WΛ(x)W−1 with diagonal Λ(x). In the changed
basis q̃t =W−1qt,

q̃T = Λ(xT ) · · ·Λ(x1)q̃0.

Diagonal matrices commute, so this product is invariant under reordering of the input symbols. Any automa-
ton emulated by this no-B single-layer mapping therefore has order-insensitive transition behavior, which is the
commutative case isolated in the paper.

A.4.7 Proposition 6.13: PD-SSM monoid and linear multiplication

This follows Properties 1–2 of Terzić et al. [41].

Proof. Represent a matrix A ∈ HN×N by a column map pA : {1, . . . , N} → {1, . . . , N} and nonzero column weights
aj :

Aej = ajepA(j).

For B ∈ HN×N with data (pB , bj),

ABej = A(bjepB(j)) = bjapB(j)epA(pB(j)).

Thus AB again has exactly one nonzero in each column, with column map pA ◦ pB and weight bjapB(j). The
identity matrix belongs to HN×N , and associativity is inherited from ordinary matrix multiplication, so the class is
a monoid.

The displayed formula also gives the Θ(N) multiplication algorithm: for each column j, look up pB(j), compose
the two indices, and multiply the two scalar weights. This is constant work per column.

A.4.8 Proposition 6.14: PD-SSM stability

This is the stability bound stated by Terzić et al. [41].

Proof. Unroll the recurrence:

ht = At:1h0 +

t∑
s=1

At:s+1bs, Ar:s = ArAr−1 · · ·As.

Because each Ai ∈ HN×N and ∥Ai∥∞ ≤ 1 − ε, the product At:s is again a one-hot-column matrix whose nonzero
column weights have magnitude at most (1− ε)t−s+1. Hence

∥At:s∥2 ≤
√
N(1− ε)t−s+1.

Therefore

∥ht∥2 ≤
√
N(1− ε)tB +

t∑
s=1

√
N(1− ε)t−sB

≤
√
NB

t∑
r=0

(1− ε)r ≤
√
NB

ε
.

A.4.9 Theorem 6.15: PD-SSM finite-state tracking

This collects Propositions 1–3 of Terzić et al. [41].

Proof. For exact FSA emulation, let A = (Q,Σ, qinit, δ, F ) with |Q| = N . Encode state q as eq ∈ RN . For each
input symbol σ, define

P (σ)eq = eδ(q,σ).
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The matrix P (σ) has exactly one nonzero in each column, hence belongs to HN×N . Set D(σ) = I and bt = 0. Then
the PD-SSM recurrence satisfies

ht = P (xt)ht−1 = eδ(qinit,x1···xt)

by induction. A linear readout with rows indexed by states recovers the current one-hot state or the accepting
indicator.

For the near-optimality statement under unique encodings, choose an N -state automaton whose N states must be
distinguished by the readout and whose transition graph can reach all states from the initial state. If a single-
layer SSM with state dimension d < N − 1 used unique state encodings for all reachable automaton states, those N
encodings would lie in a d-dimensional affine space. Require the readout to return the one-hot state vector eq ∈ RN .
A linear readout with bias is an affine map R(v) = Wv + b, so the image of the N encodings has affine dimension
at most d. But {eq : q ∈ Q} is the vertex set of an (N − 1)-simplex: the differences eq − eq0 for q ̸= q0 are linearly
independent, so their affine hull has dimension N − 1. Therefore d ≥ N − 1.

The scalar arbitrary-precision construction shows why the unique-encoding and ordinary-readout assumptions mat-
ter. Let the scalar recurrence be

xt+1 = xt + ut
√
pt,

where pt is the tth prime and ut ∈ Q encodes the input symbol. The numbers {√pt} are linearly independent
over Q, so two different finite input sequences yield different scalar states. A lookup table can therefore map each
reachable scalar to the corresponding FSA state. This is an exact representation only because arbitrary precision
and a nonstandard lookup readout are allowed.

A.4.10 DCD group tracking

DCD group-tracking characterization of Shakerinava et al. [36]. The source abstraction assumes the transition map
A, additive map b, and decoder are universal function approximators; the characterization is therefore about the
diagonal complex recurrence structure rather than about a particular finite neural parameterization.

For the one-layer sufficiency direction, write a finite Abelian group as

G ≃ Ck1 × · · · × Ckm .

Represent g = (r1, . . . , rm) by the diagonal matrix

Λ(g) = diag
(
e2πir1/k1 , . . . , e2πirm/km

)
.

With h0 = 1 and b ≡ 0, the product of input matrices records the running group product. A finite-precision decoder
distinguishes the finitely many roots of unity.

For necessity, unrolling a diagonal affine recurrence over a sequence x̄ gives

hT = λ(x̄)⊙ h0 + b(x̄), λ(x̄) =

T∏
t=1

λ(xt).

Eliminate coordinates that contract, expand, or translate: such coordinates can be replaced by constants without
losing exact finite-precision tracking. The remaining useful coordinates are neutral rotations. If two inputs rotate
about distinct centers in a coordinate, then composing one rotation with the conjugate rotation produces a nonzero
translation, and repeated identity-product words force divergence. Hence all inputs share the same center in each
useful coordinate. Rotations about a common center commute, so the represented group operation is commutative.

For k layers, the same coordinate simplification is applied layer by layer. Finite precision makes the reachable state
graph finite. Inside a strongly connected component, group elements that share the same first-layer state form
cosets of a normal subgroup Gk−1 ⊴ G, and commutativity of the first-layer rotations gives an Abelian quotient
G/Gk−1. Restricting to input words that keep the first layer fixed leaves a (k − 1)-layer DCD SSM that tracks
Gk−1. Iterating yields

G = Gk ⊵ Gk−1 ⊵ · · · ⊵ G0 = {e}, Gi+1/Gi Abelian.

Conversely, given such a chain, construct the first layer to track the Abelian quotient G/Gk−1. Choose a section
s : G/Gk−1 → G. Every state can be written as n s(h) with n ∈ Gk−1. When multiplying by an input g = s(a)ng,
the quotient layer updates h 7→ ha and sends the correction

κ(h, g) = s(ha)−1s(h)s(a)ngs(ha) ∈ Gk−1
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to the remaining layers, using normality of Gk−1. By induction the remaining k − 1 layers track this correction
inside Gk−1.

A.4.11 Eigenvalue obstructions and Householder constructions

Eigenvalue obstructions and GH constructions of Grazzi et al. [9]. For parity, restrict to inputs 1t. If every tran-
sition matrix relevant to the recurrence has only real nonnegative eigenvalues, then the Jordan formula expresses
each coordinate of A(1)t as a finite sum of terms

p(t)λt, λ ∈ R≥0,

with polynomial p. Such terms do not oscillate between two separated finite-precision values. After finite-precision
rounding, the hidden state and decoded output become eventually constant along 1t. PARITY alternates on 1t, so
some layer must contain an eigenvalue outside R≥0.

For modulom counting withm not a power of two, real eigenvalues can give at most the real sign alternation needed
for period 2 after the same finite-precision stabilization. The multilayer proof applies this argument inductively: at
layer i, the relevant subsequences involve products of 2i−1 transition matrices. To obtain periods other than powers
of two, one of these products must have a nonreal eigenvalue.

For the positive construction, a generalized Householder factor has the form I − βvv⊤. Products with eigenvalue
range [−1, 1] have operator norm at most one. By the singular value decomposition and the Cartan–Dieudonne
theorem, enough such factors represent every contraction, and orthogonal or permutation matrices require fewer
reflection factors. Finite automata whose transition monoid is a group can therefore be implemented by representing
transitions as permutations or rotations. In the source statement, the transition monoid embeds in a subgroup of
Sn, and each one-symbol transition moving at most k points is written as at most k− 1 swaps, hence as an element
of Mn

k−1({−1, 1}). Finally, Krohn–Rhodes decomposes a general finite automaton into a cascade of permutation
and reset components; permutation components are handled by Householder products, and reset components use
zero transitions plus the additive term B.

A.4.12 AUSSM expressivity

AUSSM expressivity construction of Karuvally et al. [24]. If A(u) is skew-symmetric, then its eigenvalues lie on the
imaginary axis. Thus the discrete transition

Φ(u) = exp(∆A(u))

has eigenvalues on the complex unit circle. The input can therefore modulate rotation frequency without introducing
contraction or explosion in the ideal model.

Modulo counting is the root-of-unity construction under the source’s logarithmically bounded precision assumption.
For counting ones modulo k, take scalar complex state h0 = 1, set B(0) = B(1) = 0, A(0) = 1, and

A(1) = exp(2πi/k).

After reading t ones, ht = exp(2πit/k), so the state identifies the residue class modulo k as long as the k roots
remain distinguishable under the assumed precision scaling.

For a cyclic group automaton, choose a generator symbol a whose transition has order k. If another symbol b acts
as the nbth power of the same cycle, set

A(b) = exp(2πinb/k).

Then the hidden state is isomorphic to the current automaton state through the map from kth roots of unity to
Z/kZ.

Mamba layers supply set-reset automata for star-free components, while AUSSM layers supply cyclic group au-
tomata. A hybrid stack can implement cascade products by padding layers that act as identities when a component
is not active. Krohn–Rhodes decomposes solvable regular languages into cascades whose group factors are cyclic
groups of prime order together with reset components. Combining the two layer types recognizes all such solvable
languages.

75



A.5 Proofs: Limitations

A.5.1 Copying separation

Copying separation of Jelassi et al. [22]. For the Transformer upper bound, choose n local heads that form keys
and queries from length-n windows. If the input string has no repeated n-gram, then the current generated suffix
identifies a unique earlier position in the prompt. A second attention operation retrieves the token that followed
that earlier n-gram, which is exactly the next copied token. Thus the copy algorithm fails only on inputs with an
n-gram collision, giving

errDL
(T ) < pn-gram(DL).

For the uniform distribution, a union bound over pairs of windows gives pn-gram < L2D−n.

For the GSSM lower bound, after the prompt has been read, the entire future generation is a deterministic function
of the final state s ∈ S. Hence the model can correctly output at most |S| different length-L strings, one per state,
among the DL uniformly possible strings. Therefore

Pr[correct] ≤ |S|D−L, errDL
(H) > 1− |S|D−L.

Writing mem(S) = log |S| gives the stated memory threshold.

A.5.2 Log-precision SSMs in TC0

Circuit simulation of log-precision SSMs in Merrill et al. [29]. The generalized linear SSM convolutional form is

hi =

i∑
j=1

 i∏
k=j+1

Āk

 B̄jxj , yi = Cihi +Dixi.

Thus the circuit task is to compute all interval products of transitions, multiply by tokenwise terms, and perform
iterated sums.

The paper proves a criterion: if each interval product
∏i
k=j Āk is computable in L-uniform TC0, and if Āi, B̄i, Ci, Di

are tokenwise TC0-computable, then the whole convolutional form is in L-uniform TC0. Non-gated SSMs satisfy
the product condition because products reduce to powers of one fixed matrix. Diagonal SSMs satisfy it because
interval products reduce to coordinatewise iterated scalar products. Simultaneously diagonalizable SSMs satisfy it
after pulling the fixed change of basis W outside the diagonal products:

∏
k

W diag(ak)W
−1 =W

(∏
k

diag(ak)

)
W−1.

S4 falls under the non-gated case, and S6/Mamba falls under the diagonal case in the formalization of the paper.

If such a model solved an NC1-hard state-tracking problem, such as the S5 word problem, then that problem would
lie in TC0. Assuming TC0 ̸= NC1, this is impossible.

A.5.3 DLOGTIME-uniform Mamba simulation

DLOGTIME-uniform Mamba simulation of Chen et al. [3]. The proof is by componentwise circuit simulation over
p-bit floating point numbers with all dimensions bounded by poly(n). The paper first places standard floating-point
arithmetic, matrix multiplication, iterated addition, iterated multiplication, exponentials, logarithms, Softplus, and
SiLU inside DLOGTIME-uniform threshold circuits of constant depth and polynomial size.

A Selective SSM block is then a composition of selection functions, discretization, and either recurrent or convolu-
tional SSM computation. Each component has a constant-depth threshold circuit, so their composition has constant
depth. A Mamba block further composes input projections, a one-dimensional convolution, SiLU, the Selective SSM
map, a Hadamard product, and an output projection:

M(X) = O
(
(SSMselect ◦ Z ◦ C ◦ L)(X)⊗ (Z ◦ L)(X)

)
.

Each named component is already in the circuit basis, so the whole block is in DLOGTIME-uniform TC0.
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The hardness statement is a containment argument. Arithmetic formula evaluation, Boolean formula value, width-5
permutation branching programs, and related permutation-composition problems are NC1-hard or complete in the
source formalization. If constant-depth Selective SSMs or Mamba blocks with polynomial precision solved these
tasks, then the tasks would be in TC0. Under TC0 ̸= NC1, they cannot.

A.5.4 Theorem 7.6: canonical automata and finite datatype

This follows Theorems 1–2 of Dankowiakowski and Ronca [6].

Proof. For an η-finite system, quotient the state, input, and output spaces by their path-connected compact com-
ponents. Continuity of the transition map implies that a whole state component and a whole input component are
mapped into one state component. Thus the quotient transition is well-defined and finite:

[x]η, [u]η 7−→ [f(x, u)]η.

The quotient output is well-defined for the same reason. This finite quotient is the canonical automaton, and the
original system and canonical automaton produce the same decoded output sequence. Hence the implemented
functions are regular.

For finite datatype implementation, strong ε-robustness supplies a margin: each state component contains an ε-ball,
and every transition image has an ε-ball contained in the state space. Pick a finite datatype fine enough that every
component has a representative and floating-point evaluation of f is within less than ε of the exact transition.
Rounding cannot leave the intended state component, so the finite datatype system follows the same canonical
automaton.

A.5.5 Theorem 7.7: robust LRD and Mamba FLIP-FLOP obstruction

This follows Theorems 3–4 and 7 of Dankowiakowski and Ronca [6].

Proof. For an LRD, write the transition under a fixed input u as

x 7→ A(u)x+B(u).

If u induces the identity on the canonical semiautomaton, then iterating umust keep each canonical state component
fixed. The metric-automata obstruction is the source’s contraction lemma for robust LRDs. Let E1, . . . , Er be the
separated η-components representing canonical states. Strong robustness gives a positive transition margin around
each F (Ei), where F (x) = A(u)x+B(u). Under repeated application of the same input, the affine iterates Fn cannot
preserve two separated robust components indefinitely: stable directions contract, while a genuinely noncontracting
affine direction would either leave the compact state space or generate a continuum of distinguishable η-components,
contradicting η-finiteness. Hence, for sufficiently large n, all trajectories under the constant input are contained in
one canonical component. This contradicts an identity transition on a canonical automaton with more than one
state.

The FLIP-FLOP automaton has an identity instruction, together with set and reset instructions that preserve two
distinct memory states. A robust η-finite LRD cascade inherits the contraction/non-identity obstruction compo-
nentwise, so it cannot implement FLIP-FLOP.

For Mamba in the source’s finite/robust parameterization, the recurrent part is a cascade built from finite-context
convolutions and LRD-like positive gated recurrences. The Mamba gate class cannot supply a robust identity
transition on two separated canonical memory states. Applying the LRD obstruction to the cascade yields the
stated FLIP-FLOP impossibility.

A.5.6 Theorem 7.8: aperiodicity and star-free boundary

This is Theorem 6 of Dankowiakowski and Ronca [6].

Proof. Fix an input component and let A be the corresponding LRD transition matrix. All eigenvalues of A are
nonnegative. Put A in Jordan normal form. For each Jordan block, either the eigenvalue has magnitude less than
one, in which case iterates converge, or the block is neutral in a way that cannot produce a nontrivial cycle under
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the η-finite robust quotient. Therefore, under a constant eventually η-convergent input stream, the state sequence
is eventually contained in one state η-component. This is the source’s metric definition of aperiodicity.

The canonical semiautomaton of an η-finite aperiodic dynamics is group-free. By algebraic automata theory, group-
free finite automata recognize exactly the star-free regular languages. A finite cascade of aperiodic dynamics is
aperiodic, so finite-precision Mamba-style cascades whose recurrent gates satisfy the same nonnegative-eigenvalue
hypothesis have only star-free regular recognition power in this setting.

A.5.7 Theorem 7.9: geometric Mamba results

This follows Theorems 8–9 of Dankowiakowski and Ronca [6].

Proof. For the positive result, the paper constructs Mamba-parameterized dynamics as geometrically constrained
systems that realize the primitive components used in group-free automata, including FLIP-FLOP-like memory
inside separated convex regions rather than finite robust η-components. Since star-free languages are recognized
by group-free automata, and group-free automata decompose into cascades of such primitive components, Mamba
GCS cascades can recognize all star-free languages.

For the limitation, replace η-components by components of a convex-regular covering. If an η-finite LRD has
nonnegative-eigenvalue transition gates, the same Jordan-form convergence argument as in Theorem 7.8 implies
that state trajectories under eventually constant input are eventually trapped in one covering component. Thus
the dynamics are aperiodic with respect to the covering. An alternating function changes value infinitely often on
some constant-symbol input sequence, but a continuous readout on one eventual covering component is eventually
constant. Hence alternating functions are not implementable in that convex-regular GCS setting.

A.5.8 Unified parity obstruction

Unified parity obstruction of Khavari et al. [25]. The construction first notes a contrast: a time-invariant S4D layer
can solve modular counting on the fixed input 1t by a root-of-unity transition. This does not solve parity on arbitrary
binary strings, because the needed oscillation is not input-dependent.

For nonnegative diagonal Mamba-like layers, consider repeated blocks

0k1m0k1m · · ·

with m odd. Over one block, the product of nonnegative diagonal transition matrices is again nonnegative diagonal.
The block-level recurrence therefore has the same finite-precision collapse behavior as the nonnegative parity lower
bound, while the correct parity flips after each block.

For a stack containing S4D and Mamba layers, choose a block length W that is a common period for the rational
S4D phases used in the proof. At the W -block scale, the S4D transitions become real nonnegative, and Mamba
transitions are already nonnegative. Skip connections and learned initial states only add finitely many block-level
affine terms. Induction over layers then shows that the block-sampled states become stationary at finite precision,
whereas parity continues to alternate. Hence the diagonal S4D+Mamba stack cannot solve parity at arbitrary
lengths.

A.6 Proofs: Stability and Generalization

A.6.1 Auxiliary concentration and complexity estimates

The proofs in Sections 8 and 9 repeatedly use the following standard estimates. They are recorded here to make
the later arguments readable without changing the source theorem statements.

Symmetrization and bounded losses. Let Z1, . . . , Zn be i.i.d. with law P , let Pn be the empirical law, and let
F be a real-valued class for which the following expectations are finite. If σ1, . . . , σn are independent Rademacher
signs, then

E sup
f∈F

|Pf − Pnf | ≤ 2EZ,σ sup
f∈F

∣∣∣∣∣ 1n
n∑
i=1

σif(Zi)

∣∣∣∣∣ .
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Indeed, with an independent ghost sample Z ′
1, . . . , Z

′
n,

E sup
f
(Pf − Pnf) ≤ E sup

f
(P ′
nf − Pnf) = E sup

f

1

n

∑
i

σi(f(Z
′
i)− f(Zi)),

and the triangle inequality gives the factor 2; the reverse deviation is identical. If 0 ≤ f ≤ Kℓ, McDiarmid or
Hoeffding applied to the supremum adds, with probability at least 1− δ,

Kℓ

√
2 log(4/δ)

n

to the expected supremum. This is the conversion used in the length-independent PAC estimate below.

Covering to Rademacher complexity. For a B-bounded class F on a sample S of size m, Dudley’s entropy
integral gives

RadS(F) ≤ inf
α>0

{
4α+

12√
m

∫ B

α

√
logN (ε,F , L2(S)) dε

}
.

If a Lipschitz loss ℓ with Lipschitz constant lℓ and range bound cℓ is composed with a hypothesis class whose
covering entropy is summarized by a source capacity C, optimizing the preceding integral at the source choice of
scale yields the displayed form

12lℓC√
m

(
1 + log

cℓ
√
m

3C

)
+ 3cℓ

√
log(2/δ)

2m
.

The constants are the standard Dudley and bounded-difference constants; the model-specific work is to prove the
capacity bound for F .

Products of transition matrices. For two products of equal length,

Aq · · ·A1 − Âq · · · Â1 =

q∑
ℓ=1

Aq · · ·Aℓ+1(Aℓ − Âℓ)Âℓ−1 · · · Â1.

Thus, if all factors have norm at most ρA and ∥Aℓ − Âℓ∥ ≤ εA, then

∥Aq · · ·A1 − Âq · · · Â1∥ ≤ qρq−1
A εA.

When the product appears inside a causal sum over all lengths q = 0, . . . , T − 1, the sharper geometric sums in the
cited selective-SSM covering result give accumulated coefficients of the form

ρA(1− ρTA)

(1− ρA)2
− TρTA

1− ρA
,

with the continuous extension at ρA = 1.

Gaussian and Gaussian-chaos concentration. If X1, . . . , Xm are independent mean-zero sub-Gaussian vari-
ables with sub-Gaussian scale at most K, then for an absolute constant c > 0,

Pr

(∣∣∣∣∣ 1m
m∑
i=1

Xi

∣∣∣∣∣ > t

)
≤ 2 exp

(
−cmt

2

K2

)
.

A union bound makes this uniform over polynomially many fixed directions. For a degree-q polynomial Q(g) of a
standard Gaussian vector with ∥Q− EQ∥ψ2/q

≤ K, the corresponding sub-Weibull Bernstein bound is

Pr

(∣∣∣∣∣ 1m
m∑
i=1

(Q(gi)− EQ)

∣∣∣∣∣ > t

)
≤ 2 exp

(
−cmmin{(t/K)2, (t/K)2/q}

)
.

Gaussian hypercontractivity supplies the required sub-Weibull norm for the fixed low-degree Hermite polynomials
used in the ICL feature-learning proof.
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Packing lower-bound template. Let Θ0 be a finite set of parameters whose induced targets are 2ε-separated
in the prediction metric. If an algorithm with hidden state space H attains error at most ε uniformly over Θ0,
then two parameters in Θ0 cannot lead to the same distinguishable hidden state on the separating prompts. Hence
|H| ≥ |Θ0|. For a d-dimensional recurrent state stored at precision p, |H| ≤ 2dp, so any packing of size M implies

dp ≥ log2M.

The Markov-chain lower bound below uses M = exp(2k(1− 3ε) log(1/ε)).

A.6.2 StableSSM memory theorem

Proof of Wang and Li [42], Theorem 3.3. The source memory function M(H)(t) is expressed through the deriva-
tive response to Heaviside inputs. Consider a one-layer SSM approximant

ḣm,t = Λmhm,t + Umxt + bm, ŷm,t = c⊤mσ(hm,t),

and a Heaviside input xt = x01{t≥0}. Put vm,t = dhm,t/dt. For t ≥ 0, differentiating the state equation gives

v̇m,t = Λmvm,t, vm,0 = Umx0 + bm,

where the initial hidden state is zero before the jump. The source first uses stable approximation to perturb the
recurrent matrix by a positive shift inside the allowed radius. Since the perturbed systems remain asymptotically
stable, the unperturbed diagonal matrices satisfy the uniform spectral bound

sup
m

max
i

ℜλi(Λm) ≤ −β0.

Therefore
∥vm,t∥2 = ∥eΛmtvm,0∥2 ≤ e−β0t∥Umx0 + bm∥2.

Using the uniform parameter bound and then taking the normalization in the definition of M,

∥Umx0 + bm∥2 ≤ (d∥x0∥∞ + 1)θmax,

and so

M(Ĥm)(t) = sup
x0

1

∥x0∥∞ + 1

∣∣∣∣dŷm,tdt

∣∣∣∣ ≤ (d+ 1)L0θ
2
maxe

−β0t.

Here the displayed estimate is valid with rate β0 for each approximant; the source’s transfer lemma passes from
uniformly exponentially decaying approximants to the target and yields the stated bound for every 0 < β < β0.

For ℓ layers, the derivative signal passes through a product of ℓ stable transition kernels. Convolution of ℓ ex-
ponentially decaying kernels produces a polynomial prefactor of degree at most ℓ − 1 times the same exponential
decay:

M(H)(t) ≤ (d+ 1)Lℓ0θ
ℓ+1
maxP (t)e

−βt.

A.6.3 Stable reparameterization and gradient scale

Proof of Wang and Li [42], Theorems 3.5 and 3.6. For linear time-homogeneous functionals, the approximation
problem reduces to approximating an L1 memory kernel by exponential sums

ρ(t) ≈ ρ̂m(t) =

m∑
i=1

cie
λit, λi < 0.

If λi = f(wi) and f is stable, then perturbing wi by at most β changes the corresponding exponential kernel by an
L1 amount controlled uniformly by the defining inequality

|f(wi)| sup
|w̃i−wi|≤β

∫ ∞

0

|ef(w̃i)t − ef(wi)t| dt ≤ g(β).
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After summing the finitely many exponential modes and using the linearity of the readout, the perturbation error
of the approximating linear RNN is bounded by the approximation error plus a term controlled by g(β). This
is the source’s simplified perturbation setting: the stability perturbation is placed on the recurrent weights. The
approximation error goes to zero with m, and g(β) → 0 as β ↓ 0. Hence the approximation is stable in the stated
sense.

For the gradient statement, differentiate the loss through λ = f(w). The derivative of the exponential mode satisfies
the scale estimate ∥∥∥∥ ∂∂λeλt

∥∥∥∥
L1(0,∞)

=

∫ ∞

0

teλt dt =
1

|λ|2
, λ < 0.

The chain rule therefore gives ∣∣∣∣∂ Loss∂w

∣∣∣∣ ≤ CH,Ĥm

|f ′(w)|
f(w)2

.

In discrete time the corresponding geometric derivative has scale (1− f(w))−2, giving the stated discrete bound.

Solving the source “balanced gradient” criterion

|f ′(w)|
f(w)2

= L|w|

with negative continuous-time eigenvalues gives

d

dw

(
− 1

f(w)

)
= 2aw, f(w) = − 1

aw2 + b
.

The same calculation with the discrete stability boundary at 1 gives f(w) = 1− 1
aw2+b .

A.6.4 Data-dependent LTI SSM bound

Proof of Liu and Li [28], Theorem 1 and Proposition 1. Write

x(s) = µ(s) +
√
K(s, s) x̃(s).

For a fixed θ, ∣∣∣∣∣
∫ T

0

ρθ(T − s)x(s) ds

∣∣∣∣∣ ≤
∫ T

0

|ρθ(T − s)|
√
K(s, s)|x̃(s)| ds+

∣∣∣∣∣
∫ T

0

ρθ(T − s)µ(s) ds

∣∣∣∣∣ .
Taking the supremum over θ ∈ Θ introduces exactly the source quantity ψ(Θ), up to the random factor
sups∈[0,T ] |x̃(s)|.

The empirical-process proof applies the symmetrization estimate recorded in Appendix A.6.1:

E sup
θ∈Θ

|Rx(θ)−Rn(θ)| ≲ Eσ,x sup
θ∈Θ

∣∣∣∣∣ 1n
n∑
i=1

σi

∫ T

0

ρθ(T − s)xi(s) ds

∣∣∣∣∣ .
The Holder condition gives an ε-net over [0, T ] for the normalized paths. Holder continuity controls the oscillation
between net points, while the pointwise sub-Gaussian tail, the sub-Gaussian sample-mean estimate, and a union
bound control the maximum over the net. Optimizing the mesh size yields the log3/2(Tn/δ) factor. Passing from
the linear functional class to the loss class by the assumed Lipschitz/quadratic loss estimate produces the square
(ψ(Θ) + 1)2, giving

sup
θ∈Θ

|Rx(θ)−Rn(θ)| ≤ (ψ(Θ) + 1)2O

(
log3/2(Tn/δ)√

n

)
.

For the initialization proposition, rescaling C to C̃ = C/
√
τ(θ) rescales the whole kernel:

ρθ̃(s) =
ρθ(s)√
τ(θ)

.
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Write x(s) = µ(s) +
√
K(s, s) x̃(s) and set

Aθ =

∫ T

0

|ρθ(T − s)|
√
K(s, s) ds, Bθ =

∣∣∣∣∣
∫ T

0

ρθ(T − s)µ(s) ds

∣∣∣∣∣ .
Since

√
τ(θ) = Aθ +Bθ, ∣∣∣∣∣

∫ T

0

ρθ̃(T − s)x(s) ds

∣∣∣∣∣ ≤ Aθ
Aθ +Bθ

sup
s∈[0,T ]

|x̃(s)|+ Bθ
Aθ +Bθ

≤ sup
s∈[0,T ]

|x̃(s)|+ 1.

Applying the Holder/sub-Gaussian supremum estimate to sups∈[0,T ] |x̃(s)| gives

Ex

∣∣∣∣∣
∫ T

0

ρθ̃(T − s)x(s) ds

∣∣∣∣∣ ≤ O(
√
log T ),

with constants depending only on the process constants.

A.6.5 Length-independent deep SSM PAC bound

Proof of Rácz et al. [33]. The control-theoretic input is that an internally stable discrete-time SSM has sequence
operators whose induced norms are bounded uniformly over the horizon T . In the source notation,

sup
T

∥SΣ,T ∥2,∞ ≤ ∥Σ∥1, sup
T

∥SΣ,T ∥∞,∞ ≤ ∥Σ∥2.

Thus an SSM layer is Rademacher contractive with multiplicative constant controlled by a system norm, not by
the sequence length.

The Rademacher-contraction composition lemma is a nesting argument. If Φ1 maps X1 to X2 and Φ2 maps X2 to
X3, apply the definition first to the outer class Φ2 with the admissible set {φ1(ui)}i, and then apply it to Φ1:

Eσ sup
φ2,φ1,Z

∥∥∥∥∥ 1

M

∑
i

σiφ2(φ1(ui))

∥∥∥∥∥
X3

≤ µ2Eσ sup
φ1,Z

∥∥∥∥∥ 1

M

∑
i

σiφ1(ui)

∥∥∥∥∥
X2

+
c2√
M

≤ µ2

µ1Eσ sup
Z

∥∥∥∥∥ 1

M

∑
i

σiui

∥∥∥∥∥
X1

+
c1√
M

+
c2√
M
.

This gives (µ1µ2, µ2c1 + c2).

The paper proves that the encoder, decoder, pooling layer, stable SSM layer, and allowed MLP/GLU blocks are
all Rademacher contractive on the relevant balls, with constants tabulated in the source. Iterating the composition
lemma through the architecture gives the displayed constants µ, c and the radius recursion ri. The input bound
gives

Eσ

∥∥∥∥∥ 1

M

∑
i

σiui

∥∥∥∥∥ ≤ Ku√
M
.

Finally, the symmetrization and bounded-loss conversion in Appendix A.6.1 bound the empirical-process term by
the Rademacher complexity of the loss class. The contraction step contributes (µKuLℓ+cLℓ)/

√
M , and Hoeffding’s

inequality for the bounded loss supplies the confidence term, yielding

L(f)− LSemp(f) ≤
µKuLℓ + cLℓ√

M
+Kℓ

√
2 log(4/δ)

M
.

Since the component constants use stable system norms bounded uniformly in T , the final bound is length-
independent.
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A.6.6 Selective SSM covering bounds

Proof of Honarpisheh et al. [19]. Unroll the selective recurrence. Each output at time T is a sum over past tokens
whose coefficients contain products of input-dependent transitions. This exposes a causal linear-attention-like
structure in the parameters WB ,WC , q, w, but with an additional transition product depending on Ac, p, q.

The transition product is controlled by the spectral abscissa. Since

A[t] = exp(∆[t]Ac), ∆[t] = softplus(p+ q⊤u[t]),

bounded inputs and bounded q give

0 < ∆[t] ≤ M∆ = log(1 + ep+BqBu).

Gelfand’s formula applied to eAc gives, for any small η > 0,

∥At∥2 ≤ ρtA, ρA = (1 + ep−BqBu)sA+η.

The product-telescoping identity in Appendix A.6.1 then bounds the difference between transition products formed
from Ac and from a cover point Âc; the accumulated geometric sums produce the source factor

S2 =

T−1∑
t=0

tρtA =
ρA(1− ρTA)

(1− ρA)2
− TρTA

1− ρA
.

The same finite sum gives the limiting value T (T − 1)/2 when ρA = 1.

The remaining parameters are covered as linear function classes with bounded operator and mixed norms. The
cover for Ac is combined with the covers for WB ,WC , q, w by a Cartesian product. If the target output error is
ε, choose radii εA, εB , εC , εq, εw so the Lipschitz and telescoping errors add to at most ε; optimizing the resulting
product of covering numbers gives the capacity expression in the theorem. The covering-to-Rademacher estimate in
Appendix A.6.1 and the bounded Lipschitz loss assumption convert this cover into the stated generalization bound
with capacity CFSSM

.

For the linear-attention specialization, use the source’s constant-step normalization ∆[t] = 1 together with Ac = 0,
so A[t] = I. The transition-product cover disappears, and the unrolled expression is the causal linear-attention
query-key-value sum. The same covering argument then yields

CFLA
= Õ(TBwBBBCB

3
u).

For the lower bound, restrict to a one-parameter subclass of selective SSMs with fixed step size and a scalar output
weight w. On inputs in [−1, 1]T , the output contains a sum of transition magnitudes growing like

1 + (1 + sA) + · · ·+ (1 + sA)
T−1 =

(1 + sA)
T − 1

sA

when sA > 0, and equals T when sA = 0. The empirical Rademacher complexity of this restricted subclass is
therefore at least the output scale times

Eσ

∣∣∣∣∣ 1m
m∑
i=1

σi

∣∣∣∣∣ =
√

2

πm
,

up to the allowed factor Bw. A lower bound for a subclass is a lower bound for the full class.

A.6.7 Lyapunov stability of MambaBlock recurrences

Proof of Halloran et al. [18], Theorem 1. For the source MambaBlock recurrence,

ht = Ātht−1 + B̄txt, Āt = exp(∆̄tA),

the recurrent Jacobian is
∂ht
∂ht−1

= Āt.
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Under the diagonal Mamba parameterization,

A = diag(a1, . . . , aN ), ∆̄t = diag(δt,1, . . . , δt,N ), δt,i ≥ 0, Re ai ≤ 0.

Thus
Āt = diag(eδt,1a1 , . . . , eδt,NaN ),

and all transition factors commute. Hence

L∏
t=1

Āt = diag

(
exp

(
ai

L∑
t=1

δt,i

))N
i=1

.

Taking the spectral norm gives ∥∥∥∥∥
L∏
t=1

Āt

∥∥∥∥∥
2

= max
i

exp

(
Re ai

L∑
t=1

δt,i

)
≤ 1.

Therefore

λmax = lim sup
L→∞

1

L
log

∥∥∥∥∥
L∏
t=1

∂ht
∂ht−1

∥∥∥∥∥
2

≤ 0.

Let

Jt =
∂ht
∂ht−1

.

For any η > 0, the definition of the limsup gives a constant Cη such that every sufficiently long product satisfies

∥Jt+n · · · Jt+1∥2 ≤ Cηe
n(λmax+η).

The mean-value formula for the iterated state map gives

Fnθ (z + δ)− Fnθ (z) =

(∫ 1

0

DFnθ (z + sδ) ds

)
δ.

Absorbing Cη and the local derivative bounds into the big-O constant, and taking any source envelope ζ ≥ λmax+η
with ζ ≤ 0, gives

max |Fnθ (ht−1, xt)− Fnθ (ht−1 + ε, xt + ε)| ∈ O(|ε|enζ)

with ζ = λmax ≤ 0 or any source upper envelope ζ ≥ λmax satisfying ζ ≤ 0.

Proof of Halloran et al. [18], Theorems 2–4. For outputs, yt = Ctht. If supt ∥Ct∥2 ≤MC , then

∥yt − y′t∥2 = ∥Ct(ht − h′t)∥2 ≤MC∥ht − h′t∥2.

Thus any latent-state perturbation estimate O(|ε|etζ) transfers to the output, with MC absorbed into the big-O
constant.

For the MPFT/PEFT statement, the source compares a full-precision trajectory {ht, xt} with a perturbed trajectory
{h′t, x′t} and sets

ε∗ = max
0≤t≤L

max{∥ht − h′t∥∞, ∥xt − x′t∥∞}.

Every state/input discrepancy vector has Euclidean norm at most
√
d ε∗ for the relevant source dimension d.

Applying the Lyapunov envelope from the preceding proof to these perturbations gives

max
∣∣FLθ (h0, x1)− FLθ (h

′
0, x

′
1)
∣∣ ∈ O(ε∗eLζ), ζ ≤ 0,

where the fixed factor
√
d is absorbed into the constant. Multiplying by the bounded output map CL gives

max |yL − y′L| ∈ O(ε∗eLζ).

This is the source perturbative conclusion for deviations represented by mixed-precision and LoRA/PEFT changes
inside the MambaBlock.
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A.6.8 Training dynamics for simplified Mamba blocks

Proof of Shandirasegaran et al. [37]. The analyzed model is a simplified Mamba block with trainable output weights
and trainable gate vector w∆, while the B and C projections are kept at initialization in the theorem statements.
Write the gate update as

w
(t+1)
∆ = w

(t)
∆ − η∇w∆

L̂oss
(t)
.

Expanding this gradient in the orthonormal feature basis o+, o−, o3, . . . , od separates contributions from class-
relevant, confusing, and irrelevant directions. The Gaussian sample-mean estimates in Appendix A.6.1 make the
empirical gradient coefficients match their population signs throughout training. The argument is carried out under
the source structured data model: tokens are noisy copies of an orthonormal feature family, and the training set is
balanced between labels.

For majority-voting data, concentration of the Gaussian initialization and the sample average implies that the
gradient component along o+ and o− has a positive drift proportional to the squared majority gap (αrL−αcL)2/L2.
Summing the drift over Tgd gradient steps with learning rate η gives

⟨w(Tgd)
∆ , o±⟩ ≥

ηTgd
8L2

Θ((αrL− αcL)
2).

The irrelevant directions have only fluctuation-scale contributions after the same concentration step, yielding the
Õ(1/poly(d)) bound. Once the gate has this alignment, the recurrent aggregation gives a margin with the correct
sign on the majority-voting distribution. The stated sample lower bound ensures the empirical gradients have the
population signs, and the stated iteration count is exactly the time needed for the margin to dominate noise.

The majority-voting generalization theorem uses the preceding alignment as its margin certificate. The width
assumption gives enough initialized output features to separate the two labels with high probability; the noise
condition τ < O(1/d) keeps token perturbations below the margin. The sample lower bound makes all empirical
gradient signs match their population signs throughout the Tgd iterations, and the iteration count is chosen so
the aligned gate contribution dominates the confusing-token contribution. Thus the source target-error functional
vanishes.

For locality-structured data, the class-relevant features need not have a consistent positive drift because useful and
confusing counts may be comparable. The proof instead shows that irrelevant directions acquire a negative drift
determined by the locality gap

(1/2)
∆L+

o+ − (1/2)
∆L−

o+ .

Summing this drift gives the displayed upper bound for ⟨w(Tgd)
∆ , oj⟩, while the o+ and o− components remain within

the stated fluctuation scale. The recurrent part then uses locality to separate class-relevant patterns from confusing
ones.

The locality-structured generalization theorem combines this negative irrelevant-direction drift with the recurrent
locality separation. The sample lower bound is the concentration condition needed for the locality-gradient signs,
while the iteration bound is the time needed for the locality margin, proportional to

(1/2)
∆L+

o+ − (1/2)
∆L−

o+ ,

to dominate fluctuations. Under these two conditions the source target-error functional again vanishes with the
stated high probability.

A.7 Proofs: In-Context Learning and Algorithmic Behavior

A.7.1 SSMs implementing gradient descent

Construction in Sushma et al. [39]. For scalar linear regression, the unscaled gradient after t examples is

gw0(D1:t) =

t∑
i=1

(w⊤
0 xi − yi)xi.

It satisfies the recurrence
gw0

(D1:t) = gw0
(D1:t−1) + (w⊤

0 xt − yt)xt.
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When w0 = 0, the one-step gradient-descent prediction on xt+1 is

ŷt+1 = −η
t
gw0

(D1:t)
⊤xt+1.

Thus the recurrent state can be chosen to equal the accumulated gradient statistic. One writes this as

zt = Izt−1 +Ψct, ot = βz⊤t Θct,

where, in the zero-initialized construction stated in the paper, ct = [ytxt, xt+1]. The matrices Ψ,Θ select the
product coordinate ytxt and pair the state with xt+1; the source implements the required sign and learning-rate
normalization in the readout. The multiplication in the output gate computes the inner product between the
accumulated gradient and the next input.

For vector-valued regression, let Zt be a matrix state. With a sliding window containing (xt, yt, xt+1), the update

Zt = Zt−1 + ytx
⊤
t

accumulates the sufficient statistic for the zero-initialized linear model, and the output

ot = − η

N
Ztxt+1

is the one-step GD prediction. The paper realizes ytx
⊤
t as CtQC

⊤
t for a fixed selector Q applied to the context

window Ct.

For multiple GD steps, later layers require the nonzero initializationWℓ−1 produced by previous steps. The gradient
decomposes into a ytx

⊤
t accumulator and an xtx

⊤
t accumulator:

∆ℓW = − η

N

(
W⊤
ℓ−1Z̃

(ℓ)
t − Z

(ℓ)
t

)
.

The construction uses two recurrent heads per layer to maintain these two statistics. Repeating the construction
layer by layer yields ℓ steps of gradient descent.

For the nonlinear variant, the recurrent state first stores the same gradient-like linear statistic. An MLP then maps
this statistic to

t∑
i=1

(g(w⊤
0 xi)− yi)g

′(w⊤
0 xi)xi,

which is the nonlinear least-squares gradient. The final multiplicative readout pairs the transformed statistic with
xt+1.

A.7.2 Mamba and Laplace smoothing for Markov chains

Bayes estimator and MambaZero construction in Bondaschi et al. [2]. For a fixed length-k context ik1 , write p =
Pik1 (1). Under the Dir(β) prior, after seeing n1 ones and n0 zeros following that context, the posterior density is
proportional to

pn1+β−1(1− p)n0+β−1.

The Bayes-optimal cross-entropy predictor is the posterior predictive probability

E[p | xt1] =
∫ 1

0
pn1+β(1− p)n0+β−1 dp∫ 1

0
pn1+β−1(1− p)n0+β−1 dp

=
n1 + β

n0 + n1 + 2β
.

The corresponding probability for zero is (n0 + β)/(n+ 2β).

For the MambaZero representation theorem, set the transition factor at = 1 so the hidden state does not forget
counts. With convolution window w = 2, the input-selective terms can depend on the last transition xt−1 → xt.
Unrolling the state gives

Ht = x̃0b
⊤
0 +

∑
i,j∈{0,1}

nij x̃
(ij)(b(ij))⊤,

86



where nij is the number of observed transitions i→ j. The output projection ct selects the row associated with the
current symbol xt. The parameter choice makes the two count vectors for nxt0 and nxt1 linearly independent and
arranges the non-count terms to contribute (β, β) up to an arbitrarily small error. After the final L1 normalization,
the logits therefore implement (

nxt0 + β

nxt0 + nxt1 + 2β
,

nxt1 + β

nxt0 + nxt1 + 2β

)
within the prescribed KL tolerance.

A.7.3 Finite-precision recurrent lower bound for add-β estimation

Lower bound of Bondaschi et al. [2]. For an order-k binary Markov chain, there are 2k contexts. Under the Dirichlet
prior, the conditional distributions associated with these contexts are independent. To approximate the add-1
posterior predictive distribution uniformly, a recurrent model must distinguish enough different posterior predictive
vectors for all 2k contexts.

With hidden dimension d and precision p, the recurrent state has at most 2dp distinguishable values. The packing
template in Appendix A.6.1 reduces the lower bound to constructing many Markov kernels whose context-conditional
distributions are separated by more than the allowed ε error. A predictor satisfying

∥p̂t − P(k)
1 (· | xt1)∥∞ ≤ ε

must assign distinct enough hidden representations to this separated family. The packing size of the family gives
the lower bound

2dp ≥ exp
(
2k(1− 3ε) log(1/ε)

)
,

equivalently
dp ≥ 2k(1− 3ε) log(1/ε).

The argument uses only sequential compression into the hidden state, so it also applies to time-varying recurrent
updates.

A.7.4 Trained Mamba emulating online gradient descent

Proof of Jiang et al. [23]. Under the fixed choice A = −I, w∆ = 0, and b∆ = log(exp((log 2)/N)−1), the recurrence
has scalar decay

α = exp(−(log 2)/N).

The selected B and C maps reduce the query output to a bilinear expression in the trainable matrices:

ŷq = (1− α)(Cxq + bC)
⊤
N−1∑
i=0

αi+1yN−i(BxN−i + yN−ib+ bB).

Computing the population gradient over the Gaussian linear-regression task yields the matrix update system

B(t+ 1) = B(t) + ηβ3C(t)− ηβ1C(t)C(t)
⊤B(t),

C(t+ 1) = C(t) + ηβ3B(t)− ηβ1B(t)B(t)⊤C(t)− ηβ2b(t)b(t)
⊤C(t),

b(t+ 1) = b(t)− ηβ2C(t)C(t)
⊤b(t), bB(t) = bC(t) = 0.

Decomposing B = [b1, . . . , bd] and C = [c1, . . . , cd], the proof studies the coupled dynamics of c⊤i bi, c
⊤
i bj , and

c⊤i b. The Gaussian concentration estimates in Appendix A.6.1 give nondegenerate vector norms and small cross-
interactions. A fine-grained induction then maintains these properties and proves exponential convergence

C⊤B → β3
β1
I, C⊤b→ 0.

Substituting these limits into the recurrence and output formulas gives

(W⊤
C )[1:d,:]h

(d+1)
l = α(W⊤

C )[1:d,:]h
(d+1)
l−1 + (1− α)

β3
β1
ylxl,
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and hence the exponentially weighted prediction

ŷq = x⊤q

N−1∑
i=0

(1− α)αi+1 β3
β1
yN−ixN−i.

The constants β1, β2, β3 are Gaussian moments of the task distribution. Evaluating them gives

β3
β1

=
2(1 + α)

α(3(1− α)d+ 4− 2α)

and the remaining Gaussian moment calculation gives

L(θ(t)) ≤ 3d(d+ 1)

2N
.

A.7.5 ICL with outliers

Proof of Li et al. [27]. Unrolling the one-layer Mamba recurrence rewrites the output on a prompt as

F (Ψ;P ) =

l+1∑
i=1

Gi,l+1(w) yi p
⊤
i W

⊤
BWCpquery,

where

Gi,l+1(w) = σ(w⊤pi)

l+1∏
j=i+1

(1− σ(w⊤pj))

for i < l + 1. Thus the model is a linear-attention score p⊤i W
⊤
BWCpquery multiplied by a nonlinear gate.

The training proof tracks SGD in two parts. First, gradients of WB ,WC increase the linear-attention score for
examples sharing the relevant pattern with the query, while keeping other relevant-pattern scores small. Second,
the gate parameter w is analyzed in two phases. In the first phase it begins to separate outlier directions from clean
directions; in the second phase the sigmoid gate makes outlier-containing examples have small gate values. The
batch-size, outlier-magnitude, context-length, and iteration assumptions are chosen so the concentration bounds
from Appendix A.6.1 keep these gradient signs stable over training. Combining the attention and gate estimates
gives

Ef∈T ,P∼D[ℓ(Ψ
(T );P, z)] ≤ ε.

For distribution-shifted outliers, each test outlier direction is assumed to be a positive linear combination of training
outlier directions:

v =

V∑
i=1

λiv
∗
i ,

∑
i

λi ≥ L > 0.

The learned gate therefore remains small on such outliers, with magnitude controlled by the lower and upper bounds
on κ′a. The condition

α < min(1, paltr/lts)

and the lower bound on lts ensure enough clean context examples remain. The same margin calculation then gives
the stated test 0-1 error bound.

The mechanism corollaries are the two estimates used inside the proof: linear attention concentrates on the same
relevant pattern, ∑

i∈N1

p̃⊤i (W
(T )
B )⊤W

(T )
C p̃query ≥ Θ(1),

while the sum over the complement is at most Θ((1−pa)−1ε); the gate suppresses outliers and decays geometrically
with distance from the query for clean examples.
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A.7.6 Low-dimensional Mamba ICL

Proof of Oh et al. [31]. The data are Gaussian single-index prompts

x ∼ N (0, Id), y = g∗(⟨β, x⟩) + ζ,

where β lies on an unknown r-dimensional coordinate subspace. The source fixes admissible maxima N∗, T ∗ ≤ dC
∗

for context length and pretraining tasks. The embedding ϕ(x) contains Hermite features up to degree two. The
Mamba layer is simplified so that

W⊤
BWC = diag(γ, 0), w = (0, . . . , 0, ρ−1),

and the final Mamba scalar is

Mamba(Z; γ)[d̃+ 1, N + 1] =

N∑
j=1

Gj,N+1(Z)yjϕ(xj)
⊤(γ ⊙ ϕ(x)).

Stage I performs one gradient step on γ. Differentiating the pretraining square loss gives an empirical average of
products of Hermite feature vectors, weighted by labels and by the sigmoid gate. The Gaussian-chaos estimate in
Appendix A.6.1 replaces this empirical average by its population expectation, so with high probability

γ∗ = 2ηEβ∼Unif(Sr)[ψ(β, a0, a1, a2)⊙ ψ(β, b0, b1, b2)] + controlled error.

The sigmoid gate changes the effective Hermite exponent: the relevant coefficient appears at the generative expo-
nent ge(g∗), not necessarily at the information exponent. Substituting γ∗ into the Mamba output and applying
concentration over the context examples gives

N−1 Mamba(Z; γ∗)[d̃+ 1, N + 1] = P1 + P2

(
⟨β, x⟩
r

)ge(g∗)

+ o
(
P2r

−3 ge(g∗)/2(log d)−2 deg(g∗)+2
)
.

This is the formal test-time feature-learning statement.

Stage II fixes γ∗ and trains the outer MLP. Using polynomial approximation by a two-layer ReLU network, one
constructs an outer parameter u′ with bounded norm that approximates the link function on the learned scalar
feature. The regularized optimization returns u∗ with no larger norm and training error at most τ + o(1).

For test error, define the MLP class with ∥u∥ ≤ U . Its Rademacher complexity satisfies

RadT2(FU ) = Õ(Um1/2T
−1/2
2 ).

With U = Õ(r3 ge(g∗)/2m−1/2) and T2 = Ω̃(r3 ge(g∗)), the generalization error is o(1). A final comparison between
prompts of length Npt and Ntest uses the concentration of the normalized Mamba output to show their predictions
differ by o(1). Therefore

RNtest(γ
∗, u∗, v∗, a∗) ≤ τ + o(1)

with probability at least 0.99.

A.8 Zero-Order-Hold Discretization

Consider the continuous-time LTI system

ḣ(t) = Ah(t) +Bu(t), y(t) = Ch(t) +Du(t).

Fix a step size ∆ > 0 and assume the input is held constant on the interval ((t − 1)∆, t∆], with value xt. By
variation of constants,

h(t∆) = exp(∆A)h((t− 1)∆) +

∫ ∆

0

exp((∆− s)A)Bxt ds.

After the change of variables τ = ∆− s, this becomes

ht = Āht−1 + B̄xt, Ā = exp(∆A), B̄ =

∫ ∆

0

exp(τA)B dτ.

The integral definition is valid even when A is singular. If A is invertible, then

B̄ = A−1(exp(∆A)− I)B.

In selective SSMs the same calculation is applied at each time step with ∆t and, when present, Bt depending on
the current token.
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A.9 Recurrent and Convolutional Forms

For the discrete LTI recurrence
ht = Āht−1 + B̄xt, yt = Cht +Dxt,

assume h0 = 0. Iterating the recurrence gives

ht =

t∑
r=1

Āt−rB̄xr.

Indeed, the formula is true for t = 1, and the induction step is

ht = Ā

t−1∑
r=1

Āt−1−rB̄xr + B̄xt =

t∑
r=1

Āt−rB̄xr.

Therefore

yt = Dxt +

t∑
r=1

CĀt−rB̄xr = Dxt +

t−1∑
j=0

Kjxt−j , Kj = CĀjB̄.

Thus recurrent evaluation and causal convolution are the same LTI operator. With the unilateral z−1 convention,
the corresponding transfer function is

H(z) = D + C(I − z−1Ā)−1B̄.

Equivalently, after multiplying inside the resolvent by z, one may write the strictly proper part using C(zI− Ā)−1B̄
up to the chosen normalization convention.

A.10 Transfer Coordinates and State-Free Recovery

Proof. For the coordinate change, set

Â = SAS−1, B̂ = SB, Ĉ = CS−1.

Then
Ĥ(z) = h0 + Ĉ(zI − Â)−1B̂

= h0 + CS−1
(
S(zI −A)S−1

)−1
SB

= h0 + C(zI −A)−1B = H(z).

Thus the rational transfer function is invariant under state-coordinate changes.

For spectral recovery, expand

Hℓ(z) =
ℓ−1∑
j=0

hjz
−j .

For m ≥ ℓ and z ∈ Tm,

iFFTm
(
(Hℓ(z))z∈Tm

)
t
=

1

m

∑
z∈Tm

Hℓ(z)z
t

=
1

m

ℓ−1∑
j=0

hj
∑
z∈Tm

zt−j .

The roots-of-unity sum is m when t = j and 0 otherwise, so the expression equals ht for 0 ≤ t < ℓ.

For the tail, use the geometric resolvent expansion:

∞∑
t=ℓ+1

CAt−1Bz−t = CAℓz−ℓ−1
∞∑
r=0

(Az−1)rB

= CAℓz−ℓ−1(I −Az−1)−1B

= CAℓz−ℓ(zI −A)−1B.
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Finally, if

H(z) = h0 +
∑
i

ri
z − λi

,

then
ri

z − λi
= ri

∑
t≥1

λt−1
i z−t

where the geometric series converges. Inverting the z-transform gives the diagonal impulse response ht =
∑
i riλ

t−1
i

for t > 0.

A.11 Associativity of the Selective Scan

Write a selective recurrence step as an affine map

F(Ā,b)(h) = Āh+ b.

Composition of two such maps is
F(Ā,b)(F(Ā′,b′)(h)) = ĀĀ′h+ Āb′ + b,

so the induced binary operation is
(Ā, b) ◦ (Ā′, b′) = (ĀĀ′, Āb′ + b).

This operation is associative because it is composition of functions. Directly,

((Ā, b) ◦ (Ā′, b′)) ◦ (Ā′′, b′′) = (ĀĀ′Ā′′, ĀĀ′b′′ + Āb′ + b),

(Ā, b) ◦ ((Ā′, b′) ◦ (Ā′′, b′′)) = (ĀĀ′Ā′′, ĀĀ′b′′ + Āb′ + b).

The prefix product
(Āt, bt) ◦ · · · ◦ (Ā1, b1)

therefore gives the affine map from h0 to ht. This is the algebraic reason a time-varying recurrence can be parallelized
by scan even when it no longer has a fixed convolution kernel.

A.12 Scalar Mamba Gate Calculation

Take the scalar selective SSM with A = −1, B = 1, and

∆t = softplus(st), st = a⊤xt.

Zero-order-hold discretization gives

Āt = exp(−∆t), B̄t =

∫ ∆t

0

exp(−τ) dτ = 1− exp(−∆t).

Since

exp(− softplus(st)) =
1

1 + exp(st)
= 1− σ(st),

we have
Āt = 1− gt, B̄t = gt, gt = σ(st).

The scalar recurrence is therefore
ht = (1− gt)ht−1 + gtxt.

This calculation is exact in the scalar setting above. Its interpretation as a gate depends on the special choice
A = −1, B = 1, and softplus parameterization of ∆t.
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A.13 Hidden-Attention Unrolling

For a time-varying recurrence
hi = Āihi−1 + B̄ixi, yi = Cihi,

with h0 = 0, induction gives

hi =

i∑
j=1

 i∏
k=j+1

Āk

 B̄jxj ,

where the empty product is the identity. Multiplying by Ci gives

yi =

i∑
j=1

Ci

 i∏
k=j+1

Āk

 B̄jxj .

Thus the causal coefficient from token j to output i is

α̃ij = Ci

 i∏
k=j+1

Āk

 B̄j , j ≤ i.

If the transitions are diagonal, Āk = diag(ak,1, . . . , ak,N ), then the coefficient decomposes as

α̃ij =

N∑
n=1

Ci,nB̄j,n

i∏
k=j+1

ak,n,

in the scalar-input, scalar-output case. This is the coordinatewise form of the hidden-attention interpretation.

A.14 Semiseparable Factorization of an SSM Operator

The same unrolling explains the semiseparable structure. Consider the lower triangular sequence operator with
blocks

Mij = Ci

 i∏
k=j+1

Āk

 B̄j , i ≥ j.

Fix a split point s. For rows i > s and columns j ≤ s, factor the transition product at s:

Mij = Ci

(
i∏

k=s+1

Āk

)
︸ ︷︷ ︸

Ui

 s∏
k=j+1

Āk

 B̄j︸ ︷︷ ︸
Vj

.

Thus the off-diagonal block crossing the split factors as UiVj through an N -dimensional state space. Its rank is
therefore at most N , up to the input-output block dimensions. This is the semiseparable rank bound associated
with an N -dimensional recurrence.

For an LTI SSM, the same blocks also depend only on the lag i− j, giving a Toeplitz lower triangular operator. For
a selective SSM, the factors depend on the input through Āk, B̄j , Ci, so the operator is generally data-dependent. In
SSD, additional scalar-identity structure further reduces the transition product to a scalar mask times query-value
factors, which is the structured intersection with masked attention.

A.15 A Stable-Recurrence Norm Estimate

The simplest stability calculation is already informative. Suppose

ht = Āht−1 + B̄xt, yt = Cht,

with h0 = 0, ∥Ā∥ ≤ ρ < 1, and ∥xt∥ ≤ R. Then

∥ht∥ ≤
t∑

j=1

∥Ā∥t−j∥B̄∥∥xj∥ ≤ ∥B̄∥R
1− ρ

.
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If two input sequences differ only at time j, then the effect on output yt for t ≥ j is bounded by

∥δyt∥ ≤ ∥C∥ ∥Ā∥t−j∥B̄∥ ∥δxj∥ ≤ ∥C∥ ∥B̄∥ρt−j∥δxj∥.

This elementary estimate is not a substitute for the paper-specific generalization bounds. It records the common
control-theoretic intuition: strict stability gives bounded state norms and exponential decay of old input perturba-
tions.
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