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Radon-Nikodym Theorem, Many Ways

Radon-Nikodym Theorem. Let (X,Σ) be a measurable space, and let µ, ν be σ-finite measures on (X,Σ).
If ν ≪ µ, then there exists a Σ-measurable function g : X → [0,∞) such that

ν(A) =

∫
A

g dµ ∀A ∈ Σ.

Moreover, g is unique µ-almost everywhere (a.e.) and it is called the Radon-Nikodym derivative of ν with
respect to µ, denoted by g = dν

dµ .
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1 Preliminaries

We follow standard conventions, for a background on Measure Theory, see Folland [3] and Tao [5].

1.1 Measure-theoretic notions

Definition 1.1 (Null sets and a.e. properties). Let µ be a measure on (X,Σ). A set N ∈ Σ is µ-null if µ(N) = 0.
A property P (x) holds µ-a.e if µ ({x ∈ X : P (x) fails}) = 0. If f, g : X → R = R ∪ {−∞,+∞} are measurable, we
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write f = g µ-a.e. if µ({f ̸= g}) = 0.

Definition 1.2 (Absolute continuity). For measures µ, ν on (X,Σ), ν is absolutely continuous with respect to µ,
denoted by ν ≪ µ, if µ(A) = 0 implies ν(A) = 0 for all A ∈ Σ.

Definition 1.3 (σ-finiteness). A measure µ on (X,Σ) is σ-finite if there exist sets X1, X2, · · · ∈ Σ such that
X =

⋃
n≥1 Xn and µ(Xn) < ∞ for all n.

Definition 1.4 (Restriction). Let µ be a measure on (X,Σ) and E ∈ Σ. The restriction µ|E is the measure on
(E,Σ|E) defined by

(µ|E)(A ∩ E) := µ(A ∩ E), A ∈ Σ,

where Σ|E := {A ∩ E : A ∈ Σ}.

Lemma 1.5 (Restriction preserves absolute continuity). If ν ≪ µ, then for every E ∈ Σ we have ν|E ≪ µ|E.

Proof. Let B ∈ Σ|E with (µ|E)(B) = 0. Then B = A ∩ E for some A ∈ Σ and µ(A ∩ E) = 0, hence ν(A ∩ E) = 0
since ν ≪ µ. Therefore (ν|E)(B) = 0.

1.2 Results used throughout

Lemma 1.6 (Patching from finite to σ-finite). Assume the Radon-Nikodym theorem holds whenever both measures
are finite. Let µ, ν be σ-finite measures on (X,Σ) with ν ≪ µ. Then there exists a Σ-measurable g : X → [0,∞)
such that

ν(A) =

∫
A

g dµ ∀A ∈ Σ,

and g is unique µ-a.e.

Proof. Choose (Ai)i≥1 with X =
⋃

i Ai and µ(Ai) < ∞, and (Bj)j≥1 with X =
⋃

j Bj and ν(Bj) < ∞. Enumerate
En := Ai∩Bj so that X =

⋃
n En and µ(En), ν(En) < ∞. Let F1 := E1 and Fn := En \

⋃
k<n Ek for n ≥ 2, so that

X =
⊎

n Fn and still µ(Fn), ν(Fn) < ∞. By restriction, ν|Fn
≪ µ|Fn

for each n. Apply the finite Radon-Nikodym
theorem on (Fn,Σ|Fn) to obtain gn : Fn → [0,∞) with

ν(A ∩ Fn) =

∫
A∩Fn

gn dµ ∀A ∈ Σ.

Extend each gn by 0 outside Fn and set g :=
∑

n≥1 gn. Then for any A ∈ Σ,∫
A

g dµ =
∑
n≥1

∫
A∩Fn

gn dµ =
∑
n≥1

ν(A ∩ Fn) = ν(A),

since A =
⊎

n(A ∩ Fn). Uniqueness follows by restricting to each Fn and using uniqueness in the finite case (if g, h
both work, then g = h µ-a.e. on every Fn, hence on X).

Lemma 1.7 (Uniqueness of the Radon-Nikodym derivative). Let g, h : X → [0,∞] be measurable. If∫
A

g dµ =

∫
A

h dµ ∀A ∈ Σ,

then g = h µ-a.e.

Proof. For n ≥ 1, set Bn := {g > h+ 1
n} ∈ Σ. If µ(Bn) > 0, then∫

Bn

g dµ ≥
∫
Bn

(
h+ 1

n

)
dµ =

∫
Bn

h dµ+ 1
n µ(Bn) >

∫
Bn

h dµ,

contradicting the hypothesis with A = Bn. Hence µ(Bn) = 0 for all n. Since {g > h} =
⋃

n≥1 Bn, we get
µ({g > h}) = 0. By symmetry, µ({h > g}) = 0, so µ({g ̸= h}) = 0.
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Corollary 1.8 (Change of measure). Let µ, ν be measures on (X,Σ) with ν ≪ µ, and let g = dν
dµ . Then for every

measurable f ≥ 0, ∫
X

f dν =

∫
X

f g dµ.

In particular, if f ∈ L1(ν), then fg ∈ L1(µ) and the same identity holds.

Proof. First assume f is a simple function, f =
∑m

k=1 ak1Ak
with ak ≥ 0. Then by linearity and the defining

property of g, ∫
f dν =

m∑
k=1

akν(Ak) =

m∑
k=1

ak

∫
Ak

g dµ =

∫
fg dµ.

Now let f ≥ 0 be measurable. Choose simple fn ↑ f pointwise. By the previous step,
∫
fn dν =

∫
fng dµ for all n.

Apply monotone convergence to both sides to get∫
f dν = lim

n→∞

∫
fn dν = lim

n→∞

∫
fng dµ =

∫
fg dµ.

Finally, if f ∈ L1(ν), write f = f+−f− and apply the f ≥ 0 case to f+ and f−. This yields
∫
|f | dν =

∫
|f |g dµ < ∞,

hence fg ∈ L1(µ), and
∫
f dν =

∫
fg dµ.

In what follows, each proof route establishes Radon-Nikodym Theorem in the finite measures case. The general
σ-finite measures case follows directly from Lemma 1.6. Two consequences are uniqueness (Lemma 1.7) and the
change-of-measure identity (Corollary 1.8).

2 Proof I: Measure-Theoretic

This section gives the classical measure-theoretic proof of the Radon-Nikodym Theorem, following Folland [3]. The
argument has two complementary components: (i) a supremum construction that produces a maximal density g ≥ 0
satisfying ∫

A

g dµ ≤ ν(A) (∀A ∈ Σ),

and (ii) a signed-measure step (via Hahn decomposition) that upgrades this maximal inequality into the exact
identity

ν(A) =

∫
A

g dµ (∀A ∈ Σ).

We first prove the theorem in the finite-measure case by constructing g from a maximizing sequence and then
showing that the residual measure λ := ν − gµ must vanish. The key point is that if λ ̸= 0, Hahn decomposition
identifies a measurable region on which one can increase g while preserving admissibility, contradicting maximality.
The extension to the σ-finite case and the uniqueness µ-a.e. property then follow from Lemma 1.7 and Lemma 1.6.

2.1 Signed measures and Hahn decomposition

Definition 2.1 (Signed measure). A signed measure on (X,Σ) is a set function ρ : Σ → R that can be written
as ρ = ρ+ − ρ− for two finite measures ρ± and is countably additive on disjoint unions (with the usual convention
excluding ∞−∞).

Theorem 2.2 (Hahn decomposition). Let ρ be a signed measure on (X,Σ). Then there exists a measurable partition
X = P ⊔N such that ρ(E) ≥ 0 for all E ⊂ P and ρ(E) ≤ 0 for all E ⊂ N .

Proof. Write ρ = ρ+ − ρ− where ρ± are finite measures. Define

A := {A ∈ Σ : ρ(E) ≥ 0 for all E ∈ Σ with E ⊂ A}.

Let α := supA∈A ρ(A). By definition of α, for each n choose A′
n ∈ A with ρ(A′

n) > α− 1
n , and set An :=

⋃n
k=1 A

′
k.

Then (An) is increasing, (An)n≥1 ⊂ A and ρ(An) ↑ α. Set

P :=
⋃
n≥1

An, N := X \ P.
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Since An ↑ P and ρ± are continuous from below as they are measures,

ρ(P ) = ρ+(P )− ρ−(P ) = lim
n→∞

ρ+(An)− lim
n→∞

ρ−(An) = lim
n→∞

ρ(An) = α.

ρ(E) ≥ 0 for all measurable E ⊂ P : Let E ⊂ P be measurable and define En := E ∩An ⊂ An. Then ρ(En) ≥ 0
for each n since An ∈ A. Also En ↑ E as n → ∞. Since ρ± are continuous from below,

ρ(E) = ρ+(E)− ρ−(E) = lim
n→∞

ρ+(En)− lim
n→∞

ρ−(En) = lim
n→∞

(
ρ+(En)− ρ−(En)

)
= lim

n→∞
ρ(En) ≥ 0.

Thus P ∈ A, i.e. ρ(E) ≥ 0 for all measurable E ⊂ P .

ρ(E) ≤ 0 for all measurable E ⊂ N : Suppose not. Then there exists a measurable E ⊂ N with ρ(E) > 0. Define
β := sup{ρ(F ) : F ∈ Σ, F ⊂ E}. Then β ≥ ρ(E) > 0. For each n ≥ 1 choose F ′

n ⊂ E measurable such that
ρ(F ′

n) > β − 1
n . Set Fn :=

⋃n
k=1 F

′
k. Then Fn ⊂ E, (Fn) is increasing, and ρ(Fn) ↑ β. Define

B :=
⋃
n≥1

Fn ⊂ E.

We claim B ∈ A. First, since Fn ↑ B, by continuity from below for ρ±, ρ(B) = limn→∞ ρ(Fn) = β. Next, let
G ⊂ B be measurable. Put Gn := G ∩ Fn, so Gn ↑ G. If ρ(G) < 0, then ρ(Gn) → ρ(G) < 0, so for n large enough
ρ(Gn) < 0. But then Fn \ Gn ⊂ E and ρ(Fn \ Gn) = ρ(Fn) − ρ(Gn) > ρ(Fn), contradicting the definition of β as
the supremum of ρ(·) over subsets of E. Hence ρ(G) ≥ 0 for all G ⊂ B, i.e. B ∈ A.

Now B ⊂ E ⊂ N implies B ∩ P = ∅. For any measurable H ⊂ P ∪ B, write H = (H ∩ P ) ∪ (H ∩ B) as
disjoint union. Since P,B ∈ A, we have ρ(H ∩ P ) ≥ 0 and ρ(H ∩ B) ≥ 0, so ρ(H) ≥ 0. Thus P ∪ B ∈ A and
ρ(P ∪ B) = ρ(P ) + ρ(B) > ρ(P ) = α, contradicting the definition of α. This contradiction shows ρ(E) ≤ 0 for all
measurable E ⊂ N .

All in all, X = P ⊔N is a Hahn decomposition.

2.2 Proof of Radon-Nikodym Theorem

Lemma 2.3 (Lattice property). Let µ, ν be measures on (X,Σ) and define

C :=
{
f : X → [0,∞] measurable :

∫
A

f dµ ≤ ν(A) ∀A ∈ Σ
}
.

If f, h ∈ C, then f ∨ h ∈ C, where f ∨ h := max{f, h}.

Proof. With f, h ∈ C, for any A ∈ Σ,∫
A

(f ∨ h) dµ =

∫
A∩{f≥h}

f dµ+

∫
A∩{h>f}

h dµ ≤ ν(A ∩ {f ≥ h}) + ν(A ∩ {h > f}) = ν(A).

Thus f ∨ h ∈ C.

Theorem 2.4 (Radon-Nikodym, finite case). Let µ, ν be finite measures on (X,Σ) with ν ≪ µ. Then there exists
a measurable function g : X → [0,∞) such that

ν(A) =

∫
A

g dµ ∀A ∈ Σ.

Proof. By Lemma 2.3, let α := supf∈C
∫
X
f dµ, choose fn ∈ C such that

∫
X
fn dµ ↑ α, and set gn := f1∨· · ·∨fn ∈ C.

Then (gn) is increasing and
∫
X
gn dµ ↑ α. Define g := supn≥1 gn = limn→∞ gn. By monotone convergence, g is

measurable and for every A ∈ Σ, ∫
A

g dµ = lim
n→∞

∫
A

gn dµ ≤ ν(A),

so g ∈ C and
∫
X
g dµ = α. Define the set function

λ(A) := ν(A)−
∫
A

g dµ (A ∈ Σ).
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Since g ∈ C, we have λ(A) ≥ 0 for all A, and since both A 7→ ν(A) and A 7→
∫
A
g dµ are measures, λ is a finite

measure. Moreover, λ ≪ µ because ν ≪ µ and
∫
A
g dµ = 0 whenever µ(A) = 0.

Assume for contradiction that λ(X) > 0. Choose ε > 0 such that ρ(X) := λ(X)− εµ(X) > 0, and define the signed
measure ρ := λ− εµ. Let X = P ⊔N be a Hahn decomposition of ρ (Theorem 2.2). Then ρ(P ) ≥ 0 and ρ(N) ≤ 0,
hence ρ(P ) = ρ(X)− ρ(N) > ρ(X) > 0. In particular, µ(P ) > 0: otherwise µ(P ) = 0 would imply λ(P ) = 0 (since
λ ≪ µ), contradicting ρ(P ) = λ(P )− εµ(P ) = λ(P ) > 0.

Now define g′ := g + ε
21P , we claim g′ ∈ C. Indeed, fix any A ∈ Σ. Since A ∩ P ⊂ P and P is ρ-positive, we have

ρ(A ∩ P ) = λ(A ∩ P )− εµ(A ∩ P ) ≥ 0 =⇒ λ(A ∩ P ) ≥ εµ(A ∩ P ).

Using λ(A) ≥ λ(A ∩ P ) (monotonicity of the measure λ),∫
A

g′ dµ =

∫
A

g dµ+
ε

2
µ(A ∩ P ) = ν(A)− λ(A) +

ε

2
µ(A ∩ P ) ≤ ν(A)− λ(A ∩ P ) +

ε

2
µ(A ∩ P ) ≤ ν(A).

Thus g′ ∈ C. But then ∫
X

g′ dµ =

∫
X

g dµ+
ε

2
µ(P ) >

∫
X

g dµ,

contradicting the maximality
∫
X
g dµ = α. Hence λ(X) = 0. Since λ ≥ 0, it follows that λ ≡ 0, i.e.

ν(A) =

∫
A

g dµ ∀A ∈ Σ.

By Theorem 2.4, Radon-Nikodym holds when both measures are finite. Lemma 1.6 then yields the σ-finite case.
Uniqueness µ-a.e. follows from Lemma 1.7.

3 Proof II: Partitions and Martingales

This section gives a probabilistic proof of the Radon–Nikodym theorem following Durrett [2]. The guiding idea
is that the density f = dν/dµ is the limit of increasingly fine local averages. Given a finite partition P, the best
P-measurable approximation to f is the piecewise-constant function that on each atom A ∈ P equals the average
ratio ν(A)/µ(A). Refining the partitions produces a filtration (Fn) and a sequence (gn) of such approximations;
coherence under refinement is exactly the martingale property. The Martingale Convergence Theorem then yields
an almost sure limit g, and we verify that ν(B) =

∫
B
g dµ for all measurable B.

3.1 Conditional expectation and martingale convergence

Throughout this section, (X,Σ, µ) is a finite measure space (in particular, a probability space is allowed), and
(Fn)n≥1 denotes an increasing sequence of sub-σ-algebras of Σ.

Definition 3.1 (Conditional expectation). Let F ⊆ Σ be a sub-σ-algebra and let Y ∈ L1(µ). A conditional
expectation of Y given F is any F-measurable function Z ∈ L1(µ) such that∫

B

Z dµ =

∫
B

Y dµ ∀B ∈ F .

Any two such functions agree µ-a.e. and we denote (a chosen version of) Z by Eµ[Y | F ].

Lemma 3.2 (Conditional expectation for a finite partition). Let P be a finite measurable partition of X and let
F = σ(P) be a σ-algebra generated by P. For Y ∈ L1(µ), define

Eµ[Y | σ(P)] :=
∑
A∈P

(
1

µ(A)

∫
A

Y dµ

)
1A, with the convention

1

µ(A)

∫
A

Y dµ := 0 if µ(A) = 0.

Then this function is F-measurable, belongs to L1(µ), and satisfies∫
B

Eµ[Y | F ] dµ =

∫
B

Y dµ ∀B ∈ F .

Hence it is a version of the conditional expectation from Definition 3.1.
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Proof. Set

Z :=
∑
A∈P

(
1

µ(A)

∫
A

Y dµ

)
1A,

with the stated convention on {µ(A) = 0}. Then Z is σ(P)-measurable and∫
X

|Z| dµ =
∑
A∈P

∫
A

|Z| dµ =
∑
A∈P

∣∣∣∣ 1

µ(A)

∫
A

Y dµ

∣∣∣∣µ(A) ≤
∑
A∈P

∫
A

|Y | dµ =

∫
X

|Y | dµ < ∞,

so Z ∈ L1(µ).

Now let B ∈ σ(P). Since P is a partition, B is a disjoint union of atoms A ∈ P (possibly up to null sets), so∫
B

Z dµ =
∑
A∈P
A⊆B

∫
A

Z dµ =
∑
A∈P
A⊆B

1

µ(A)

(∫
A

Y dµ

)
µ(A) =

∑
A∈P
A⊆B

∫
A

Y dµ =

∫
B

Y dµ.

Thus Z satisfies the defining property in Definition 3.1.

Definition 3.3 (Martingale). Let (X,Σ, µ) be a finite measure space and let (Fn)n≥1 be an increasing sequence of
sub-σ-algebras of Σ (a filtration). A sequence of integrable functions (Mn)n≥1 ⊂ L1(µ) is called an L1(µ)-martingale
with respect to (Fn) if for every n:

1. Mn is Fn-measurable;

2. Eµ[ |Mn| ] < ∞ (equivalently Mn ∈ L1(µ));

3. Eµ[Mn+1 | Fn] = Mn µ-a.e.

If moreover Mn ≥ 0 µ-a.e. for all n, we call it a nonnegative martingale.

Definition 3.4 (Submartingale and supermartingale). Let (X,Σ, µ) be a finite measure space and let (Fn)n≥1 be
a filtration. A sequence (Mn)n≥1 ⊂ L1(µ) is called

1. a submartingale (w.r.t. (Fn)) if Mn is Fn-measurable for all n and

Eµ[Mn+1 | Fn] ≥ Mn µ-a.e. ∀n;

2. a supermartingale if Mn is Fn-measurable for all n and

Eµ[Mn+1 | Fn] ≤ Mn µ-a.e. ∀n.

Lemma 3.5 (Martingales are both sub- and supermartingales). Every martingale is both a submartingale and a
supermartingale.

Proof. If Eµ[Mn+1 | Fn] = Mn a.e., then both inequalities in Definition 3.4 hold.

Lemma 3.6 (Basic identities for martingales). If (Mn) is an L1(µ)-martingale with respect to (Fn), then:

1. for all n,

∫
X

Mn+1 dµ =

∫
X

Mn dµ;

2. more generally, for any B ∈ Fn,

∫
B

Mn+1 dµ =

∫
B

Mn dµ.

In particular, ∥Mn∥L1(µ) =
∫
X
|Mn| dµ is not necessarily constant, but

∫
X
Mn dµ is constant if Mn ≥ 0.

Proof. By Definition 3.3, Eµ[Mn+1 | Fn] = Mn µ-a.e. Integrating both sides over any B ∈ Fn and using the defining
property of conditional expectation (Definition 3.1) yields∫

B

Mn+1 dµ =

∫
B

Mn dµ.

Taking B = X ∈ Fn gives the first claim.
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Theorem 3.7 (Martingale convergence for nonnegative martingales). Let (X,Σ, µ) be a finite measure space and
let (Fn) be a filtration. If (Mn)n≥1 is a nonnegative L1(µ)-martingale, then there exists M ∈ L1(µ) such that
Mn → M µ-a.e. Moreover, ∫

X

M dµ = lim
n→∞

∫
X

Mn dµ,

and if in addition (Mn) is uniformly integrable (for example, if it is bounded in Lp(µ) for some p > 1), then
Mn → M in L1(µ) as well.

Proof. Since Mn ≥ 0 and (Mn) is a martingale, Lemma 3.6 implies that
∫
X
Mn dµ is constant and finite, hence the

family {Mn : n ≥ 1} is bounded in L1(µ). Define the maximal function M∗ := supn≥1 Mn. A standard maximal
inequality (Doob’s inequality) for nonnegative submartingales yields, for all λ > 0,

µ(M∗ > λ ) ≤ 1

λ
sup
n≥1

∫
X

Mn dµ.

In particular, M∗ < ∞ µ-a.e. This implies (Mn(x))n≥1 is bounded for µ-a.e. x. Next, apply the upcrossing
inequality (again standard and proved using only the martingale property) to conclude that, for any rationals
a < b, the number of upcrossings of the interval [a, b] by the sequence (Mn(x)) is finite for µ-a.e. x. Since Q2

is countable, for µ-a.e. x there are finitely many upcrossings for every rational interval, which forces Mn(x) to
converge. Define M(x) := limn→∞ Mn(x) on this full-measure set, and set M = 0 elsewhere. Finally, Fatou’s
lemma gives ∫

X

M dµ ≤ lim inf
n→∞

∫
X

Mn dµ < ∞,

so M ∈ L1(µ), and the identity for
∫
X
M dµ follows since

∫
X
Mn dµ is constant and Mn → M a.e. with Mn ≥ 0.

The L1 convergence under uniform integrability is a standard implication of Vitali’s theorem.

3.2 Proof of Radon-Nikodym Theorem

We first prove the theorem for finite measures and then extend to the σ-finite case using Lemma 1.6. Assume
µ(X) < ∞, ν(X) < ∞, and ν ≪ µ. Assume Σ is countably generated, i.e. Σ = σ(E1, E2, . . . ) for some measurable
sets (Ek)k≥1.

1 For each n, let Pn be the finite partition of X into the atoms of the algebra generated by E1, . . . , En:

Pn :=
{ n⋂

k=1

Fk : Fk ∈ {Ek, E
c
k}
}
\ {∅}.

Let Fn := σ(Pn) = σ(E1, . . . , En); then (Fn)n≥1 is a filtration and σ
(⋃

n≥1 Fn

)
= Σ.

Definition 3.8 (Partition approximations). For each n ≥ 1, define the Fn-measurable function

gn :=
∑

A∈Pn

ν(A)

µ(A)
1A, (0/0 := 0).

This is well-defined since ν ≪ µ implies µ(A) = 0 ⇒ ν(A) = 0.

Lemma 3.9 (Representation on Fn). For every n ≥ 1 and every B ∈ Fn,

ν(B) =

∫
B

gn dµ.

In particular,
∫
X
gn dµ = ν(X) and gn ∈ L1(µ).

Proof. Every B ∈ Fn = σ(Pn) is a disjoint union of atoms A ∈ Pn, hence∫
B

gn dµ =
∑

A∈Pn
A⊆B

ν(A)

µ(A)
µ(A) =

∑
A∈Pn
A⊆B

ν(A) = ν(B).

Taking B = X gives
∫
X
gn dµ = ν(X).

1This holds in essentially all standard probability/analysis settings (e.g. standard Borel spaces). The fully general case can be
handled by replacing the sequence below with a directed family of finite partitions.
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Lemma 3.10 (Martingale property). The sequence (gn)n≥1 is a nonnegative L1(µ)-martingale with respect to the
filtration (Fn)n≥1.

Proof. By construction, gn is Fn-measurable and gn ≥ 0. Also gn ∈ L1(µ) by Lemma 3.9. It remains to show
Eµ[gn+1 | Fn] = gn µ-a.e. Since gn is Fn-measurable, it suffices (Definition 3.1) to check that∫

B

gn+1 dµ =

∫
B

gn dµ ∀B ∈ Fn.

But Fn ⊆ Fn+1, so Lemma 3.9 applied at levels n and n+ 1 yields∫
B

gn+1 dµ = ν(B) =

∫
B

gn dµ.

Lemma 3.11 (Uniform integrability from absolute continuity). If ν ≪ µ, then the martingale (gn) is uniformly
integrable. Equivalently,

lim
K→∞

sup
n≥1

∫
{gn>K}

gn dµ = 0.

Proof. Fix ε > 0. Since ν ≪ µ and ν is finite, there exists δ > 0 such that µ(E) < δ ⇒ ν(E) < ε. By Markov’s
inequality and Lemma 3.9,

µ({gn > K}) ≤ 1

K

∫
X

gn dµ =
ν(X)

K
∀n.

Choose K large enough that ν(X)/K < δ. Then µ({gn > K}) < δ, hence ν({gn > K}) < ε for every n. Finally,
{gn > K} ∈ Fn, so Lemma 3.9 gives ∫

{gn>K}
gn dµ = ν({gn > K}) < ε ∀n.

Taking the supremum over n proves uniform integrability.

Proof of Theorem 2.4. By Lemma 3.10, (gn) is a nonnegative L1(µ)-martingale. By Theorem 3.7, there exists
g ∈ L1(µ) such that gn → g µ-a.e. Moreover, by Lemma 3.11, (gn) is uniformly integrable, hence Theorem 3.7
yields gn → g in L1(µ) as well.

Let A :=
⋃

n≥1 Fn. This is an algebra and σ(A) = Σ. Fix B ∈ A; then B ∈ Fm for some m. For all n ≥ m,

Lemma 3.9 gives ν(B) =
∫
B
gn dµ. Passing to the limit using L1-convergence,

ν(B) = lim
n→∞

∫
B

gn dµ =

∫
B

g dµ.

Define

C :=
{
B ∈ Σ : ν(B) =

∫
B

g dµ
}
.

Then C is a Dynkin system (closed under complements and countable disjoint unions), and it contains the algebra
A. By the π-λ / monotone class principle, C contains σ(A) = Σ. Therefore,

ν(B) =

∫
B

g dµ ∀B ∈ Σ.

Now assume µ and ν are σ-finite and ν ≪ µ. Choose measurable sets X1 ⊆ X2 ⊆ · · · with X =
⋃

k≥1 Xk and
0 < µ(Xk) < ∞, ν(Xk) < ∞ for all k. Apply the finite-measure case above to the restricted measures µ|Xk

and
ν|Xk

to obtain measurable gk : Xk → [0,∞) such that

ν(B) =

∫
B

gk dµ ∀B ∈ Σ with B ⊆ Xk.
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By Lemma 1.6, these local densities patch together to a measurable g : X → [0,∞) satisfying

ν(B) =

∫
B

g dµ ∀B ∈ Σ.

Uniqueness µ-a.e. follows from the usual argument in Lemma 1.7: if g′ also represents ν, then
∫
B
(g − g′) dµ = 0

for all B, hence g = g′ µ-a.e. This completes the proof of Radon-Nikodym Theorem.

4 Proof III: Strong von Neumann

This section presents von Neumann’s Hilbert-space proof of the finite-measure Radon-Nikodym theorem, following
Shapiro [4]. The key idea is to regard

f 7−→
∫
X

f dν

as a bounded linear functional on a suitable Hilbert space. By the Riesz representation theorem, this functional is
realized as an inner product with some h ∈ L2(ρ), where ρ := µ+ ν. One then solves the identity dν = h d(µ+ ν)
for dν in terms of dµ to obtain dν = g dµ.

4.1 Hilbert space setup and Riesz representation

Throughout this section assume µ(X) < ∞, ν(X) < ∞, and ν ≪ µ. Set

ρ := µ+ ν.

Then ρ is a finite measure and ν ≪ ρ. Let H := L2(ρ) with inner product ⟨f, k⟩ :=
∫
X
f k dρ. Define a linear

functional L : H → R by

L(f) :=

∫
X

f dν.

This is well-defined: if f = 0 ρ-a.e., then f = 0 ν-a.e. since ν ≪ ρ.

Lemma 4.1 (Boundedness of L). The functional L is bounded on L2(ρ) and satisfies

|L(f)| ≤
√
ν(X) ∥f∥L2(ρ) ∀f ∈ L2(ρ).

Proof. For f ∈ L2(ρ), Cauchy-Schwarz gives

|L(f)| ≤
∫
X

|f | dν ≤
(∫

X

|f |2 dν
)1/2

ν(X)1/2 ≤
(∫

X

|f |2 dρ
)1/2

ν(X)1/2 =
√

ν(X) ∥f∥L2(ρ).

Theorem 4.2 (Riesz representation in Hilbert spaces). Let H be a Hilbert space (over R). For every bounded
linear functional L : H → R, there exists a unique h ∈ H such that

L(f) = ⟨f, h⟩ ∀f ∈ H.

Applying Theorem 4.2 to H = L2(ρ) and the functional L above, we obtain h ∈ L2(ρ) such that∫
X

f dν =

∫
X

f h dρ ∀f ∈ L2(ρ). (1)

In particular, taking f = 1A for A ∈ Σ yields

ν(A) =

∫
A

h dρ (A ∈ Σ),

so h is a Radon-Nikodym derivative of ν with respect to ρ.

Lemma 4.3 (Pointwise bounds on h). The function h satisfies 0 ≤ h ≤ 1 ρ-a.e.
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Proof. First, for any measurable A we have ν(A) =
∫
A
h dρ ≥ 0. If N := {h < 0} had positive ρ-measure, then

ν(N) =
∫
N
h dρ < 0, a contradiction. Hence h ≥ 0 ρ-a.e. Next, for each n ≥ 1 set An := {h > 1 + 1

n}. Then

ν(An) =

∫
An

h dρ >

(
1 +

1

n

)
ρ(An) ≥ ρ(An).

But ν(An) ≤ ρ(An) since ρ = µ+ ν. Hence ρ(An) = 0 for all n, and therefore ρ({h > 1}) = 0.

4.2 Back-substitution to recover dν/dµ

Let N := {h = 1}. Since ν(N) =
∫
N
h dρ = ρ(N), we have

ρ(N) = µ(N) + ν(N) = ν(N) ⇒ µ(N) = 0,

and hence also ν(N) = 0 because ν ≪ µ. Define the measurable function

g :=
h

1− h
1{h<1} (with any value on N ; it is µ-null).

Lemma 4.4 (A useful identity). For every bounded measurable φ,∫
X

φ(1− h) dν =

∫
X

φhdµ.

Proof. Bounded φ belongs to L2(ρ) since ρ(X) < ∞, so (1) applies:∫
X

φdν =

∫
X

φhdρ =

∫
X

φhdµ+

∫
X

φhdν.

Rearranging yields the claim.

Proof of Theorem 2.4. For n ≥ 1 let En := {h ≤ 1 − 1
n}. Then En ↑ {h < 1} and on En we have 1

1−h ≤ n. Fix
A ∈ Σ and apply Lemma 4.4 with

φ :=
1A∩En

1− h
,

which is bounded and measurable. Then

ν(A ∩ En) =

∫
X

1A∩En

1− h
(1− h) dν =

∫
X

1A∩En

1− h
h dµ =

∫
A∩En

h

1− h
dµ =

∫
A∩En

g dµ.

Letting n → ∞ and using monotone convergence on both sides (note that A∩En ↑ A∩ {h < 1} and g1En
↑ g), we

obtain

ν(A ∩ {h < 1}) =
∫
A∩{h<1}

g dµ.

Finally, ν(A ∩N) = 0 and µ(N) = 0, hence

ν(A) = ν(A ∩ {h < 1}) =
∫
A∩{h<1}

g dµ =

∫
A

g dµ.

As in the previous sections, the extension from finite measures to σ-finite measures follows directly from Lemma 1.6.
Uniqueness µ-a.e. is handled by Lemma 1.7.
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5 Failure Modes

Radon-Nikodym requires absolute continuity ν ≪ µ. When this fails, the obstruction is not mysterious: ν can
contain a singular part that lives on a µ-null set, and no density with respect to µ can describe that portion. The
correct global statement is the Lebesgue decomposition (Folland [3] and Tao [5]).

Definition 5.1 (Mutual singularity). Let µ, ν be measures on (X,Σ). We say ν is singular with respect to µ,
written ν ⊥ µ, if there exists N ∈ Σ such that

µ(N) = 0 and ν(N c) = 0.

Equivalently, µ and ν are supported on disjoint measurable sets. From this definition, a basic uniqueness principle
follows: if η is a measure such that η ≪ µ and η ⊥ µ, then η = 0. Indeed, choose N with µ(N) = 0 and η(N c) = 0.
Absolute continuity gives η(N) = 0, hence η(X) = η(N) + η(N c) = 0.

Theorem 5.2 (Lebesgue decomposition). Let µ, ν be σ-finite measures on (X,Σ). Then there exist measures νac
and νs such that

ν = νac + νs, νac ≪ µ, νs ⊥ µ.

Moreover, the pair (νac, νs) is unique.

Proof. Set λ := µ + ν. Then λ is σ-finite and µ ≪ λ, ν ≪ λ. By the Radon-Nikodym Theorem, there exist
Σ-measurable functions g, f ≥ 0 such that

µ(A) =

∫
A

g dλ, ν(A) =

∫
A

f dλ (∀A ∈ Σ).

Let E := {g > 0} and N := Ec = {g = 0}. Note that

µ(N) =

∫
N

g dλ = 0.

Define, for A ∈ Σ,

νs(A) := ν(A ∩N) =

∫
A∩N

f dλ, νac(A) := ν(A ∩ E) =

∫
A∩E

f dλ.

Then ν = νac + νs is immediate from the partition A = (A ∩ E) ⊔ (A ∩ N). Also, νs ⊥ µ because µ(N) = 0 and
νs(N

c) = ν(N c ∩N) = 0. It remains to see νac ≪ µ. On E we have g > 0, so we may set

h :=
f

g
1E (with any value on N),

which is Σ-measurable. For A ∈ Σ,∫
A

h dµ =

∫
A

f

g
1E dµ =

∫
A∩E

f

g
dµ =

∫
A∩E

f

g
g dλ =

∫
A∩E

f dλ = νac(A).

Thus νac = hµ, hence νac ≪ µ. For uniqueness, suppose also ν = η+ρ with η ≪ µ and ρ ⊥ µ. Then νac−η = ρ−νs
is a signed measure which is absolutely continuous w.r.t. µ (difference of ≪ µ measures) and singular w.r.t. µ
(difference of ⊥ µ measures). By the basic uniqueness principle above, it must be 0. Hence νac = η and νs = ρ.

Corollary 5.3 (Lebesgue-Radon-Nikodym form). Under the hypotheses of Theorem 5.2, there exist a measurable
h : X → [0,∞) and a measure νs ⊥ µ such that

ν(A) =

∫
A

h dµ+ νs(A) (∀A ∈ Σ).

Moreover, h is unique µ-a.e. and equals dνac/dµ.

Proof. This is Lebesgue decomposition plus Radon-Nikodym applied to the absolutely continuous part νac ≪ µ.
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The obstruction to writing ν(A) =
∫
A
h dµ for all A is precisely the singular component νs. In particular,

ν ≪ µ ⇐⇒ νs = 0.

So Radon-Nikodym works exactly on the νac part and has nothing to say about νs.

Example 5.4 (Density plus atoms). Let X = R with Borel σ-algebra, µ = dx (Lebesgue measure), and

ν := f(x) dx+
∑
k≥1

ak δxk
, f ≥ 0, ak ≥ 0, xk ∈ R.

Then νac = f dx and νs =
∑

k≥1 ak δxk
. Indeed, the atomic part is supported on the countable set {xk}, which has

µ-measure 0, hence is singular w.r.t. dx.

Example 5.5 (Cantor measure vs Lebesgue). Let µ = dx on [0, 1] and let ν be the standard Cantor-Lebesgue
(Cantor) measure. Then ν ⊥ µ, so νac = 0 and νs = ν. Equivalently, any putative density h must satisfy

∫
h dµ = 0

while ν([0, 1]) = 1, so the mass of ν cannot be captured by a µ-density.

Example 5.6 (Purely atomic vs atomless). Let µ be an atomless measure (e.g. Lebesgue measure on [0, 1]), and let

ν =
∑
k≥1

ak δxk
with ak ≥ 0.

Then ν ⊥ µ: take N := {xk : k ≥ 1}, which is countable, hence µ(N) = 0, and ν(N c) = 0 by construction. Thus
the decomposition is νac = 0, νs = ν.

6 Calculus of Radon-Nikodym Derivatives

This section records the standard “calculus rules” for Radon-Nikodym derivatives that one uses constantly in
practice; see Folland [3] and Durrett [2]. Throughout, (X,Σ) is a measurable space and all measures are assumed
σ-finite.

6.1 Algebraic rules

Lemma 6.1 (Chain rule). Let λ, µ, ν be measures on (X,Σ) with ν ≪ µ and µ ≪ λ. Then ν ≪ λ and

dν

dλ
=

dν

dµ

dµ

dλ
λ-a.e.

Proof. Let f := dν
dµ and h := dµ

dλ . For any A ∈ Σ,∫
A

fh dλ =

∫
A

f dµ = ν(A),

so fh is a Radon-Nikodym derivative of ν with respect to λ, and uniqueness holds λ-a.e.

Corollary 6.2 (Linearity). Let µ be a measure and let ν1, ν2 ≪ µ. Then (ν1 + ν2) ≪ µ and

d(ν1 + ν2)

dµ
=

dν1
dµ

+
dν2
dµ

µ-a.e.

More generally, for a, b ≥ 0,
d(aν1 + bν2)

dµ
= a

dν1
dµ

+ b
dν2
dµ

µ-a.e.

Proof. Let fi :=
dνi

dµ . For any A ∈ Σ,∫
A

(f1 + f2) dµ = ν1(A) + ν2(A) = (ν1 + ν2)(A),

and similarly for aν1 + bν2. Uniqueness gives the identities µ-a.e.
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Corollary 6.3 (Reciprocal rule). Let µ, ν be measures on (X,Σ) with µ ≪ ν and ν ≪ µ (i.e. µ ∼ ν). Write
g := dν

dµ and h := dµ
dν . Then

g h = 1 ν-a.e. and h g = 1 µ-a.e.

In particular,
dµ

dν
=

1

dν/dµ
ν-a.e. and

dν

dµ
=

1

dµ/dν
µ-a.e.

Proof. Apply Lemma 6.1 twice: first with ν ≪ µ ≪ ν to get

dν

dν
=

dν

dµ

dµ

dν
,

which is 1 = gh ν-a.e.; and second with µ ≪ ν ≪ µ to get 1 = hg µ-a.e.

6.2 Change of measure in probability language

Corollary 6.4 (Expectation under a change of measure). Let (Ω,F) be a measurable space and let P,Q be probability
measures with Q ≪ P. Define the likelihood ratio (density)

L :=
dQ
dP

.

Then for every measurable Y ≥ 0,
EQ[Y ] = EP[Y L].

In particular, EP[L] = 1.

Proof. This is Corollary 1.8 applied with (µ, ν) = (P,Q); taking Y ≡ 1 gives EP[L] = Q(Ω) = 1.

Corollary 6.5 (Bayes formula for conditional expectations). In the setting of Corollary 6.4, let G ⊆ F be a
sub-σ-algebra and let Y ∈ L1(Q). Define

Z :=
EP[Y L | G]
EP[L | G]

,

with the convention Z = 0 on the set {EP[L | G] = 0}. Then

EQ[Y | G] = Z Q-a.e.

In particular, for A ∈ F ,

Q(A | G) = EP[1AL | G]
EP[L | G]

Q-a.e.

Proof. Let B ∈ G. Using Corollary 6.4 and the defining property of conditional expectation (Definition 3.1),∫
B

Z dQ =

∫
B

ZLdP =

∫
B

EP[Y L | G]
EP[L | G]

LdP.

Now note that, by the tower property and G-measurability,∫
B

EP[Y L | G]
EP[L | G]

LdP =

∫
B

EP[Y L | G]
EP[L | G]

EP[L | G] dP =

∫
B

EP[Y L | G] dP =

∫
B

Y LdP =

∫
B

Y dQ.

Thus Z satisfies the defining property of EQ[Y | G], and uniqueness holds Q-a.e.

7 Duality Perspective

This section records a useful “two-sides-of-the-same-coin” viewpoint (see Folland [3]): the Radon-Nikodym theorem
and the identification of (L1(µ))∗ with L∞(µ) are tightly linked.

Remark 7.1 (Dependencies). In many texts, L1-L∞ duality is proved using Radon-Nikodym (so presenting it as
a separate “proof route” can create a logical trap). For that reason, we state the relationship explicitly as an
equivalence: we give (A) a standard derivation of duality from Radon-Nikodym, and (B) a derivation of Radon-
Nikodym from duality under the standing assumption that the duality theorem has been proved independently.
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7.1 Statement: (L1(µ))∗ ∼= L∞(µ)

Let (X,Σ, µ) be a measure space. For g ∈ L∞(µ) define a linear functional

Φ(g) : L1(µ) → R, Φ(g)(f) :=

∫
X

f g dµ.

By Hölder’s inequality, |Φ(g)(f)| ≤ ∥g∥L∞(µ)∥f∥L1(µ), hence Φ(g) ∈ (L1(µ))∗.

Theorem 7.2 (L1-L∞ duality; equivalence form). Assume µ is σ-finite. The following are equivalent.

(RN) (Radon-Nikodym) Whenever ν ≪ µ are σ-finite measures, there exists g with ν(A) =
∫
A
g dµ for all A ∈ Σ.

(D) (Duality) The map Φ : L∞(µ) → (L1(µ))∗ is an isometric isomorphism; i.e. every T ∈ (L1(µ))∗ has the form

T (f) =

∫
X

f g dµ (f ∈ L1(µ))

for a unique g ∈ L∞(µ) (unique µ-a.e.), and ∥T∥ = ∥g∥L∞(µ).

7.2 Route A: Radon-Nikodym ⇒ duality

We prove (D) from (RN) (this is the standard derivation in Folland [3]).

Proof of (RN)⇒(D). We already noted Φ(g) ∈ (L1(µ))∗ and ∥Φ(g)∥ ≤ ∥g∥∞. For the reverse inequality, let
c := ∥g∥L∞(µ). By definition of essential supremum, for each n the set An := {|g| > c− 1

n} has positive µ-measure.
Define

fn :=
1An sgn(g)

µ(An)
∈ L1(µ), ∥fn∥L1(µ) = 1.

Then

∥Φ(g)∥ ≥ |Φ(g)(fn)| =
∣∣∣∣ 1

µ(An)

∫
An

|g| dµ
∣∣∣∣ ≥ c− 1

n
.

Letting n → ∞ yields ∥Φ(g)∥ ≥ c, hence ∥Φ(g)∥ = ∥g∥∞ and Φ is an isometry.

Let T ∈ (L1(µ))∗ be arbitrary. Define a set function ν : Σ → R by

ν(A) := T (1A), A ∈ Σ.

If µ is finite, then for any disjoint A1, A2, . . . we have 1∪n
k=1Ak

→ 1∪k≥1Ak
in L1(µ), so continuity of T implies

countable additivity; hence ν is a finite signed measure. Moreover, for all A,

|ν(A)| = |T (1A)| ≤ ∥T∥ ∥1A∥L1(µ) = ∥T∥µ(A),

so in particular ν ≪ µ. By applying (RN) to the positive and negative parts of ν, there exists g ∈ L1(µ) with
ν(A) =

∫
A
g dµ for all A; the domination |ν(A)| ≤ ∥T∥µ(A) forces g ∈ L∞(µ) with ∥g∥∞ ≤ ∥T∥.

Now check that T (f) =
∫
fg dµ for all f ∈ L1(µ). This holds first for simple functions by linearity and the identity

for indicators; then extend to all of L1 by density of simple functions and continuity of both sides. Finally, isometry
gives ∥T∥ = ∥g∥∞.

If µ is merely σ-finite, reduce to the finite case on a partition X =
⊎

n En with µ(En) < ∞ (as in Lemma 1.6) and
patch the resulting representing functions.

7.3 Route B: duality ⇒ Radon-Nikodym

Here we go in the opposite direction, assuming the duality statement (D) has been proved independently.

Proof of (D)⇒(RN). Let µ, ν be σ-finite measures on (X,Σ) with ν ≪ µ. Set ρ := µ + ν (still σ-finite). Define a
linear functional on L1(ρ) by

L(f) :=

∫
X

f dν, f ∈ L1(ρ).
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This is well-defined and bounded because |L(f)| ≤
∫
|f | dν ≤

∫
|f | dρ = ∥f∥L1(ρ), so ∥L∥ ≤ 1.

By (D) applied to the measure ρ, there exists h ∈ L∞(ρ) such that∫
X

f dν =

∫
X

f h dρ ∀f ∈ L1(ρ).

Taking f = 1A shows ν(A) =
∫
A
h dρ for all A ∈ Σ, i.e. dν = h dρ. Since L is positive, we may take h ≥ 0 ρ-a.e.;

and since ∥L∥ ≤ 1, the isometry in (D) gives ∥h∥L∞(ρ) ≤ 1, hence 0 ≤ h ≤ 1 ρ-a.e.

Now expand ρ = µ+ ν:

ν(A) =

∫
A

h dρ =

∫
A

h dµ+

∫
A

h dν,

so for all A, ∫
A

(1− h) dν =

∫
A

h dµ.

In other words, as measures we have
(1− h) dν = h dµ.

Because ν ≪ µ, we have ν({h = 1}) = 0 (since µ({h = 1}) = 0 from the identity above). Define

g :=
h

1− h
on {h < 1}, g := 0 on {h = 1}.

Then g is measurable and for every A ∈ Σ,∫
A

g dµ =

∫
A∩{h<1}

h

1− h
dµ =

∫
A∩{h<1}

1

1− h
h dµ =

∫
A∩{h<1}

1

1− h
(1− h) dν = ν(A),

where the last step uses ν({h = 1}) = 0. This is exactly the Radon-Nikodym conclusion.

8 Geometric Differentiation Viewpoint

This viewpoint treats the Radon-Nikodym derivative as a local ratio of masses. It requires additional geometric
structure (a topology/metric and a differentiation basis), so it is not available on an arbitrary measurable space.
Following the discussion in Tao [5], we can make this precise by examining the Euclidean setting.

Let X = Rd with its Borel σ-algebra, and let µ, ν be locally finite Borel measures (e.g. Radon measures). For
x ∈ Rd and r > 0, write B(x, r) for the open Euclidean ball. If ν ≪ µ and g = dν

dµ , then

ν(B(x, r))

µ(B(x, r))
=

1

µ(B(x, r))

∫
B(x,r)

g dµ

whenever µ(B(x, r)) > 0. Thus, identifying g(x) amounts to a differentiation theorem for the averages of g over
shrinking neighbourhoods. To resolve this, we rely on the fact that balls in Rd form a differentiation basis. This
allows us to invoke the Lebesgue differentiation theorem:

Theorem 8.1 (Lebesgue differentiation for measures on Rd). Let µ be a locally finite Borel measure on Rd and let
f ∈ L1

loc(µ). Then for µ-a.e. x with µ(B(x, r)) > 0 for all sufficiently small r,

lim
r↓0

1

µ(B(x, r))

∫
B(x,r)

f dµ = f(x).

A standard proof route uses a maximal inequality together with a covering lemma (the geometry of balls in Rd is
what makes this work); see Tao [5]. Applying Theorem 8.1 directly to the density function f = g = dν

dµ yields the
promised geometric identification.

Corollary 8.2 (Geometric differentiation formula). Let µ, ν be locally finite Borel measures on Rd with ν ≪ µ,
and let g = dν

dµ ∈ L1
loc(µ). Then

g(x) = lim
r↓0

ν(B(x, r))

µ(B(x, r))
for µ-a.e. x.
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Proof. For any x, r with µ(B(x, r)) > 0,

ν(B(x, r))

µ(B(x, r))
=

1

µ(B(x, r))

∫
B(x,r)

g dµ.

The conclusion follows by applying Theorem 8.1 to f = g.

This “zooming-in” principle has a discrete parallel in the martingale viewpoint, often described as information
refinement. Instead of Euclidean balls, one can use a nested partition, such as dyadic cubes. Let Dn be the dyadic
cubes of sidelength 2−n and let Fn be the σ-algebra they generate. For x ∈ Rd let Qn(x) ∈ Dn be the unique cube
containing x, and define

gn(x) :=
ν(Qn(x))

µ(Qn(x))
(with gn(x) = 0 if µ(Qn(x)) = 0).

If ν ≪ µ with density g = dν
dµ , then one checks that gn = Eµ[g | Fn] a.e., so (gn)n≥1 is a martingale and the

martingale convergence theorem gives gn → g µ-a.e.

Ultimately, these formulas highlight why “extra structure” is required. On a general measurable space (X,Σ), the
Radon-Nikodym theorem guarantees the existence of a density g as an equivalence class, but there is no canonical
notion of a “shrinking neighbourhood.” The geometric differentiation formula only becomes available whenX carries
enough structure (like Rd or specific metric measure spaces) to support a valid differentiation basis.

9 Radon–Nikodym Property

This section records the Banach-space frontier behind the slogan “Radon–Nikodym = density.” For vector-valued
measures, absolute continuity does not by itself guarantee the existence of a density; instead, this becomes a
geometric property of the target Banach space. We follow the standard presentation in Diestel and Uhl [1].

9.1 Vector-valued measures and variation

Let (X,Σ) be a measurable space and let (B, ∥ · ∥) be a Banach space.

Definition 9.1 (Vector measure). A B-valued (countably additive) measure is a map m : Σ → B such that for
every pairwise disjoint family (An)n≥1 ⊂ Σ we have

m
(⊎
n≥1

An

)
=

∑
n≥1

m(An) (convergence in ∥ · ∥).

Definition 9.2 (Total variation). If m : Σ → B is a vector measure, define its variation on A ∈ Σ by

|m|(A) := sup

{
n∑

k=1

∥m(Ak)∥ : A =

n⊎
k=1

Ak, Ak ∈ Σ

}
∈ [0,∞].

We say that m has bounded variation if |m|(X) < ∞.

It is standard that |m| is a (finite) measure whenever m has bounded variation; it plays the role of “|dm|” in the
scalar theory.

Definition 9.3 (Absolute continuity for vector measures). Let µ be a (scalar) measure on (X,Σ). We write m ≪ µ
if µ(A) = 0 implies m(A) = 0 for all A ∈ Σ. Equivalently (when m has bounded variation), m ≪ µ iff |m| ≪ µ.

9.2 Bochner densities

To even state a Radon-Nikodym theorem, we must specify what we mean by a “density”.

Definition 9.4 (Bochner integrability). A function f : X → B is Bochner integrable with respect to µ if it is
strongly (Bochner) measurable and ∫

X

∥f∥ dµ < ∞.
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In this case one can define
∫
A
f dµ ∈ B for all A ∈ Σ by approximation with simple B-valued functions, and the

map

A 7−→
∫
A

f dµ

is a B-valued measure of bounded variation.

9.3 Vector Radon-Nikodym theorem and the RNP

The scalar Radon-Nikodym theorem says: if ν ≪ µ, then ν has a density g ∈ L1(µ). For vector measures, the
analogous statement may fail even when m ≪ µ.

Theorem 9.5 (Vector Radon-Nikodym property [1]). Let (X,Σ, µ) be a finite measure space and let m : Σ → B
be a B-valued measure of bounded variation with m ≪ µ. If B has the Radon-Nikodym property, then there exists
a Bochner integrable function f ∈ L1(µ;B) such that

m(A) =

∫
A

f dµ (∀A ∈ Σ).

In this case f is unique µ-a.e. and is denoted by f = dm
dµ .

This motivates the central definition.

Definition 9.6 (Radon-Nikodym property (RNP)). A Banach space B has the Radon-Nikodym property if for
every finite measure space (X,Σ, µ) and every B-valued measure m of bounded variation with m ≪ µ, there exists
a Bochner integrable density f ∈ L1(µ;B) such that m(A) =

∫
A
f dµ for all A ∈ Σ.

Remark 9.7 (Failure mode). If B fails the RNP, then there exist a finite measure space (X,Σ, µ) and a B-valued
measure m of bounded variation with m ≪ µ for which no Bochner density exists. Thus, unlike the scalar case,
“m ≪ µ” is not the right hypothesis by itself; one must also assume a structural property of the target space.

9.4 Operator viewpoint

A convenient reformulation packages vector measures as operators on L1.

Definition 9.8 (Representable operators). Let (X,Σ, µ) be finite. A bounded linear operator T : L1(µ) → B is
representable if there exists an essentially bounded, strongly measurable g : X → B such that

T (φ) =

∫
X

φ(x) g(x) dµ(x) (∀φ ∈ L1(µ)).

Given T : L1(µ) → B, the set function mT (A) := T (1A) is a B-valued measure of bounded variation and satisfies
mT ≪ µ (indeed ∥mT (A)∥ ≤ ∥T∥µ(A)). Conversely, any such m induces a bounded operator by Tm(φ) =

∫
φdm.

One of the standard equivalences in Diestel and Uhl [1] is that B has the RNP iff every bounded T : L1(µ) → B is
representable (it suffices to test this on (X,Σ, µ) = ([0, 1],B, λ)).

9.5 Examples and non-examples

We list a few standard facts; proofs and many more characterizations (dentability, martingales, differentiability of
Lipschitz maps, . . . ) are in Diestel and Uhl [1].

• Reflexive spaces have the RNP. In particular, Hilbert spaces and Lp(µ) for 1 < p < ∞ have the RNP.

• Separable duals have the RNP. If B = Y ∗ for some separable Banach space Y , then B has the RNP; e.g.
ℓ1 = c∗0 has the RNP.

• A canonical non-example is L1(0, 1) (Lebesgue measure), which does not have the RNP; consequently there
exist L1(0, 1)-valued measures m ≪ λ of bounded variation with no Bochner density. Other familiar spaces
without the RNP include L∞(0, 1) and C[0, 1].

• Closed subspaces of an RNP space have the RNP, and equivalent renormings preserve the RNP.
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Remark 9.9 (Big picture). At the scalar level, the Radon-Nikodym theorem says: absolute continuity ⇒ density.
At the vector level, the correct statement is:

m ≪ µ and B has RNP =⇒ m has a Bochner density.

So the RN phenomenon persists precisely in those Banach spaces whose geometry rules out the “pathological”
vector measures.
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