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Radon-Nikodym Theorem, Many Ways

Radon-Nikodym Theorem. Let (X,X) be a measurable space, and let p,v be o-finite measures on (X, ).
If v < p, then there exists a Y-measurable function g : X — [0,00) such that

V(A):/gd,u VAeX.
A

Moreover, g is unique p-almost everywhere (a.e.) and it is called the Radon-Nikodym derivative of v with

respect to p, denoted by g = g—,’:.
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1 Preliminaries

We follow standard conventions, for a background on Measure Theory, see Folland [3] and Tao [5].

1.1 Measure-theoretic notions

Definition 1.1 (Null sets and a.e. properties). Let 1 be a measure on (X, ). A set N € X is pg-null if u(N) = 0.
A property P(z) holds p-a.e if p({x € X : P(z) fails}) = 0. If f,g: X - R=RU{—o00,+00} are measurable, we



write f = g p-a.e. if u({f # g}) =0.

Definition 1.2 (Absolute continuity). For measures u,v on (X,X), v is absolutely continuous with respect to p,
denoted by v < p, if u(A) =0 implies v(A) =0 for all A € 3.

Definition 1.3 (o-finiteness). A measure p on (X,X) is o-finite if there exist sets Xy, Xo,--- € X such that
X =U,>1 Xn and pu(X,,) < oo for all n.

Definition 1.4 (Restriction). Let 1 be a measure on (X,X) and E € X. The restriction u|g is the measure on
(E,X|g) defined by
(ule)(ANE) :=p(ANE), AeX,

where X|p:={ANE: AcX}.

Lemma 1.5 (Restriction preserves absolute continuity). If v < p, then for every E € ¥ we have v|g < ulg.

Proof. Let B € X|g with (u|g)(B) =0. Then B = AN E for some A € ¥ and (AN E) =0, hence v(ANE)=0
since v < p. Therefore (v|g)(B) = 0. O

1.2 Results used throughout

Lemma 1.6 (Patching from finite to o-finite). Assume the Radon-Nikodym theorem holds whenever both measures
are finite. Let u,v be o-finite measures on (X,X) with v < p. Then there exists a X-measurable g : X — [0, 00)
such that

V(A):/gdu VA e X,
A

and g is unique [i-a.e.

Proof. Choose (A;);>1 with X = J; A; and p(4;) < oo, and (B;);>1 with X = {J; Bj and v(B;) < co. Enumerate
E, := A;NBj sothat X =J,, E,, and pu(E,),v(E,) < co. Let F} := Ey and F,, := E, \U,,.,, Ex for n > 2, so that
X =, F, and still u(Fy,),v(F,) < co. By restriction, v|g, < p|p, for each n. Apply the finite Radon-Nikodym
theorem on (F,,, X|r,) to obtain g, : F,, — [0, 00) with

I/(AﬂFn):/ gndp VA€ X.
ANF,

Extend each g, by 0 outside F,, and set g := Zn21 Ggn- Then for any A € X,

/Agdu=z

n>1

/AnFn gndp=> v(ANF,)=wv(A),

n>1

since A = 4,,(AN F,). Uniqueness follows by restricting to each F, and using uniqueness in the finite case (if g, h
both work, then g = h p-a.e. on every F,, hence on X). O

Lemma 1.7 (Uniqueness of the Radon-Nikodym derivative). Let g,h : X — [0, 00] be measurable. If

/gduz/hd,u VA e X,
A A

then g = h p-a.e.

Proof. For n > 1, set B, :={g >h+ 1} € X. If u(B,) > 0, then

/ gduz/
B, B

contradicting the hypothesis with A = B,. Hence u(B,) = 0 for all n. Since {g > h} = U, >, Bn, we get
u({g > h}) = 0. By symmetry, u({h > g}) =0, so u({g # h}) = 0. O

(h+%)d,u:/B hdu+%u(3n)>/ﬂ hdp,

n n n



Corollary 1.8 (Change of measure). Let p,v be measures on (X, %) with v < p, and let g = g—:. Then for every

measurable f >0,
[ rav= [ rgan
X X

In particular, if f € L*(v), then fg € L*(u) and the same identity holds.

Proof. First assume f is a simple function, f = D"  axla, with ax > 0. Then by linearity and the defining

property of g,
/fdy = ZakV(Ak) = Zak/ gdp = /fgdﬂ-
k=1 k=1 /A

Now let f > 0 be measurable. Choose simple f,, T f pointwise. By the previous step, f fndv = f fngdu for all n.
Apply monotone convergence to both sides to get

/fdz/: lim /fndz/: lim /fngdp:/fgdu.
n—00 n—00

Finally, if f € L'(v), write f = f*—f~ and apply the f > 0 case to f™ and f~. This yields [ |f|dv = [ |flgdp < oo,
hence fg € L' (), and [ fdv = [ fgdpu. O

In what follows, each proof route establishes Radon-Nikodym Theorem in the finite measures case. The general
o-finite measures case follows directly from Lemma 1.6. Two consequences are uniqueness (Lemma 1.7) and the
change-of-measure identity (Corollary 1.8).

2 Proof I: Measure-Theoretic

This section gives the classical measure-theoretic proof of the Radon-Nikodym Theorem, following Folland [3]. The
argument has two complementary components: (i) a supremum construction that produces a maximal density g > 0
satisfying

/gduSV(A) (VA e ),

and (ii) a signed-measure step (via Hahn decomposition) that upgrades this maximal inequality into the exact
identity
v(A) :/gdu (VA e X).
A
We first prove the theorem in the finite-measure case by constructing g from a maximizing sequence and then
showing that the residual measure A\ := v — gu must vanish. The key point is that if A # 0, Hahn decomposition

identifies a measurable region on which one can increase g while preserving admissibility, contradicting maximality.
The extension to the o-finite case and the uniqueness p-a.e. property then follow from Lemma 1.7 and Lemma 1.6.

2.1 Signed measures and Hahn decomposition

Definition 2.1 (Signed measure). A signed measure on (X,Y) is a set function p : ¥ — R that can be written
as p=pT — p~ for two finite measures p* and is countably additive on disjoint unions (with the usual convention
excluding oo — 00).

Theorem 2.2 (Hahn decomposition). Let p be a signed measure on (X,3). Then there exists a measurable partition
X = PUN such that p(E) >0 for all E C P and p(E) <0 for all EC N.

Proof. Write p = pT — p~ where p* are finite measures. Define
A={AeX: p(F)>0forall E€X with E C A}.

Let o :=sup 4¢ 4 p(A). By definition of a, for each n choose A}, € A with p(Al) > o — L, and set A, := J;_; A}
Then (A,) is increasing, (A,)n>1 C A and p(4,) T a. Set

P = UAn, N:=X\P.

n>1



Since A, 1 P and p* are continuous from below as they are measures,

p(P)=p"(P) = p~(P) = lim p*(A,) — lim p~(A,) = lim p(A,) =oa.

n—roo n— oo

p(E) > 0 for all measurable E C P: Let E C P be measurable and define E,, := ENA,, C A,,. Then p(E,) >0
for each n since A, € A. Also E, 1 E as n — oco. Since p* are continuous from below,

p(E) =p"(B) = p~(E) = lim p*(Ey) = lim p~(E,) = lim (p" (En) = p~ (En)) = lim p(En) > 0.

n— 00 — 00 — 00 n— oo

Thus P € A, i.e. p(E) > 0 for all measurable E C P.

p(E) <0 for all measurable E C N: Suppose not. Then there exists a measurable E C N with p(E) > 0. Define
B :=sup{p(F): Fe€X F CE} Then 8> p(E) > 0. For each n > 1 choose F) C E measurable such that
p(F}) > B — L. Set F, :=J,_, F}. Then F,, C E, (F,) is increasing, and p(F,) 1 3. Define

B::UFnCE.

n>1
We claim B € A. First, since F,, T B, by continuity from below for p*, p(B) = lim, . p(F,) = 8. Next, let
G C B be measurable. Put G,, ;=GN F,, so G, T G. If p(G) < 0, then p(G,) — p(G) < 0, so for n large enough

p(Gp) < 0. But then F, \ G, C E and p(F, \ Gp) = p(F,.) — p(Gr) > p(F,), contradicting the definition of 8 as
the supremum of p(-) over subsets of E. Hence p(G) > 0 for all G C B, i.e. B € A.

Now B C E C N implies BN P = @. For any measurable H C P U B, write H = (H N P)U (H N B) as
disjoint union. Since P,B € A, we have p(H N P) > 0 and p(HN B) > 0, so p(H) > 0. Thus PU B € A and
p(PUB) = p(P) + p(B) > p(P) = «, contradicting the definition of .. This contradiction shows p(E) < 0 for all
measurable £ C N.

All in all, X = P U N is a Hahn decomposition. 0

2.2 Proof of Radon-Nikodym Theorem
Lemma 2.3 (Lattice property). Let u,v be measures on (X,X) and define

C:= {f : X — [0, 00] measurable : / fdu<wv(A) VAe E}.
A
If f,heC, then fV h €C, where fV h:=max{f,h}.
Proof. With f,h € C, for any A € X,
Jvmdu= [ gaps [ hausuAn(fz a4 A0 h> 1) = v(4),
A An{f=h} An{h>1}
Thus fVheC. O

Theorem 2.4 (Radon-Nikodym, finite case). Let u, v be finite measures on (X,X) with v < p. Then there exists
a measurable function g : X — [0,00) such that

V(A):/gd,u VAeX.
A

Proof. By Lemma 2.3, let o := sup¢c fX fdu, choose f,, € C such that fX fndu T a,andset g, == f1V---Vf, €C.
Then (g,) is increasing and fx gndp T a. Define g := sup, > gn = lim,, go. By monotone convergence, g is

measurable and for every A € X,
/ gdp = lim / gn dp < v(A),
A n—oo A

so g € C and fX gdp = a. Define the set function

AMA) :=v(A) - /Agd,u (AeX).



Since g € C, we have A(A) > 0 for all A, and since both A — v(A) and A — [, gdp are measures, X is a finite
measure. Moreover, A < p because v < p and [, gdpu = 0 whenever p(A) = 0.

Assume for contradiction that A(X) > 0. Choose € > 0 such that p(X) := M(X) —ep(X) > 0, and define the signed
measure p ;= X\ —¢epu. Let X = PUN be a Hahn decomposition of p (Theorem 2.2). Then p(P) > 0 and p(N) <0,
hence p(P) = p(X) — p(N) > p(X) > 0. In particular, p1(P) > 0: otherwise pu(P) = 0 would imply A(P) = 0 (since
A < ), contradicting p(P) = A(P) — eu(P) = A(P) > 0.

Now define g’ := g+ 51p, we claim g’ € C. Indeed, fix any A € ¥. Since AN P C P and P is p-positive, we have
p(ANP)=XANP)—cu(ANP)>0 = AANP)>cu(ANP).
Using A(4) > A(A N P) (monotonicity of the measure \),

/gﬂu:/gw+gMAﬂPﬁu¢®—MM+§MAmPh9¢®—MAQH+gMAﬂmgyM)
A A
Thus ¢’ € C. But then

€
/g’du=/gdu+§u(P)>/gdu7
X X X

contradicting the maximality [, gdu = a. Hence A(X) = 0. Since A > 0, it follows that A = 0, i.e.

Z/(A):/gdu VA € 3.
A
O

By Theorem 2.4, Radon-Nikodym holds when both measures are finite. Lemma 1.6 then yields the o-finite case.
Uniqueness p-a.e. follows from Lemma 1.7.

3 Proof II: Partitions and Martingales

This section gives a probabilistic proof of the Radon—Nikodym theorem following Durrett [2]. The guiding idea
is that the density f = dv/dp is the limit of increasingly fine local averages. Given a finite partition P, the best
P-measurable approximation to f is the piecewise-constant function that on each atom A € P equals the average
ratio ¥(A)/u(A). Refining the partitions produces a filtration (F,) and a sequence (g, ) of such approximations;
coherence under refinement is exactly the martingale property. The Martingale Convergence Theorem then yields
an almost sure limit g, and we verify that v(B) = [ gdpu for all measurable B.

3.1 Conditional expectation and martingale convergence

Throughout this section, (X, 3, u) is a finite measure space (in particular, a probability space is allowed), and
(Fn)n>1 denotes an increasing sequence of sub-o-algebras of 3.

Definition 3.1 (Conditional expectation). Let 7 C ¥ be a sub-c-algebra and let Y € L'(u). A conditional
expectation of Y given F is any F-measurable function Z € L!(u) such that

/Zd,u:/Ydu VB € F.
B B

Any two such functions agree p-a.e. and we denote (a chosen version of) Z by E,[Y | F].

Lemma 3.2 (Conditional expectation for a finite partition). Let P be a finite measurable partition of X and let
F = 0(P) be a o-algebra generated by P. For Y € L*(u), define

E,[Y | o(P)] := g;, (u(lA)/AYdu> 14, with the convention ﬁ/AYdu =0 if u(A) =0.

Then this function is F-measurable, belongs to L*(p), and satisfies

/EM[Y|]:]d,u=/Yd,u VB e F.
B B

Hence it is a version of the conditional expectation from Definition 3.1.



Proof. Set

-5 (o oo

AecP
with the stated convention on {¢(A) = 0}. Then Z is o(P)-measurable and

[ zaw=% [ 1z140= % > [ vlan= [ i<,

AeP AeP AeP

u(lA)/AYdu’u(A) <

so Z € L' (u).

Now let B € o(P). Since P is a partition, B is a disjoint union of atoms A € P (possibly up to null sets), so

/BZdu: Z/AZdM: Zu(lA)(/AYd/J)M(A): Z/AYdM:/BYdu.

AP AeP AP
ACB ACB ACB
Thus Z satisfies the defining property in Definition 3.1. O

Definition 3.3 (Martingale). Let (X, X, 1) be a finite measure space and let (F,,),>1 be an increasing sequence of
sub-o-algebras of ¥ (a filtration). A sequence of integrable functions (M,,),>1 C L*(p) is called an L' (u)-martingale
with respect to (F,,) if for every n:

1. M, is F,-measurable;
2. E,[|M,]] < oo (equivalently M,, € L*(u));
3. E [Mpt1 | Fo] = M, p-ace.
If moreover M,, > 0 p-a.e. for all n, we call it a nonnegative martingale.

Definition 3.4 (Submartingale and supermartingale). Let (X, X, 1) be a finite measure space and let (Fy,),>1 be
a filtration. A sequence (M,),>1 C L(p) is called

1. a submartingale (w.r.t. (F,)) if M, is F,-measurable for all n and

E,[Mpi1 | Fn] > M, prace. Vn;

2. a supermartingale if M, is F,-measurable for all n and

E,[Mpi1 | Fo] < M, p-ae. Vn.

Lemma 3.5 (Martingales are both sub- and supermartingales). Fvery martingale is both a submartingale and a
supermartingale.

Proof. If E,[M,+1 | Fn] = M, a.e., then both inequalities in Definition 3.4 hold. O

Lemma 3.6 (Basic identities for martingales). If (M,,) is an L*(u)-martingale with respect to (Fy,), then:

1. for all n, / M1 d,u:/ M, du;
b'e b'e

2. more generally, for any B € F,, / My1dp = / M, du.
B B
In particular, | My| 11y = [y |Mn|dp is not necessarily constant, but [ M, du is constant if M, > 0.

Proof. By Definition 3.3, E,[M, 1 | Fn] = M, p-a.e. Integrating both sides over any B € F,, and using the defining
property of conditional expectation (Definition 3.1) yields

/Mn+1 du:/ M, du.
B B

Taking B = X € F,, gives the first claim. O



Theorem 3.7 (Martingale convergence for nonnegative martingales). Let (X, X, u) be a finite measure space and
let (Fp) be a filtration. If (M,)n>1 is a nonnegative L(pn)-martingale, then there exists M € L'(u) such that
M, — M p-a.e. Moreover,
/ Mdp = lim M, du,
X X

n—oo

and if in addition (M,) is uniformly integrable (for example, if it is bounded in LP(u) for some p > 1), then
M, — M in L'(u) as well.

Proof. Since M,, > 0 and (M,,) is a martingale, Lemma 3.6 implies that fX M, du is constant and finite, hence the
family {M,, : n > 1} is bounded in L'(u). Define the maximal function M* := sup,,»; M,. A standard maximal
inequality (Doob’s inequality) for nonnegative submartingales yields, for all A > 0,

w(M* > X)) < lsup/ M, du.

An>1Jx
In particular, M* < oo p-a.e. This implies (M, (x)),>1 is bounded for p-a.e. z. Next, apply the upcrossing
inequality (again standard and proved using only the martingale property) to conclude that, for any rationals
a < b, the number of upcrossings of the interval [a,b] by the sequence (M, (z)) is finite for p-a.e. z. Since Q?
is countable, for u-a.e. x there are finitely many upcrossings for every rational interval, which forces M, (z) to
converge. Define M(x) := lim,_,oc My (z) on this full-measure set, and set M = 0 elsewhere. Finally, Fatou’s
lemma gives

Mdu < liminf/ M, du < oo,
X

X n—oo
so M € L*(u), and the identity for fX M dyu follows since fX M, du is constant and M,, — M a.e. with M,, > 0.
The L' convergence under uniform integrability is a standard implication of Vitali’s theorem. O

3.2 Proof of Radon-Nikodym Theorem

We first prove the theorem for finite measures and then extend to the o-finite case using Lemma 1.6. Assume
w(X) < 00, ¥(X) < 00, and v < p. Assume X is countably generated, i.e. ¥ = o(Eq, Fs,...) for some measurable
sets (Ek)kzl.l For each n, let P,, be the finite partition of X into the atoms of the algebra generated by E, ..., E,:

Pui= { (VB Fie (BB ()

Let Fp i= 0(Py) = o(E, ..., Ey,); then (Fn)n1 is a filtration and U(Un21 ]—"n> =5

Definition 3.8 (Partition approximations). For each n > 1, define the F;,-measurable function

o v(4) o
Gn = A;" u(A)lA’ (0/0 := 0).

This is well-defined since v < p implies p(A4) =0 = v(A) = 0.

Lemma 3.9 (Representation on F,). For everyn > 1 and every B € F,,
v(B) = / gn dt.
B
In particular, [y gndp=v(X) and g, € L* ().

Proof. Every B € F,, = 0(P,,) is a disjoint union of atoms A € P,,, hence

B v(A) B _
/B gdn= 3 LEu4)= Y v(4) = u(B).

AeP, APy,
ACB ACB

Taking B = X gives [y gn dp = v(X). O

IThis holds in essentially all standard probability/analysis settings (e.g. standard Borel spaces). The fully general case can be
handled by replacing the sequence below with a directed family of finite partitions.




Lemma 3.10 (Martingale property). The sequence (gn)n>1 is a nonnegative L*(p)-martingale with respect to the
filtration (Fp)n>1-

Proof. By construction, g, is F,-measurable and g, > 0. Also g, € L'(u) by Lemma 3.9. It remains to show
E.lgn+1 | Fu] = gn p-a.e. Since g, is F,-measurable, it suffices (Definition 3.1) to check that

/9n+1du=/gndu VB e F,.
B B

But F,, C Fp41, so Lemma 3.9 applied at levels n and n + 1 yields

/gn+1du=1/(3):/gndu~
B B
O

Lemma 3.11 (Uniform integrability from absolute continuity). If v < u, then the martingale (g,) is uniformly
integrable. Equivalently,

lim sup/ gn dp = 0.
K=o n>1J{g,>K}

Proof. Fix € > 0. Since v < p and v is finite, there exists § > 0 such that u(F) < § = v(F) < e. By Markov’s
inequality and Lemma 3.9,
v(X)

1
K)) < — S
1({gn > K}) < K/Xgndu o

Choose K large enough that v(X)/K < §. Then u({g, > K}) < 9, hence v({g, > K}) < ¢ for every n. Finally,
{gn > K} € F,, so Lemma 3.9 gives

/ gndp=v({g, > K}) <e Vn.
{gn>K}

Taking the supremum over n proves uniform integrability. O

Proof of Theorem 2.4. By Lemma 3.10, (g,) is a nonnegative L!(u)-martingale. By Theorem 3.7, there exists
g € L*(p) such that g, — g p-a.e. Moreover, by Lemma 3.11, (g,,) is uniformly integrable, hence Theorem 3.7
yields g, — g in L'(u) as well.

Let A := J,5; F»n- This is an algebra and o(A) = X. Fix B € A; then B € F,, for some m. For all n > m,
Lemma 3.9 gives v(B) = [} gn dju. Passing to the limit using L'-convergence,

v(B) = lim gnd,u:/gdu.
B B

Define
::{BEZ: I/(B):/Bgdu}.

Then C is a Dynkin system (closed under complements and countable disjoint unions), and it contains the algebra
A. By the m-\ / monotone class principle, C contains ¢(A) = ¥. Therefore,

v(B) :/gdu VB € X.
B
O
Now assume o and v are o-finite and v < p. Choose measurable sets X; C Xy C --- with X = (J,~; Xi and

0 < pu(Xg) < 00, (X)) < oo for all k. Apply the finite-measure case above to the restricted measures p|x, and
v|x, to obtain measurable g : X — [0, 00) such that

V(B):/gkdu VB € ¥ with B C X
B



By Lemma 1.6, these local densities patch together to a measurable g : X — [0, 00) satisfying
v(B) :/ gdu VYBeX.
B

Uniqueness p-a.e. follows from the usual argument in Lemma 1.7: if ¢’ also represents v, then | plg—g)du=0
for all B, hence g = ¢’ p-a.e. This completes the proof of Radon-Nikodym Theorem.

4 Proof III: Strong von Neumann

This section presents von Neumann’s Hilbert-space proof of the finite-measure Radon-Nikodym theorem, following
Shapiro [4]. The key idea is to regard

fn—>/de1/

as a bounded linear functional on a suitable Hilbert space. By the Riesz representation theorem, this functional is
realized as an inner product with some h € L?(p), where p := u + v. One then solves the identity dv = hd(u + v)
for dv in terms of du to obtain dv = gdpu.

4.1 Hilbert space setup and Riesz representation

Throughout this section assume p(X) < oo, ¥(X) < oo, and v < p. Set
pi=p+u.

Then p is a finite measure and v < p. Let H := L?(p) with inner product (f,k) := [ fkdp. Define a linear
functional L : H — R by

L(f) ::/ fav.
X
This is well-defined: if f =0 p-a.e., then f =0 v-a.e. since v < p.
Lemma 4.1 (Boundedness of L). The functional L is bounded on L*(p) and satisfies

LU < VrX) Ifll2y V€ L2 (p).

Proof. For f € L?(p), Cauchy-Schwarz gives

2

|MMsAfm@(Aﬂwﬁmmmws(Ammawwmwz¢mmmpw
O

Theorem 4.2 (Riesz representation in Hilbert spaces). Let H be a Hilbert space (over R). For every bounded
linear functional L : H — R, there exists a unique h € H such that

L(f)=(fh) VfeH.
Applying Theorem 4.2 to H = L?(p) and the functional L above, we obtain h € L?(p) such that
[ gar = [ fhap v e (1)
b's p's
In particular, taking f = 14 for A € X yields
v(A) :/ hdp (Ae€X),
A

so h is a Radon-Nikodym derivative of v with respect to p.

Lemma 4.3 (Pointwise bounds on h). The function h satisfies 0 < h <1 p-a.e.



Proof. First, for any measurable A we have v(A4) = fA hdp > 0. If N := {h < 0} had positive p-measure, then
v(N) = [y hdp <0, a contradiction. Hence h > 0 p-a.e. Next, for each n > 1 set A, := {h > 1+ }. Then

1
v(A,) = / hdp > (1 + n) p(A,) > p(Ay).
ATI,
But v(A,) < p(A,) since p = p+ v. Hence p(A4,,) = 0 for all n, and therefore p({h > 1}) = 0. O

4.2 Back-substitution to recover dv/du
Let N := {h = 1}. Since v(N) = [, hdp = p(N), we have

p(N) = u(N) + v(N) = v(N) = u(N) =0,

and hence also v(NN) = 0 because v < . Define the measurable function

h
g:= ﬁl{hd} (with any value on N it is p-null).

Lemma 4.4 (A useful identity). For every bounded measurable p,

/Xap(l—h)duz/xgphdu.

Proof. Bounded ¢ belongs to L?(p) since p(X) < oo, so (1) applies:

/gpduz/cphdp:/cphdqu/gohdu.
b'e X X b'e

Rearranging yields the claim. O

Proof of Theorem 2.4. For n > 1let E, := {h <1—1}. Then E, 1 {h < 1} and on E,, we have 2= < n. Fix
A € ¥ and apply Lemma 4.4 with

_ lang,

1-h’

which is bounded and measurable. Then

lane lanE h
I/(AQE,):/ 7"(1—h)d1/:/ 7"hd,u:/ dM:/ gdp.
3 x 1—h x 1—h ang, 1—h A,

Letting n — oo and using monotone convergence on both sides (note that ANE, + AN{h < 1} and glg, 1 g), we
obtain

I/(Aﬂ{h<1}):/ gdu.

An{h<1}
Finally, (AN N) =0 and u(N) = 0, hence

v(A)=v(An{h<1}) = /Am{hd}gdu = /Agdu.
O

As in the previous sections, the extension from finite measures to o-finite measures follows directly from Lemma 1.6.
Uniqueness p-a.e. is handled by Lemma 1.7.
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5 Failure Modes

Radon-Nikodym requires absolute continuity v < p. When this fails, the obstruction is not mysterious: v can
contain a singular part that lives on a p-null set, and no density with respect to u can describe that portion. The
correct global statement is the Lebesgue decomposition (Folland [3] and Tao [5]).

Definition 5.1 (Mutual singularity). Let p, v be measures on (X,X). We say v is singular with respect to p,
written v L p, if there exists IV € X such that

u(N) =0 and v(N¢) =0.

Equivalently, u and v are supported on disjoint measurable sets. From this definition, a basic uniqueness principle
follows: if 1 is a measure such that n < p and n L p, then n = 0. Indeed, choose N with u(N) =0 and n(N¢) = 0.
Absolute continuity gives n(N) = 0, hence n(X) = n(N) + n(N¢) = 0.

Theorem 5.2 (Lebesgue decomposition). Let u,v be o-finite measures on (X,%). Then there exist measures Vac
and vs such that
V="Va+ Vs Vac<pW, Vs Lp.

Moreover, the pair (Vae, Vs) is unique.

Proof. Set A := p+ v. Then A is o-finite and ¢ < A, v < A. By the Radon-Nikodym Theorem, there exist
Y-measurable functions g, f > 0 such that

,u(A):/Agd)\, I/(A):/Afd)\ (VA e ).

Let E :={g > 0} and N := E° = {¢g = 0}. Note that

w(N) :/Ngd)\:().

Define, for A € %,

vs(A) :==v(ANN) = /Amed)\, Vac(A) :=v(ANE) = AmEfd)\.

Then v = v, + s is immediate from the partition A = (AN E)U (AN N). Also, vs L p because p(N) = 0 and
Vs(N°) =v(N°N N) = 0. It remains to see vpc < . On E we have g > 0, so we may set

h:= ilE (with any value on N),
g

which is Y-measurable. For A € ¥,

/hdu:/ilEdu:/ id/LZ/ igdAz A\ = vac(A).
A A9 AnE 9 AnE 9 ANE

Thus vac = hu, hence v, < p. For uniqueness, suppose also v =n+p withn < pand p L p. Then voe —n = p—1s
is a signed measure which is absolutely continuous w.r.t. p (difference of <« p measures) and singular w.r.t. p
(difference of L p measures). By the basic uniqueness principle above, it must be 0. Hence v, =0 and v = p. O

Corollary 5.3 (Lebesgue-Radon-Nikodym form). Under the hypotheses of Theorem 5.2, there exist a measurable
h:X —[0,00) and a measure vs L p such that

v(A) = / hdp+vs(A) (VAeX).
A
Moreover, h is unique p-a.e. and equals dv,./dp.

Proof. This is Lebesgue decomposition plus Radon-Nikodym applied to the absolutely continuous part v, < p. O
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The obstruction to writing v(A) = [ 4 hdp for all A is precisely the singular component vs. In particular,
v = vs=0

So Radon-Nikodym works ezactly on the v,. part and has nothing to say about v.
Ezample 5.4 (Density plus atoms). Let X = R with Borel o-algebra, u = dz (Lebesgue measure), and
V= f(m)derZakérk, >0, a,>0, 2, €R.
k>1

Then v, = fdx and vs =), -, ar 0s,. Indeed, the atomic part is supported on the countable set {x}}, which has
p-measure 0, hence is singular w.r.t. dz.

Ezample 5.5 (Cantor measure vs Lebesgue). Let y = dx on [0,1] and let v be the standard Cantor-Lebesgue
(Cantor) measure. Then v L p, 0 vac = 0 and v5 = v. Equivalently, any putative density h must satisfy [hdp =0
while v([0,1]) = 1, so the mass of v cannot be captured by a p-density.

Ezample 5.6 (Purely atomic vs atomless). Let p be an atomless measure (e.g. Lebesgue measure on [0, 1]), and let

V= Zak 0z, with ag > 0.
E>1

Then v L p: take N := {z} : k > 1}, which is countable, hence u(N) = 0, and v(N€¢) = 0 by construction. Thus
the decomposition is v, =0, vy = v.

6 Calculus of Radon-Nikodym Derivatives

This section records the standard “calculus rules” for Radon-Nikodym derivatives that one uses constantly in
practice; see Folland [3] and Durrett [2]. Throughout, (X, X) is a measurable space and all measures are assumed
o-finite.

6.1 Algebraic rules
Lemma 6.1 (Chain rule). Let A, u, v be measures on (X,X) with v < p and p < A. Then v < X and
dv  dv dup

i
AN dpax "€
Proof. Let f := Z—Z and h := %. For any A € 3,
[ har= [ rau=via)
A A
so fh is a Radon-Nikodym derivative of v with respect to A, and uniqueness holds \-a.e. O

Corollary 6.2 (Linearity). Let u be a measure and let vy, vo < . Then (11 + v2) < p and

d d d
dontvs) _dn v
du du du

More generally, for a,b >0,
d(avy + bvs) diy dvy

=a— +b—= p-a.e.
du “ du + dp pa-e
Proof. Let f; := d’:f. For any A € 3,
[ f2)dis = () () = (1 ) (),
A
and similarly for ary + bry. Uniqueness gives the identities p-a.e. O
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Corollary 6.3 (Reciprocal rule). Let u,v be measures on (X,X) with p < v and v < p (i.e. p ~ v). Write
g:= % and h := %, Then
gh=1 v-a.e. and hg=1 p-a.e.

In particular,

dp 1 dv 1
W v jdp v-a.e. and @ = W -a.e
Proof. Apply Lemma 6.1 twice: first with v < u < v to get
dv _ dvdp
dv  dudv’
which is 1 = gh v-a.e.; and second with p < v < u to get 1 = hg p-a.e. O

6.2 Change of measure in probability language

Corollary 6.4 (Expectation under a change of measure). Let (Q, F) be a measurable space and let P, Q be probability
measures with Q < P. Define the likelihood ratio (density)

dQ
L:=—.
dp
Then for every measurable Y > 0,
EqlY] = Es[Y L.
In particular, Ep[L] = 1.
Proof. This is Corollary 1.8 applied with (u,v) = (P,Q); taking Y = 1 gives Ep[L] = Q(R2) = 1. O

Corollary 6.5 (Bayes formula for conditional expectations). In the setting of Corollary 6.4, let G C F be a

sub-o-algebra and let Y € L*(Q). Define
_ Ep[YL|G]

- O EL]g]”
with the convention Z =0 on the set {Ep[L | G] = 0}. Then
EolY |G]=Z Q-a.e.

In particular, for A € F,

_ Ep[14L [ d]
QA |G) = EP[L Gl Q-a.c.

Proof. Let B € G. Using Corollary 6.4 and the defining property of conditional expectation (Definition 3.1),

B [ E[YL|G]
/BZdQ_/BZLdP_/BiEP[LW] LdP.

Now note that, by the tower property and G-measurability,

Ep[YL |G _ [ Ep[YL|G] _ _ _
/BWLCZP_/B RIATE EP[L|g]dIP’—/B]Ep[YL|g]dIP’—/BYLdIF’—/BYdQ.

Thus Z satisfies the defining property of Eg[Y" | G], and uniqueness holds Q-a.e. O

7 Duality Perspective

This section records a useful “two-sides-of-the-same-coin” viewpoint (see Folland [3]): the Radon-Nikodym theorem
and the identification of (L!(u))* with L>°(u) are tightly linked.

Remark 7.1 (Dependencies). In many texts, L'-L> duality is proved using Radon-Nikodym (so presenting it as
a separate “proof route” can create a logical trap). For that reason, we state the relationship explicitly as an
equivalence: we give (A) a standard derivation of duality from Radon-Nikodym, and (B) a derivation of Radon-
Nikodym from duality under the standing assumption that the duality theorem has been proved independently.
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7.1 Statement: (L'(p))* = L>®(u)
Let (X,X, 1) be a measure space. For g € L°°(u) define a linear functional

Blg): L'(w) =R, B(g)(f) = /X Fgdp.

By Hélder’s inequality, |®(g)(f)] < [lgllze (u)l|.fll 1 (), hence ®(g) € (L' (u))*.

Theorem 7.2 (L!'-L*° duality; equivalence form). Assume p is o-finite. The following are equivalent.

(RN) (Radon-Nikodym) Whenever v < p are o-finite measures, there exists g with v(A) = [, gdp for all A € 3.
(D) (Duality) The map ® : L™= () — (L' (u))* is an isometric isomorphism; i.e. every T € (L*(u))* has the form

T(f):/ngdu (f € I (w)

for a unique g € L>(p) (unique p-a.e.), and |T|| = (|g|lLo ()

7.2 Route A: Radon-Nikodym = duality
We prove (D) from (RN) (this is the standard derivation in Folland [3]).

Proof of (RN)=(D). We already noted ®(g) € (L'(u))* and ||®(g)|| < [|gllco- For the reverse inequality, let

¢ :=||gll (). By definition of essential supremum, for each n the set A, := {|g| > ¢ — 1} has positive y-measure.
Define L (@)
A, SgIg 1
foi= == € L), fnllorgy = 1.
1(Ay) (1)
Then

l2(g)] > <I><g><fn>|—‘@/A Igldu‘zc—i.

Letting n — oo yields ||®(g)|| > ¢, hence ||®(9)|| = ||g]lcc and @ is an isometry.
Let T € (L*(u))* be arbitrary. Define a set function v : ¥ — R by

v(A):=T(1s), AeX.

If p is finite, then for any disjoint A, Ao, ... we have 1up_ Ay = 1upspa, In L'(u), so continuity of T implies
countable additivity; hence v is a finite signed measure. Moreover, for all A,

(A)] = [TA) < T TallLr ) = IT] 1(A),

so in particular v < p. By applying (RN) to the positive and negative parts of v, there exists g € L'(u) with
v(A) = [, gdu for all A; the domination |v(A)| < ||T||u(A) forces g € L™ (u) with [|gllo < ||IT].

Now check that T'(f) = [ fgdp for all f € L'(u). This holds first for simple functions by linearity and the identity
for indicators; then extend to all of L' by density of simple functions and continuity of both sides. Finally, isometry
gives [T = [g]loe-

If 11 is merely o-finite, reduce to the finite case on a partition X = ¢, E,, with p(E,) < oo (as in Lemma 1.6) and
patch the resulting representing functions. O

7.3 Route B: duality = Radon-Nikodym
Here we go in the opposite direction, assuming the duality statement (D) has been proved independently.

Proof of (D)=(RN). Let u,v be o-finite measures on (X,Y) with v < u. Set p := pu + v (still o-finite). Define a
linear functional on L!(p) by

)= [ fan. el
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This is well-defined and bounded because [L(f)| < [|fldv < [|fldp = |fllL1(p. so || L] < 1.
By (D) applied to the measure p, there exists h € L°(p) such that

[orar = [ snap vrerio,

Taking f = 14 shows v(A) = fA hdp for all A € ¥, i.e. dv = hdp. Since L is positive, we may take h > 0 p-a.e.;
and since ||L|| < 1, the isometry in (D) gives [|h[|zo(,) < 1, hence 0 < h <1 p-a.e.

V(A):/Ahdp:/Ahdu+/Ahdz/,
/A(l—h)dz/:/Ahdu.

(1 =h)dv = hdpu.
Because v < u, we have v({h =1}) = 0 (since u({h = 1}) = 0 from the identity above). Define

Now expand p = p+ v:
so for all A,

In other words, as measures we have

h
9=1"7 on {h < 1}, g:=0 on{h=1}

Then g is measurable and for every A € 3,

h 1 1
gd :/ —d :/ — _hd :/ — (1= h)dv =v(A),
/A a Am{h<1}1—h a Am{h<1}1—h H Am{h<1}1—h( ) (A)

where the last step uses v({h = 1}) = 0. This is exactly the Radon-Nikodym conclusion. O

8 Geometric Differentiation Viewpoint

This viewpoint treats the Radon-Nikodym derivative as a local ratio of masses. It requires additional geometric
structure (a topology/metric and a differentiation basis), so it is not available on an arbitrary measurable space.
Following the discussion in Tao [5], we can make this precise by examining the Euclidean setting.

Let X = R with its Borel o-algebra, and let j,v be locally finite Borel measures (e.g. Radon measures). For
x € R? and r > 0, write B(x,) for the open Euclidean ball. If v < y and g = dd—Z, then

v(B(z,1)) _ 1 / gy
B(z,r)

p(B(z,r))  pw(B(z,r))

whenever p(B(x,7)) > 0. Thus, identifying g(z) amounts to a differentiation theorem for the averages of g over
shrinking neighbourhoods. To resolve this, we rely on the fact that balls in R? form a differentiation basis. This
allows us to invoke the Lebesgue differentiation theorem:

Theorem 8.1 (Lebesgue differentiation for measures on R%). Let p be a locally finite Borel measure on R and let
f e LL.(u). Then for u-a.e. x with p(B(z,r)) > 0 for all sufficiently small r,

loc

1

B B = 1

A standard proof route uses a maximal inequality together with a covering lemma (the geometry of balls in R? is
what makes this work); see Tao [5]. Applying Theorem 8.1 directly to the density function f =g = g—l’; yields the
promised geometric identification.

Corollary 8.2 (Geometric differentiation formula). Let i, v be locally finite Borel measures on R with v < p,
and let g = Z—Z € Ll (n). Then

v(B(z,7))
B(x,r))

g(z) = lim

or u-a.e. I.
o for
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Proof. For any x,r with u(B(x,r)) > 0,

v(B(z,T)) 1 /
= g dlll.
w(B(z,r))  w(B(x,7)) /B,
The conclusion follows by applying Theorem 8.1 to f = g. O

This “zooming-in” principle has a discrete parallel in the martingale viewpoint, often described as information
refinement. Instead of Euclidean balls, one can use a nested partition, such as dyadic cubes. Let D,, be the dyadic
cubes of sidelength 2~" and let F,, be the o-algebra they generate. For 2 € R? let Q,,(x) € D,, be the unique cube
containing x, and define

v(Qn())

gn(x) = m (with g, (z) =0 if u(Qn(z)) = 0).

If v « p with density g = Z—Z, then one checks that g, = E,[g | F»] a.e., s0 (gn)n>1 is a martingale and the
martingale convergence theorem gives g, — g p-a.e.

Ultimately, these formulas highlight why “extra structure” is required. On a general measurable space (X, ), the
Radon-Nikodym theorem guarantees the existence of a density g as an equivalence class, but there is no canonical
notion of a “shrinking neighbourhood.” The geometric differentiation formula only becomes available when X carries
enough structure (like R? or specific metric measure spaces) to support a valid differentiation basis.

9 Radon—Nikodym Property

This section records the Banach-space frontier behind the slogan “Radon—Nikodym = density.” For vector-valued
measures, absolute continuity does not by itself guarantee the existence of a density; instead, this becomes a
geometric property of the target Banach space. We follow the standard presentation in Diestel and Uhl [1].

9.1 Vector-valued measures and variation
Let (X,X) be a measurable space and let (B, || - ||) be a Banach space.

Definition 9.1 (Vector measure). A B-valued (countably additive) measure is a map m : 3 — B such that for
every pairwise disjoint family (Ay),>1 C £ we have

m(L—}j An) = Zm(An) (convergence in || - ||).

n>1 n>1

Definition 9.2 (Total variation). If m : ¥ — B is a vector measure, define its variation on A € ¥ by

WM@ﬁww{Z:mmwhAZtﬂmnMGZ}ENw}
k=1

k=1
We say that m has bounded variation if |m|(X) < oco.

It is standard that |m| is a (finite) measure whenever m has bounded variation; it plays the role of “|dm|” in the
scalar theory.

Definition 9.3 (Absolute continuity for vector measures). Let u be a (scalar) measure on (X, ¥). We write m < p
if u(A) = 0 implies m(A) = 0 for all A € ¥. Equivalently (when m has bounded variation), m < u iff |m| < pu.
9.2 Bochner densities

To even state a Radon-Nikodym theorem, we must specify what we mean by a “density”.

Definition 9.4 (Bochner integrability). A function f : X — B is Bochner integrable with respect to p if it is
strongly (Bochner) measurable and
sl du < oc.
X
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In this case one can define [ 4 fdp € B for all A € 3 by approximation with simple B-valued functions, and the
map

A%/Afd,u

is a B-valued measure of bounded variation.

9.3 Vector Radon-Nikodym theorem and the RNP

The scalar Radon-Nikodym theorem says: if v < p, then v has a density g € L!(u). For vector measures, the
analogous statement may fail even when m < p.

Theorem 9.5 (Vector Radon-Nikodym property [1]). Let (X,X, ) be a finite measure space and let m : ¥ — B
be a B-valued measure of bounded variation with m < u. If B has the Radon-Nikodym property, then there exists
a Bochner integrable function f € L*(u; B) such that

m(A):/Afdu (VA € x).

In this case f is unique p-a.e. and is denoted by f = (Z—ZL.
This motivates the central definition.

Definition 9.6 (Radon-Nikodym property (RNP)). A Banach space B has the Radon-Nikodym property if for
every finite measure space (X, X, 1) and every B-valued measure m of bounded variation with m < u, there exists
a Bochner integrable density f € L'(u; B) such that m(A) = S fduforall AeX.

Remark 9.7 (Failure mode). If B fails the RNP, then there exist a finite measure space (X, ¥, u) and a B-valued
measure m of bounded variation with m < p for which no Bochner density exists. Thus, unlike the scalar case,
“m < p” is not the right hypothesis by itself; one must also assume a structural property of the target space.

9.4 Operator viewpoint
A convenient reformulation packages vector measures as operators on L'

Definition 9.8 (Representable operators). Let (X,3, ) be finite. A bounded linear operator T : L'(u) — B is
representable if there exists an essentially bounded, strongly measurable g : X — B such that

T(p) = /X o(@) g(x)du(z) (Vg € L),

Given T : L*(n) — B, the set function mr(A) := T(14) is a B-valued measure of bounded variation and satisfies
mr < p (indeed ||mr(A)|| < || T||n(A)). Conversely, any such m induces a bounded operator by T,,,(¢) = [ ¢ dm.
One of the standard equivalences in Diestel and Uhl [1] is that B has the RNP iff every bounded T': L!(1) — B is
representable (it suffices to test this on (X, X%, u) = ([0,1], B, \)).

9.5 Examples and non-examples

We list a few standard facts; proofs and many more characterizations (dentability, martingales, differentiability of
Lipschitz maps, ...) are in Diestel and Uhl [1].

e Reflexive spaces have the RNP. In particular, Hilbert spaces and LP(u) for 1 < p < oo have the RNP.

e Separable duals have the RNP. If B = Y* for some separable Banach space Y, then B has the RNP; e.g.
¢t = ¢ has the RNP.

e A canonical non-example is L'(0,1) (Lebesgue measure), which does not have the RNP; consequently there
exist L1(0,1)-valued measures m < A of bounded variation with no Bochner density. Other familiar spaces
without the RNP include L>°(0,1) and C[0,1].

e (Closed subspaces of an RNP space have the RNP, and equivalent renormings preserve the RNP.
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Remark 9.9 (Big picture). At the scalar level, the Radon-Nikodym theorem says: absolute continuity = density.
At the vector level, the correct statement is:

m < p and B has RNP = m has a Bochner density.

So the RN phenomenon persists precisely in those Banach spaces whose geometry rules out the “pathological”
vector measures.
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