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This note surveys the mathematical foundations of transformer models, synthesizing existing literature from discrete
token dynamics to mean-field limits on probability spaces. It compiles core established results concerning regularity,
well-posedness, variational and optimal-transport formulations of attention, gradient-flow structures, and long-time
behavior including consensus, clustering, stability, and phase transitions.
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A.6.7 Definition 3.20 [8, Equation (8)]
A.6.8 Definition 3.60 [8, Equation (9)]

1 Notation and Conventions

Spaces and indices.

Configurations and measures.

1y

z;

X =(z1,...,2,)
B(0,R) or Br

B"(0,R) or B},

T#n

(C)

Norms, products, projections.

embedding dimension
sequence length

=R or §1 c R?
={1,...,n}

€ [n] (token indices)

€ [H] (head index)

€ {0,...,L} (layer index)

> 0 (continuous time)

= (1,...,1) € RN (vector of ones)

€ E (token i)

€ E" = (R%)"™ = R"*4 (token configuration)

={ze Bz < R}

:={X € E" : ||z;]| < R Vi} (bounded inputs)

= L3 62, € P(E) (empirical measure)

= {pux : X € E"} (empirical measures with n atoms)
Borel probability measures on F

={nePE): [z du(z) < oo

= {u € Pp(E) : supp(u) C B(0, R)}

:= po f~! (pushforward of p by map f)

:={A: E — E linear}
Identity map on F
Identity matrix on RV
€ L(E)
eL(F) (h=1,...,H)
generic collection of parameters

:= (01,...,01) (depth-L model)



A® B Kronecker product of matrices A and B

(x,y) :=axy (Euclidean inner product)
[zl =/ (z,)
. N\ 1/2
1X e 2= (2 fll?)
[Allop — := supy, =1 | Az||

Py =y — (x,y)x (proj. onto TS~ 1)

Optimal transport distances.

Wolpo) o= (b rerngunn S~ P detar)) "
W(p,v) =Wi(u,v)
Wo(p,v) standard 2-Wasserstein distance
Win2(p,v)  generic “twisted” Wa (used when needed)
c(xz,y) generic ground cost (e.g. ||z — y||?)

Static self-attention (discrete and mean-field).

Q(X),K(X),V(X) matrices (Qz;)q, (Kz;)q,(Va;), € E"
Lij(X) = 75(Qui, Kuy)
Ay(X) = et o
Se(X) =AX)V(X) € E™ (single-head output)
SYH(X) =[S0, (X) | ... | Sop(X)]O
hop(ry) = exp(B(Qu, Ky)) (kernel)
Zou(x) = [ ke u(x,y) p(dy) (partition function)
ap u(z,dy) = RZ:M(T;;) u(dy) (attention kernel)
'y, :FE — E (attention-induced map)
Fo(l) = (Tou)pis (meanfield map)

Transformer block.
LN,FFN layer normalization and feed-forward maps (E™ — E™)
Xt = X + SYMH(LN(X))
Ty(X) = X% 4 FFN(LN(X?)) (pre-LN block)
T(E)L) := Ty, o---0Ty, (depth-L)
Local regularity.

JF(X) Jacobian of F: E" — E™ at X

Liploc(F;X) = ||JF(X)||OP
. W, . o (G(10),G (v
Lip 2 (Gip) = limsup,_,, %

Dynamics and flows.



x;(t) particle trajectory [0,00) — F
&i(t) = w(t zi(t); X(1))

pe =230 6, (empirical law)
PDE O +V - (v[pe] pe) =0

€ :P(E) — R (energy functional)

Oy = —grady E(pue) (gradient flow)

2 Static Self-Attention Maps

2.1 Objects and Assumptions

Ambient space and metrics.
E cR? either E=R%or E =871,
|| -] as in 1,
W, asin 1 (by default p = 2 in this setting).

Discrete single-head SA.
Sg:En%En, XHS@(X),

PR AER Aij(X):EZeip;gE(Li)&))v
LzJ(X) %(quKff]> (Cf 1)
Multi-head SA.
SYH B En SYM(X) =[S, (X) | ... | Soy(X)]O.

Mean-field SA.
Fg : Pp(E) — Pp(E), Fg(u) = (F@yﬂ)#,u,

where I'g ,, : & — E is the attention-induced map.

Standing assumptions.
(H1) Bounded configurations. There exists R > 0 such that X € Bj, that is
||zi]] < R Vi€ [n]
(equivalently, supp(ux) C B(0, R)) unless explicitly stated otherwise.
(H2) Linear maps with bounded norms.

QK V,0 € LE), [|Qllop: [[Kllop; [[Vllop; [Ollop < .

(H3) Softmax / temperature. Logits are of the form
with fixed 8 > 0 (by default 8 = 1/v/d). Masked variants (causal, padding) are obtained by
Lij (X) = Lij(X) + My,
with a fixed mask matrix M € (RU {—oo})™*".
(H4) Discrete-mean-field consistency. For any X = (z1,...,z,) € E" with px = 137" 5.,

Fo(px) = psy(x)-



2.2 Discrete Self-Attention on F": Euclidean Regularity
Definition 2.1. Single-head SA with temperature 8 > 0:

QX) == (Qui)izy, K(X):=(Kai)il,, V(X):=Vai)iy,
LU(X) = 6<Qxlv K‘rj>’

vy exp(Li (X))
A= S e (L (X))
Se(X) := A(X)V(X) € E".

Masked variant (e.g. causal mask M):

LX) := Lij(X) + My,

_ exp(L} (X))

C Y rm exp(LY (X))
SM(X) = AM(X)V(X).

Multi-head SA:

Se, (X) 1= Ap(X)Vi(X), h=1,...,H,
SY(X) = [Soy(X) | ... | Sou(X)]O,

Definition 2.2 (Jacobian and local Lipschitz constant). Directional derivative in direction Y = (y1, . ..

TSo(X)[Y] = J(A(X)V(X))[Y]

J
JAX)[YV(X) + A(X)JV(X)[Y].

Wlth V(X) == (Vl‘j)j,
JVX)Y] = (V)i
For the softmax weights,

JAGX)Y] = A (X) (TLy (O] = 3 An(X)T L (X) Y1),

and
JLij(X)[Y] = B((Qui, Kzj) + (Qui, Ky;)).

Define the (local) Jacobian operator

JSe(X): E" — E", Y v JSo(X)[Y].

Local Lipschitz constant (Frobenius norm on E™):

Lipo. (595 X) := [|JSp(X)op = e 17Se (X) Y]]l

Global Lipschitz constant on the ball B} (configurations with ||z;|| < R):

LipB}q?,(Sg) = Xsug Lip;,. (Sg; X).
, )

s Yn) € E™:



Theorem 2.3 (General Euclidean Upper Bound [3, Theorem 3.3]). Consider single-head self-attention Sy : E™ —

E™ in the Euclidean case E = R%, with logits

1

Lij(X) = (Qz;, Kxj) (i, j € [n]).

S

d

Define the linear operator

— Lot
B := \/gQ K € L(E),

so that L;;(X) = ] Bx;. Let R > 0 and n € N. Then, for every configuration X = (x1,...,2,) € B%, the local

Lipschitz constant of Sy satisfies
_ y 1/2
Libioc (593 X) < V3V ]lop (I BIZ, R} (4n+1) +n) .
In particular, the global Lipschitz constant on B}, obeys the same bound:
) > 1/2
Lipgy (S) < V3IVilop (I BIZ,R*(n+1) +n) .

Proof. Appendix A.2.1.

(1)

(2)

O

Proposition 2.4 (Tightness of \/n Bound [3, Proposition 3.4]). Work in the Euclidean case E = R? and assume

single-head self-attention Sy : E™ — E™ with V = 1dg and logits

Lij(X) = (Quy, Kzj) (1,7 € [n]).

SE

d

Define
1

Vd

so that L;;(X) = xiTij, and let y1 > --+ > 7y, be the real eigenvalues of B (r < d). Set

B:=—Q"K e L(E),

v :=max{—7,, 11/8}.

Then, for any R > 0 and any n > 2, the global Lipschitz constant LipBﬁ(Sg) in (2) satisfies

. vn—1
LlpB%(SQ) > 1+ (n _ 1)6_2R2’Y-

Proof. Appendix A.2.2

(3)

O

Theorem 2.5 (Large Radius Regime (Fixed n) [3, Theorem 3.7]). Work in the Euclidean case E = R* and consider

single-head self-attention Sy : E™ — E™ with logits

1
Lij(X) =« Bxj, B:= ﬁQTK € L(E),

and a non-zero output projection V € L(E).

Let B(0,1) C E denote the open unit ball, and define

Ep := {X = (21,...,2n) € B(O,1)" : Vi € [n] 3! jF € [n] s.t. zZTijl_* = max z, Bz,

1<j<n

The complement of Ep in B(0,1)™ has Lebesque measure zero. Moreover, for any X € Ep there exists a function

¥x 1 [0,4+00) = [0, +00) such that ¥x(R) — 1 exponentially fast as R — +o00 and, for all R > 0,

|86 (RX)|,, < x (R)[|Vlopv/n,

o

where RX = (Rxy, ..., Rxy).

(4)



Proof. Appendix A.2.3 O

Theorem 2.6 (Finite mass splitting via replication [4, Theorem 4.2]). Work in the Euclidean case E = R? and
consider single-head self-attention Sy : E™ — E™ with logits

Lij(X) == Bx;, Be€L(E),
and output projection V- =1dg (so Sp(X) = A(X)X in matriz form), where

) B exp(Li; (X))
Aij(X) = > op_qexp(Lik(X))’

A(X) = (445(X))

n
ij=1"

For every integer N > 1, define the N-replication of X = (z1,...,x,) € E™ by
Yy =1y ® X € EN",
i.e. YN is the configuration obtained by repeating each token of X exactly N times.
For each i € [n], define an E-valued random variable Z9 supported on {x1,...,z,} by
P2 = 25) = Aiy(X), j € [n),

and let its covariance operator be

S(X) = E {(Z(i) _EZD) (20 - EZ(i))T} € L(E).
Then:

1. For every N > 2,
1756 (Y, = [1756(¥2)]

op’
2. If
JSe(Y; JSe(X
JSVuZle 9( N>Hop > H 9( )Hop’
then ) 2 )
HJSG<Y2)H0p = félzaanHZZ(X)B Hop > ”JSQ(X)Hop
Writing

> ¥ (X)BT
i* € argmax||%;(X) Bl

and letting u* be a leading right singular vector of X« (X)BT, the mazimal increase under duplication can be
achieved by splitting the i*-th token equally along u*, i.e. by replacing x;+ with two atoms x;» + eu* of equal
weight.

Proof. Appendix A.2.4. O

Theorem 2.7 (Masked Attention Upper Bound [3, Theorem 4.3]). Work in the Euclidean case E = R%. Let
B =1/Vd and define

B:=pQ"K € L(E), Liy(X):=p(Qu;,Kz;) = (x;,Bx;), 1i,j€n].
Let M € (RU{—o00})™*" be the standard left-causal mask,
M {0 ifj <i,
—oo if j >,
and let S)* - E™ — E™ be the masked single-head self-attention map. For R >0 and n € N, define
By ={X =(x1,...,2n) € E" . ||z;]| < R Vi€ [n]}.
Then Sé\/[ 1s globally Lipschitz on B%, and

) 1/2
Lipgy (537) < V3IVlop (I1BIZ R (n+ 1) +n) . (5)



Proof. Appendix A.2.5. O

Theorem 2.8 (Masked Large Radius Regime (Fixed n) [3, Theorem 4.5]). Work in the Euclidean case E = R?
and consider single-head masked self-attention S} . E™ — E™ with the standard left-causal mask, logits

1
Lij(X) =2/ Bx;, B:= ﬁQTK € L(E),

and a non-zero output projection V- € L(E).

Let B(0,1) C E denote the open unit ball, and define

EM .= {X = (21,...,2n) € B(0,1)" : Vi € [n] 3! j} € {1,...,i} s.t. x] Bxjr = Jnax z; Bx]}.
<j<i

The complement of EY in B(0,1)" has Lebesque measure zero. Moreover, for any X € EY there exists a function
Ux : [0,4+00) = [0,400) such that 9x(R) — 1 exponentially fast as R — 400 and, for all R > 0,

178" (RX)]|,, < Ix(R)[|V]lopv/n, (6)
where RX = (Rxy, ..., Rxy).

Proof. Appendix A.2.6. O

2.3 Mean-Field Self-Attention on P,(£): Wasserstein Regularity
Definition 2.9 (Mean-field self-attention). We work on P,(E) (default p = 2). Queries/keys/values:

q(z) == Qx, k(y):=Ky, v(y):=Vy, z,y€FE.

Unnormalized kernel (SDPA-type):

ko(x,y) == exp (Blq(), k())), B >0,
kg (z,y) == exp (B(q(z), k(y)) + M(z,y)) (masked variant).

Partition function (for a fixed p € P,(E)):
Zoy@)i= [ rolag)udn)
E
234@) = [ w G n)utan),

(assume 0 < Zg (), Z%L(x) < oo for the p under consideration).

Attention kernel (probability kernel on E):

agu(x, dy) = /Z(jig))u( Y),
K/M X
ol ) = S )

Barycentric map (single-head mean-field SA update):



Mean-field self-attention map:

Fy : Pp(E) — Pp(E),
Fy(p) := (Tgp)pp  (unmasked),
FM(u) = (T4 )4 (masked).

Multi-head mean-field SA:

Feh(/j/) = (1—‘0’17;’&)#/’67 h: 17""H’
Fp" () == (THL) s
where Fg/f}f stacks the H heads and applies O (as in the discrete case). Precise formula omitted here; we treat it
via single-head bounds and ||O||o, when needed.
Remark (Discrete-mean-field consistency on empirical measures). For any X = (21,...,2,) € E™ with px =
1 n
n Zi:l Oz, »
Fo(px) = tsy(x)s
Fl(nx) = psyrx)s

Fy'(ux) = Mgy (xy-

Definition 2.10 (Wasserstein regularity quantities). Fix p > 1 (default p = 2). The local W,,-Lipschitz constant
at p € Pp(E) is

. . Wy (Fo(p), Fo(v)
LlpK:f (Fp; pt) := limsup p( (0) )
V= W p\H

For R > 0, define the radius-R class
Pp,r(E) :={p € Pp(E) : supp(p) C B(0, R)}.

Uniform local Lipschitz bound on P, r(E):

. . W,
Lipp . (g)(Fo) = sup Lip, 2 (Fp;p).
' /—LGPP,R(E)
Analogous definitions apply to F! and F}MH.
Remark (Local versus global W)-Lipschitz constants). By definition,

W, (Fy(u), F,
sup Lip,.” (Fg; ) < sup p(Foln). Fo(w))

ucA AV WP(Na v)
n,vEA

for any A C Pp(E).

If A is a geodesic (length) subset of (P,(E),Wp) and Fy is locally W-Lipschitz on A, then the reverse inequality
also holds, hence the two notions coincide. In particular, this applies to A = Py r(E) in the Fuclidean setting (and
more generally on W,-geodesic spaces where A is geodesically convez). Analogous remarks apply to FM and Fy™.

Lemma 2.11 (Matrix-Measure Bridge (p = 2) [4, Lemma 3.3]). Let E = R with its Fuclidean norm. Let
S@ :E" — En, Fy: PQ(E) — PQ(E)

denote respectively discrete self-attention and its mean-field counterpart. Assume consistency on empirical measures:
forall X € E™,

1 n
Fy(px) = ps,(x), Hx = - Z‘Sx
=1

10



Let My (E) :={ux : X € E™} C Pa2(E) be the set of all n-point empirical measures. Define the empirical-measure
local Lipschitz constant as
F F
LiPKE,Mn(E)(Fo;ﬂ) — limsup Wo(Fy(p), 9(1/)).

vV WQ(,U, V)
veM, (E)

Then for every X € E™,
Libioc (S05 X) = Lipio2 pq. iy (Fos px) < Lipp 2 (Fo pix),

where Lip,,.(Se; X) = || JSe(X)|lop is computed with respect to the Frobenius norm on E™.

Proof. Appendix A.2.7. The same argument extends to any p > 1 by replacing Wy with W), and the Frobenius
norm by the corresponding £,-product norm on E". O

Theorem 2.12 (Mean-field upper bound [3, Theorem 3.5]). Assume E = R and p = 2. Consider the (unmasked)
mean-field self-attention map Fy : Po(E) — P2(E) with parameters 0 = (B,V), where B,V € L(E) and the kernel
18

ro(z,y) = exp((z, By)), B=pQ'K.
Then Fy is Wa-Lipschitz on Pa r(E), and its Lipschitz constant satisfies

Lipp, () (Fo) < IV ]lop (1 + 3] Bllop R?) exp (2[| B]lop R?).- (7)
Proof. Appendix A.2.8. O

Theorem 2.13 (Exponential lower bound [4, Theorem 3.4]). Let p > 1 and R > 0. Consider the (unmasked)
mean-field self-attention map Fy : Pp(E) — Pp(E) where Fp(p) = (To,p)ppt. Then Fy is Wy-Lipschitz on Pp r(E).

Assume in addition that E=R?, p=2,V =1dg and B = BQTK € L(E) is symmetric. Let v, > --- > 4 denote
the ordered eigenvalues of B then the following claim holds:

1. If y1 > —8~4, there exists a function ¥ : [0,4+00) — [0, 4+00) with 3(R) — 1 as R — 400 such that

i 71 LR?
Lipp, () (Fo) = V(R)TE RZM 1%,

2. If 1 < =84, there exists a function 9 : [0,+00) — [0, +00) with ¥(R) — 1 as R — +oo such that

Lipp, (g (Fs) > 0(R)%R%MIR2.

Moreover, in both cases the right-hand side is asymptotic, as R — 400, to the local Ws-Lipschitz constant of Fy at
a suitably chosen two-Dirac measure fig = prdsz, + (1 — pr)Oy, supported in B(0, R).

YR

Proof. Appendix A.2.9. O

Proposition 2.14 (Worst-case two-Dirac measures [4, Proposition 3.5]). Assume E = R?, p =2, V = Idg, and
consider the (unmasked) mean-field self-attention map Fy : Po(E) — Po(E) defined by
Fo(p) = (Lo, )4,

with linear parameters 0 = (Q,K,V,B) and B = BQTK € L(E). Assume that B is symmetric. Denote by
Y1 > -+ > 4 the eigenvalues of B and by uq, ...,uq an orthonormal eigenbasis.

Let Pas(E) be the set of two-Dirac probability measures on E.
1. If y1 > —8y4, set C :=y1/8 and for each R > 0 define

2
— o—2CR

PR : s MR = PRORu, + (1 = DPR)O(R/2)u; -

Then ur € Pas(E), and there exists a function V1 : [0,+00) — (0,+00) with 91(R) — 1 as R — +oo such
that
. C 2
Lip,"2 (Fp; ur) > 191(R)§RZGCR ,
and moreover the right-hand side is asymptotic (as R — +00) to Liplvgc2 (Fo; uR).
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2. If 1 < —8yq, set C' := |y4| and for each R > 0 define

1 R2
— o—20'R

PR : . MR :=DPRORu; + (1 — PR)O_Ruy-

Then ur € Pas(E), and there exists a function Vs : [0,+00) — (0,+00) with 93(R) — 1 as R — +oo such
that

. c’ /2
Lip| 2 (Fp; ur) > 192(R)?R2€CR7

and moreover the right-hand side is asymptotic (as R — +00) to Liplvc[)/c2 (Fo; uR)-
Proof. Appendix A.2.10. O

Proposition 2.15 (Mean-field edge regime [3, Proposition 3.6]). Let E = R? and consider the single-head self-
attention map Sp : B — E™ with temperature 8 > 0. Assume V = Idg. Denote by v1 > --- > =, the real
eigenvalues of B (assume r > 1). Set

v := max{—~,, v1/8}.
Let n = n(R) depend on R and satisfy
n(R) ~R 100 exp(27R?).

Then there exists a function 9 : [0, +00) — [0, +00) with Y(R) — 1 as R — 400 such that
. v 2 'yR2
LlpB}%(SQ) > 19(R)§R et
Proof. Appendix A.2.11. O

Theorem 2.16 (Masked Attention Mean-Field Bound [3, Theorem 4.4]). Let E = R%, fitr p > 1 and R > 0, and
fix parameters 0 = (Q, K, V, 3) with Q, K,V € R™4 and B > 0. Recall

B=pBQ K c¢ R™ 5o that B(Qx,Ky) = (zx,By).
Let pry : [0,1] x E — [0,1] denote the projection prq(s,x) = s. For i, v € Py([0,1] x E), set dp(fi, 7)) = 400 if
(pri)aft # (pry)gv. Otherwise, letting ¥ := (pry)xf = (pry)xP and disintegrating
i(ds,dx) = 9(ds)u’(dz), v(ds,dzr) = ¥(ds)v’(dx),
define
_ ! s s 1/p
4(.0) = ([ Wl ro(as)
0
where W), is the Wasserstein distance on E induced by the cost ||z — y||P.

Let M : ([0,1] x E)? = RU{—0c0} be the causal mask

0, t <s,

—00, t>s.

M((S, $)> (t7y)) = {

Define, for i € P,([0,1] x E), the masked kernel and partition function

Ky ((s,2), (t,y)) := exp ((z, By) + M((s,z), (t,y))) = exp((z, By))1<s},

Zé"/[ﬂ(s, x) = / fié\/f((s,x), (t,y))ﬁ(dt,dy).

[0,1]x E

For measures supported in [0,1] x B(0, R), one has 0 < Zg% (s,2) < oo for fi-a.e. (s,x), hence the kernel below is
well-defined [i-a.e. Define the attention kernel and the update map (time unchanged):

kg ((s,2), (t,))

elfn((5,2), 01, ) = =

a(dt, dy),

12



(sa)i= (s [ vaa (o). @), ()= 0 e
[0,1]xE

Let
PP,R([Ov 1] x E):={ne€ Pp([O’ 1] x E) : supp(z) C [0,1] x B(0, R)}.

Then FM is Lipschitz on Py, r([0,1] x E) with respect to d,, with

ip M) dp(F (), ' (7))
Llppp,R([O,l]xE)(Fe )= sup p

v dp(fi, )

2
< 1V lop (1 + 31 Blop 7 2150
A
,7€P, r([0,1]XE)

Assume in addition that p = 2 for the remainder of this statement. For n € N, define the discrete causal mask on
indices by M;; = 0 if j < i and M;; = —oo otherwise, and let S} : E™ — E™ be the masked self-attention map
obtained by replacing L;;(X) with L;;(X )+ M;; in the softmaz. For X = (z1,...,x,) € E™, define the time-stamped

empirical measure
n

1
fix = — > O(i/n, x; 0,1] x E).
fix n; (i/m o) € Par((0,1] x E)

Then FM (fix) = fisy (xy, and in particular
LipBg (Séw) < Lip%zyR([o,l]xE) (FGM)

2.4 Variational and OT Formulations of SDPA

In this subsection, parameters 6 are fixed and we use the shorthand

Ky = Koy Ly = Lo, Qy:=ag,, L,:=Tg,.
Definition 2.17 (One-query variational problem (row-wise SDPA)). Fix p € P(FE) (key distribution) and z € E
(query). We consider probability measures a(-|z) € P(E) (“attention weights for query z”). Use the same ¢, k,v

and a cost
c(x,y) == —{q(z),k(y)) or a variant (e.g. with scaling).

For € > 0 (entropic parameter, related to 3), define the functional

da(-[r)
d

giatleya) = [ ceatie)+= [ 105 (“4 ) ataio)

whenever a(-|z) < p (and +oo otherwise). Variational problem (one-sided EOT for a single query):

ac(|r) € arg Je(a(|z);z, ).

min
a(-|lz)eP(E)
By formal first-order conditions (Gibbs form),
ac(dylz) o< exp (= Le(a,y) ) du(y).
For ¢(x,y) = —{(q(z), k(y)) and € = 1/4, this coincides with the SDPA kernel from 1.3:

H#('ray)d ( )

0 (dyle) = (. dy) = 573

Definition 2.18 (Mean-field SDPA as barycentric projection). The mean-field SA map can be rewritten as a
barycentric projection of the one-sided EOT plans:

T, () = /E o(y)an(z, dy)
- / v(y)or(dyla),
E

13



and

F@(.u) = (FH)#:LL = (33 — Fu(x))#:u'
Masked variant:
m(z,y) = c(z,y) — M(z,y),

( y) == exp (- tem(,y)),
(x dy) o ky (x,y)dp(y),

/ (z,dy),
Ty

)4

FM (z) :=
o (1) =

Definition 2.19 (Global SDPA as a one-sided EOT problem on P(E)). Heuristically, for a query distribution
v € P(E) (e.g. empirical queries v = px) and key distribution pu:

(v, p) :=={m € P(E x E) : (pry) g7 = v, (pro)gm = u},

and a reference coupling v ® . Entropic one-sided OT functional:

o= [ cleaineg) e [ oy (d({;mw)) dr(z, ),

with constraint (pry)xm = p fixed (one-sided). Minimizer 7, has disintegration
me(dx, dy) = v(dz)a(dy|z).

The SDPA mean-field update Fy(u) corresponds to the barycentric projection of the second marginal through v:

T)(x) = [E o(y)ac(dyl),
Fy(v) = (T,) 40

(For the discrete case, take v = ux = %ZZ 0z, and p = px or a separate key distribution, and recover the usual
SDPA matrix.)

Forward Pass: SDPA as Entropic Optimal Transport (EOT)

Definition 2.20 (The One-Sided EOT Problem [7, Definition 3.2]). Given scores s; = (g, k;) and costs C; := —s;,
define Ap,—1 1= {p € RY;: 37, p; = 1}. For € > 0, the one-sided entropic OT problem is

p* € arg min (ij ), H(p) ::prjlogpj.
; o

PEA, 1

Equivalently,

m
* in (- 1 )
p eargpegg}fl( (p, S>+6;p; 0g p;

Proof. Appendix A.5.1. O

Theorem 2.21 (Attention as the Unique EOT Solution [7, Theorem 3.3]). For the problem in Definition 2.20, if
e =1 >0, there is a unique minimizer and it is exactly scaled-dot-product attention:

o _epls/n)
b= o exp(se/r)

Hence SDPA is the primal optimizer of one-sided entropy-regularized OT.

14



Proof. Appendix A.5.2. O

Remark (Interpretation of 7 [7, Remark 3.4]). In the EOT view, T is the entropy-regularization strength: small T
favors concentrated plans, large T favors diffuse plans. The Transformer choice T = +\/dy, can be read as variance
normalization of query-key dot products and thus as a dimension-aware regularization schedule.

Proof. Appendix A.5.3. O
Proposition 2.22 (Unifying Attention Mechanisms [7, Proposition 4.1]). In the variational family

p* €arg min {—(p,s)+Q(p)},
PEA 1

choosing Q(p) = —7H (p) yields uniquely
p; o< e/,

i.e. softmax attention.
Proof. Appendix A.5.4. O

Proposition 2.23 (Unifying Attention Mechanisms [7, Proposition 4.2]). Choosing the quadratic regularizer

1
2p) = 5 lIpll3

in the same variational program yields Sparsemaz, i.e. projection of s onto the simplex:
p; = (s; = 0)+, Z(Sj —0)+ =1
J
Proof. Appendix A.5.5. O

Proposition 2.24 (Unifying Attention Mechanisms [7, Proposition 4.3]). For « > 1, choose Tsallis regularization

Qp) = L > w5 —p)).

ala—1)

Then the optimizer is the a-entmax family:

1 1

p; = (a—l)sjfﬂ}f/z {(afl)SEfH]:il,

4

with threshold 0 set by normalization.
Proof. Appendix A.5.6. O

Proposition 2.25 (ALiBi as Locality-Biased EOT [7, Proposition 4.4]). For query index i, augment the reqularizer
by a linear locality cost:
Qp(pi) =7 pijlogpi; +7 Y pijli — i, v =0.
J J

Then
o = exp((si; — /i — j1)/7)
I Yo rexp((sie —yli = €))/T)’

which is exactly ALiBi-style linear logit biasing.

Proof. Appendix A.5.7. O
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Proposition 2.26 (PriorSoftmax (Bayesian Generalization) [7, Proposition 4.5]). Let m € A,,_; with m; > 0.
Consider

p* €arg min {—(p,s) + 7 KL(p||r)}.
PEA, 1

The unique solution is

*

pj - 726 7'['@65@/7' .

Thus standard softmaz is recovered at uniform prior .

Wjesj/T

Proof. Appendix A.5.8. O

Backward Pass: Optimal Control Signal

Theorem 2.27 (Gradient as Advantage-Based Policy Update [7, Theorem 5.2]). Let p* = a(s) be softmax attention
with temperature 7. For a downstream loss L and marginal utilities u; := —0L/0p;,

OL i
on = (- El), Byl 2 pi

So score updates are weighted advantage estimates.

Proof. Appendix A.5.9. O

The Dual Problem and Information Geometry

Theorem 2.28 (The Log-Sum-Exp (LSE) Potential [7, Theorem 6.3]). The dual optimal value of the one-sided

EOT problem defines
¢*(s) = Tlog (Zes’f/T).
(=1

Its gradient equals attention:

Proof. Appendix A.5.10. O

Theorem 2.29 (Hessian is the Fisher Information Matrix (FIM) [7, Theorem 7.3]). Let F'(s) be the Fisher informa-
tion matriz of the attention family p(s) = softmax(s/7) and let u; = —OL/0p;. Then the Euclidean score-gradient
satisfies

VL =—-7F(s)u.

Hence the standard gradient is the Fisher-metric image of the utility direction, exhibiting duality with natural-
gradient geometry.

Proof. Appendix A.5.11. O

Corollary 2.30 (Hessian is the FIM [7, Theorem 7.5]). Let ¢* be the dual potential from Theorem 2.28. Then
V2¢*(s) = TF(s).
Equivalently, the dual curvature of one-sided EOT is proportional to the attention Fisher information.

Proof. Appendix A.5.12. O
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3 Self-Attention Dynamics

3.1 Objects and Assumptions

Ambient space, time, and static ingredients.
E c R?%, in this setting typically E =S¢ 1,
X(t) = (z1(¢),...,x2n(t)) € E™,
te[0,T] ort € [0,00),
q(z) = Qx, k(z):=Kz, v(z):=Vz,
Sp: E™ — E™ (static discrete SA),
Fp:P(E)— P(FE) (mean-field SA).

Empirical law.
1 n
P = ) = > ba,4) € P(E).
i=1
Self-attention vector field on E". We denote by
G5 E™ - T(E")
a self-attention—induced vector field on configurations, of the form
G (X) = (9o(i: X))y
where for each X = (z1,...,z,),
go(X): E—>TE

is a vector field built from the same ¢, k, v and attention weights (e.g. via Sp(X), attention kernels, gradients of an
energy, etc.).

In the spherical case E = S?! we implicitly require
go(zs; X) € T,,,SY,  equivalently (z;, gg(z:; X)) = 0,
often implemented via the projection P, from 1.

(Concrete formulas for gg in the various SA dynamic models will be given; here we only fix the notation GEA.)

Particle system (autonomous SA dynamics). Self-attention dynamics on E™:
X(t)=GM X)), t=0,
X(0)=Xx"€ B

Component-wise:
&i(t) = go(2:(t); X (1)), i € [n].

We view this as an autonomous ODE on E™:
X(t) = GRA(X(1)).
Mean-field velocity and continuity equation (SA-only). Associated mean-field velocity functional

vt : E—TE

is understood as the large-n limit of go(-; X) when px — pu:

vs[u](z) = go(x; X) whenever pux = .

Mean-field (formal) SA continuity equation:
Orpe + V- (05 ) = 0.
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Standing assumptions (SA dynamics).

(D1) Bounded configurations / support. There exists R > 0 such that along the flow,
lz:(t)|| < R Vien], Vt€[0,T],

equivalently supp(u¢) C B(0,R) (or C S%71).

(D2) Regularity of G3*. For any R > 0, there exists Lg(R) < oo such that
IG5 (X) = GeA(X)lr < La(R)IX — X'

for all X, X’ € E™ with ||z;]|, ||=}|| < R. (Local Lipschitz on bounded sets.)

(D3) Tangent structure (spherical case). If E =S%1 and X° € (S¥71)", then
xi(t) € ST Vit
i.e. G5 is tangent: go(7;; X) € T, S L.

(D4) Mean-field well-posedness (formal). Under appropriate conditions on v [], the continuity equation has (at

least) a weak solution (y;);>o in P(E) for any initial ug € P(E).

3.2 Discrete Self-Attention Dynamics on E”

Definition 3.1 (SA-Induced Drift via Sy). We start from the static single-head SA map
Se: E" = E", X — Sp(X)

or its masked / multi-head variants. Define the (Euclidean) SA drift
By(X) 1= Sy(X) - X € E",
By(X) = (bg(ws; X)),

with
bg(a)’i;X) = S@(X)i —x; € F.

In the spherical case, E = S~ we consider the tangent-projected drift

BP"(X) := (Py,bo(z5 X))

i=1"

(In concrete models, By or szh is replaced by the exact vector field given in the paper; this reference form keeps
the link to Sp explicit.)

Definition 3.2 (SA-Only ODE on E™). Euclidean version:

X(t) = Bo(X(t)), t>0,
X(0)=X"¢c E™.

Spherical version:

X(t) = B (X(t), t>0,
X(0) = X% e (s4 ).

Component-wise (spherical case):
@i (t) = Py, ) (So(X(t)); — x(t)), i€ [n].

(This ODE can be viewed as a continuous-depth limit of repeatedly applying X — X + AtBy(X), i.e. an Euler
discretization of the SA drift.)

18



Observation (Link to the generic vector field G34). With
GSA(X) := Bo(X) (Euclidean case),
G3A(X) := BP™(X)  (spherical case).

Then the SA dynamics _
X(t) = Gg*(X (1)

18 a special case of the general framework

Remark (Discrete-time vs continuous-time (Euler link)). For a time step At > 0, the explicit Euler scheme for
the ODE X (t) = By(X(t)) is

XM= X* 4 AtBy(X")
= (1 - At)XF + AtSy(XF).

For At = 1 this reduces to
Xk-i-l _ S@(Xk)7

i.e. iterations of the static SA map. For 0 < At < 1, we obtain a convex combination of the identity and So. (In
the spherical case, the Euler step is followed by a projection onto (ST~1)" if needed.)

Theorem 3.3 (Asymptotic Low-Rankness (d = 1) [6, Theorem 2.1]). Assume d =1, V > 0, and QK > 0. For
any initial sequence of pairwise distinct tokens (x1(0),...,2,(0)) € R™, there exists a matriz P* in the Boolean
low-rank class described in [6] such that the self-attention matriz P(t) converges:

P(t) — P* (t = +00).
In particular, the limiting attention is typically rank 1 or 2 for generic data.
Proof. Appendix A.1.1. O

Theorem 3.4 (Polytope Clustering (V = Id) [6, Theorem 3.1]). Assume V =1d and Q" K = 0. For any initial
tokens (2;(0))™,; C R? in the rescaled dynamics, there exists a convex polytope K C R? such that each trajectory
z;(t) converges either to 0 or to a point on OK as t — 4o0o. Thus asymptotic cluster representatives lie on the
boundary of a data-dependent convex polytope.

Proof. Appendix A.1.2. O
Theorem 3.5 (Hyperplane Clustering (V simple positive leading eigenvalue) [6, Theorem 4.2]). Let (Q, K, V) be
a good triple in the sense of Definition 4.1 of [6]. Then for any initial sequence (z;(0))7_; C R?, there exist at most
three parallel hyperplanes in R? such that each z;(t) converges in distance to one of these hyperplanes as t — +oo.
Proof. Appendix A.1.3. 0
Theorem 3.6 (Mixed Clustering (V' dominant eigenvalue with multiplicity) [6, Theorem 5.2]). Assume (Q, K, V)
is a good triple with multiplicity (Definition 5.1 in [6]), with splitting R® = F © G and dominant expanding action
on F. Then there exists a bounded convex polytope K C F' such that, with H = (0K U{0}) x G,
dist(z(t),H) = 0 (t —» +00), Vi.
So dynamics exhibit polytope clustering in F' and subspace transport in G.

Proof. Appendix A.1.4. O

Proposition 3.7 ([6, Proposition 6.2]). For every initial configuration Xo = (z9,...,2%) € (R?)", the self-attention
ODE system admits a unique global Lipschitz trajectory t — X (t) = (x1(¢), ..., x,(t)) with X(0) = Xg.

Proof. Appendix A.1.5. O
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Proposition 3.8 ([6, Proposition 6.3]). For every initial configuration Zy = (29,...,20) € (R})", the rescaled
system admits a unique global Lipschitz solution t — Z(t) = (21(¢),. .., z,(t)) with Z(0) = Z,.

Proof. Appendix A.1.6. 0

Theorem 3.9 (Collapse to Origin (V = —1Id) [6, Theorem 8.5]). Assume V = —1Id and Q" K = 1d. For any initial
token family (z;(0))"_; C R%, the solution of the self-attention dynamics satisfies

lz:(&)] — O (t = +00), Vi € [n].
Hence all particles collapse to the origin and attention converges to the uniform row-stochastic matriz.

Proof. Appendix A.1.8. O

Theorem 3.10 (Generic Consensus [5, Theorem 4.1 (8 = 0)]). Fiz d,n > 2 and consider either normalized or
unnormalized dynamics at 3 =0 on S¢~1. For Lebesque-a.e. initial configuration (x;(0))7_, € (S4=1)", there exists
z, € ST such that

x;(t) = @ (t = 4+00), Vi € [n].

Proof. Appendix A.1.12. O

Theorem 3.11 (Generic Consensus [5, Theorem 4.3 (small 5)]). There exists a universal constant C > 0 such that

for
g<Cnt,

for Lebesgue-a.e. initial condition in (ST=1)", both (SA) and (USA) converge to consensus:
Iz, € S with x;(t) = xy Vi.
In dimension d = 2, one can take the full range § < 1.

Proof. Appendix A.1.13. O

Theorem 3.12 (Generic Consensus [5, Theorem 5.1 (large 3)]). For each d > 2 there exists C(d) > 0 such that
whenever

B > C(d)n?,

for Lebesque-a.e. initial condition in (S¥=1)", both normalized and unnormalized dynamics converge to a single
consensus cluster.

Proof. Appendix A.1.14. O

Theorem 3.13 (General Consensus in High Dimension [5, Theorem 6.1 (d > 3)]). Fizn >2,d >3, and 8 > 0.
Then the consensus conclusion of Theorem 3.11 holds for both (SA) and (USA): for almost every initial condition,
all particles converge to one common limit point on S~ 1.

Proof. Appendix A.1.15. O

Theorem 3.14 (Exponential Rate in High Dimension [5, Theorem 6.3]). Let n > 1, 8 > 0, and d > n. If initial
tokens are i.i.d. uniform on S?', then almost surely there exist x, € S%1 and constants C, X > 0 such that for
all i € [n],

|2i(t) — 2.|| < Ce™, t>0.

The same statement holds for general @Q, K in the corresponding identity-V model.

Proof. Appendix A.1.16. O
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Theorem 3.15 (Quantitative Convergence [5, Theorem 6.9]). Fiz 8 > 0 and n > 2. There exists d..(n, 8) > n such
that for all d > d.(n, B): if (x:(0)), are i.i.d. uniform on S%=' and x;(t) solves (SA), then there exist constants
C(n, B), A(n, B) > 0 with probability at least 1 — 2n2d—1/%4,

)

(i), 25(1)) — v (t)] < mm{zcm””jfgd , c}

for alli # j and all t > 0, where vg solves the reduced scalar model.
Proof. Appendix A.1.17. O

Theorem 3.16 (Global Synchronization / Clustering [8, Theorem 1]). For both (SA) and (USA) dynamics with
n>2 d>3, and any B > 0, for almost every initial condition (z1(0),...,2,(0)) € (S41)", trajectories exist
globally and satisfy

lim ||z;(t) — z;(t)|| =0, Vi, j € [n].

t—o0

Equivalently, the empirical measure converges weakly to a Dirac mass on S 1.
Proof. Appendix A.6.1. O

Theorem 3.17 (Local Exponential Rates (Hemisphere Condition) [8, Theorem 3]). Letn >1,d > 2, 8> 0, and
assume initial tokens satisfy
Jw € S such that (x;(0),w) >0 Vi.

Then for SA or USA, there exist x. € S?' and constants C,\ > 0 (depending on initialization, n, 3) such that
|l2i(t) — z.]] < Ce™, Vi € [n], t > 0.
Proof. Appendix A.6.2. O

Corollary 3.18 (Random Initialization Clustering [8, Corollary 4]). If x1(0),...,z,(0) are i.i.d. uniform on S4=1
and d > n, then almost surely they lie in some open hemisphere. Consequently, Theorem 3.17 applies and yields
exponential convergence to one cluster.

Proof. Appendix A.6.3. O

Theorem 3.19 (Long-Context Phase Transition [8, Theorem 7]). Assume equiangular inputs: ||z;|| = 1 and
(xi,x;) = p € (0,1) fori # j. Set attention scale B, = vlogn and denote output directions by 0; € S~ after one
attention layer. Then for i # j,

L <t
i Y P — 4p _ 1
A 0505 =\ 55 7=

P, V> T

Hence attention exhibits a sharp subcritical/critical/supercritical phase transition.
Proof. Appendix A.6.6. O

Definition 3.20 (Noisy Transformer SDE [8, Equation (8)]). Let x > 0. The mean-field noisy attention limit is
the McKean—Vlasov SDE on 91

dX (t) = Px ( / 65<X(t)’y>yut(dy)> dt +V2k=1dW (t),
Sd—l

where puy = L(X (t)).

Proof. Appendix A.6.7. O
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3.3 Mean-Field Self-Attention Dynamics: Continuity Equation and Energy
Definition 3.21 (Mean-field SA velocity via the barycentric map). We reuse the mean-field SA objects:
q(z) = Qx, k(y):= Ky, v(y) = Vy,
Kp(@,y) = exp (B(q(x), k(y))),

(x)
Z,(z) = / (& 9)du(y),
N

au(z,dy) =

Spherical version (E = S?1):
viA LI () == Py(Tpu() — z) € TS

(Concrete models may modify vSA[u] by adding damping factors, normalization constants, or extra terms; those
will be specified below on a case-by-case basis.)

Definition 3.22 (Mean-field SA continuity equation). Mean-field SA dynamics (Euclidean form):

3t,ut + V- (’USA[Nt}Nt) = O, t> O,
Ht=0 = Ho-

Spherical form:

at,UJt + de_l ' (Ugf:ph [,Ut]/.tt) =0, t=>0,
fi—o = po € P(S71),

where Vga-1- denotes the divergence on the sphere.

Definition 3.23 (Energy functional and gradient-flow form (SA-only)). We consider an energy functional
ESN P(E) = RU {+o0},
and a metric d on P(E) (e.g. d = W> or a twisted variant W, 2). Formal gradient-flow form:
Orpe = — grady 598A(Mt)’

which, in PDE form, corresponds to

SA
Orpie + V- (—V(S?Z (m)(@m) =0,
with
S SA
(@) = =92} 0)

(or the corresponding twisted-gradient expression when d # W5).

Typical structure:

M = [ s+ [ Wenduadnt).

for some “potential” ® and interaction kernel W constructed from g, k, v, 3.
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Definition 3.24 (Equilibria, clusters, and Lyapunov structure). Equilibrium measures (stationary solutions):

e € P(E) st. v3™u](x) =0 for py-ae. z < at'uthu:u* =0.

Cluster-type equilibria:

My = Z am(szmy Oy 2> O, Zam = 1;
m

with (zm,)m local consensus points.
Energy dissipation (Lyapunov) identity /inequality (formal):

d
a QSA(Mt) S 07

with equality iff y; is an equilibrium (under suitable conditions).

Proposition 3.25 (Well-Posedness and W,-Stability [6, Proposition 6.6]). For any uo € P.(R?), the continuity
equation
O+ V- (X[ulp) =0, Hjt=0 = Mo,

admits a unique global solution in CO (R ;P.(R?)). Moreover, for every R,T > 0 there exists C(T, R) > 0 such
that if supp(uo),supp(vo) C B(0, R), then

Wa(u(t), v(t) < "I Wa g, 1), t€[0,7].
Proof. Appendix A.1.7. O
Remark (Relation to Unnormalized Dynamics [5, Remark 3.1]). For the mean-field continuity equation on S,
Op + div(X[p]p) =0,

global weak measure-valued well-posedness for arbitrary initial data u(0) € P(S?1) follows from the same Lips-
chitz/Dobrushin argument as in [6].

Proof. Appendix A.1.9. O

Proposition 3.26 (Continuity Equation Derivation [5, Proposition 3.4]). Let 8 > 0 and d > 2, and let

1
Bp(u) = 5// PV dp(w) du(y).
Sd—l XSd—l
Then:
the unique global minimizer of Eg over P(Sdil) is the uniform law o,
every global mazximizer is a Dirac mass d,.
Proof. Appendix A.1.10. O

Lemma 3.27 (Gradient Flow Structure [5, Lemma 3.6]). For the unnormalized spherical dynamics,

M) =2 [ ey duty).
Sd—l
one has
5E;
op

Hence the corresponding continuity equation is the Wasserstein gradient flow of Eg on P(S%71).

X[p)(z) = V—=="=().
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Proof. Appendix A.1.11. O

Theorem 3.28 (Metric Structure of W, 2 [1, Theorem 2.2]). Let M be a compact Riemannian manifold without
boundary and K € C(M x M) satisfy 0 < cx < K < Ck. For p € P(M) define

= /M K(z,y) p(dy),

and for po, 1 € P(M) define

1
w2 , = inf //m z) | (2)|? e (dz) dt
m.2 (1o, p1) eenceS e o e (@) [0 ()] e (dar)
Then:
(i) For every pair with finite Wy, 2, the infimum is attained;
(i) equivalently, Wy, o admits the length representation
T 1/2
W, = inf " 2 1 (d dt.
waiogn) = (] @) @) o)
Proof. Appendix A.3.1. O

Theorem 3.29 (Geodesic Structure of Wy, o [1, Theorem 2.3)). Let M be a compact Riemannian manifold without
boundary, and let K € C(M x M) satisfy

0<ecx <K(z,y) <Cg <o Y(z,y) € M x M.

For € P(M) define the mobility
= / K(z,y) p(dy),
M

W2 (00 1) = inf / [ ) @) et

(ke ,v1)

and define the modified transport distance by

where the infimum is taken over all distributional solutions of the continuity equation connecting po to pi. Then
(P(M), Wi 2) is a geodesic metric space: for every o, p1 € P(M) there exists a constant-speed geodesic (fit)iefo,1)
such that

Win2(ps, pe) = [t — 8| Win 2(pio, 1) V0 <s <t <1
Proof. Appendix A.3.2. O

Theorem 3.30 (Gradient Flow Identification [1, Theorem 2.7]). Let M be a compact Riemannian manifold without
boundary, let K € C(M x M) satisfy 0 < cx < K < Ck, and let W € CY(M x M) be symmetric. Define

2) = /MK@,y) wdy),  Wil(z) = /M W (. y) pu(dy),

and the interaction energy
1
E)i=y [ Wiy ulde) udy)
MxM

Then weak solutions of

1
8t,ut + leM(

My,

grady, W] ) 0 ®)

coincide with curves of mazimal slope of € in (P(M), Wy, 2). Equivalently, they are exactly the absolutely continuous
curves satisfying the energy-dissipation equality

E(r) — (o) + / / g ol dp

0,
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Proof. Appendix A.3.4. O

Corollary 3.31 (Topology of W,, 2 [1, Corollary 2.5]). Under the assumptions of Theorem 3.29, there exist con-
stants c1,co > 0 such that for all p,v € P(M),

1 Walp,v) < Wi a(p,v) < co Wa(p,v).

Consequently, Wy, 2 and Wy induce the same topology on P(M); on compact M, this is equivalent to narrow
convergence. In particular, (P(M), Wy, 2) is complete.

Proof. Appendix A.3.3. O

Lemma 3.32 (Energy Dissipation Inequality [1, Lemma 2.9]). Let W € C1(M x M) be symmetric and define

E(p) = %/MxMW(%y)u(dw)u(dy% Wpl(z) = /M W(z,y) u(dy).

For every absolutely continuous curve t — py in (P(M), Wy,.2) with continuity-equation velocity vy,
I )
) = Eo) + 5 [ [ @) @) ) de
0o Jum

1 (7 1 2
= —_— dy, W dx)dt > 0.
w3 | [ e W@l e
Moreover, equality holds if and only if u; is a weak solution of the gradient-flow PDE (8).
Proof. Appendix A.3.5. O

Corollary 3.33 (Convergence to Stationary Measures [1, Corollary 2.11]). Let M be a compact manifold without
boundary, and let W € CH*(M x M) (a > 0) be symmetric. If (ut)i>0 is a weak solution of the gradient-flow
continuity equation (8), then there exists a sequence t, — 0o and a measure p, € P(M) such that

pt, = b (narrowly),

and iy 18 stationary, i.e.

1
div (m grad ; W] u*> =0.

ik

Proof. Appendix A.3.6. O

Theorem 3.34 (Characterization of Maximizers [1, Theorem 3.1)). Let D = DT and let Amax be an eigenvalue of
mazximal absolute value with Aynax > 0. Denote by

Iy, =12 € S Dz = Amax? }-

max

For the interaction energy
eot) = [ [ e u(ds) u(dy).
§d—1,/8§d—1

the mazximizers are exactly the Dirac measures §, with z € Z

max *

Proof. Appendix A.3.7. O

Theorem 3.35 (Characterization of Minimizers [1, Theorem 3.4]). Let D = DT be not positive definite, and let
Amin < 0 be its smallest eigenvalue.

If Amin < 0, then p minimizes Ep iff p =9, with Dz = Apinz,
If Amin = 0, then p minimizes Ep iff supp(u) C ker D.
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Proof. Appendix A.3.8. O

Corollary 3.36 (Symmetry of Minimizers [1, Corollary 3.10]). Assume D = DT = 0, and let j1, be a minimizer of
Ep. Then uy is symmetric with respect to reflections across every eigendirection of D. Equivalently, for each unit
eigenvector z of D,

(H2) e = i H.(z) =z —2(z,2)z.
Proof. Appendix A.3.9. O

Theorem 3.37 (Maximizers for Negative Semidefinite D [1, Theorem 3.17]). Let D = DT <0 and let Ay, < 0 be
the smallest eigenvalue. Then p mazimizes Ep if and only if

(6z + (LZ), Dz = Aminz, z€ S L

N =

,U/ =
Proof. Appendix A.3.10. O

Proposition 3.38 (Variational Optima are Stationary Solutions [1, Proposition 4.2]). Let Ep be the interaction
energy on P(S9™1) and let dEp(u; W) denote its first variation along a Lipschitz tangent field W. If ., is a global
minimizer or global mazximizer of Ep, then

dEp(p; W) =0 for every Lipschitz W : TSt — R4,
Hence every global extremizer is a stationary point of the mean-field dynamics.

Proof. Appendix A.3.11. O

Lemma 3.39 (Stationarity of Dirac Measures [1, Lemma 4.3]). Let u € P(S4™1). The following are equivalent:

(i) p is stationary for O+ V - (uI'),) = 0,
(#1) dEp(u; W) = 0 for every Lipschitz W.

In particular, stationarity of the PDE is exactly the Euler—Lagrange condition for Ep under Wasserstein perturba-
tions.

Proof. Appendix A.3.12. O

Lemma 3.40 (Stationarity of Symmetric 2-Point Measures [1, Lemma 4.5]). For z € S4=1, the Dirac measure d,
18 a stationary point of Ep if and only if z is an eigenvector of D. Equivalently,

8. is stationary <= P}Dz=0 <= Dz = (z' D2)z.
Proof. Appendix A.3.13. O
Lemma 3.41 (Stationarity Condition for D [1, Lemma 4.6]). Let z € S%~! and t € [0,1]. The two-point measure
pe =16, + (1 —1t)o_,

s a stationary point of Ep if and only if z is an eigenvector of D. In particular, all antipodal mixtures generated
by an eigenvector are stationary.

Proof. Appendix A.3.14. O
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Lemma 3.42 (Instability of Unaligned States [1, Lemma 4.7]). Let Zp C S?~! be a finite set of eigenvectors of D
such that
w-z=0 for all distinct w,z € Zp.

For any weights t : Zp — Ry with 3, t(2) =1, define

Then u is a stationary point of Fp.
Proof. Appendix A.3.15. O

Lemma 3.43 (Linear Stability Analysis [1, Lemma 4.10]). Let o be the uniform probability measure on S*~*. Then
o is a stationary point of Ep if and only if all eigenvalues {\;}_, of D have equal absolute value:

Aaf == [Adl.
Proof. Appendix A.3.16. O
Corollary 3.44 (Local Stability Criteria [1, Corollary 4.11]). The uniform measure o minimizes Ep if and only if
D =Xl for some > 0.

FEquivalently, isotropic nonnegative interaction is exactly the regime where the uniform state is globally energy-
minimizing.

Proof. Appendix A.3.17. O
Theorem 3.45 (Global Well-Posedness and Stability [2, Theorem 3.1]). Let d,k € N* with k < d, p > 1, and
let Q, K : [0,+00) — REX4 V . [0,400) — R4 be continuous. For any compactly supported initial datum
po € Po(RY) and any attention field T € {T'(SM) D(E2) T(sink) 7o) DMHN “the Transformer PDE

Op+ V- (ul'y) =0, Pjt=0 = fo,

has a unique global weak solution in C([0,+00), P.(R?)). If supp(po) C Br, and

R(t) == exp(/ot HV(s)HQdS)RO,

then supp(u(t)) C Bpey for all t > 0. Moreover, for each t > 0, there erists C(t, Ro) > 0 such that any two
solutions p, v with initial data in Bg, satisfy

Wy (u(t), v(2)) < C(t, Ro)Wo (s, o).
Proof. Appendix A.4.1. O

Gaussian Dynamics (Softmax).

Lemma 3.46 (Gaussian Velocity Field (Softmax) [2, Lemma 4.1]). Let p = N(a, ¥) on R? and set A := KTQ.
Then for all x € R?,
I (z) = V(o + TAz).

Hence the Softmax mean-field velocity is affine on Gaussian states.

Proof. Appendix A.4.3. O
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Proposition 3.47 (Gaussian ODEs (Softmax) [2, Proposition 4.2]). Assume continuous parameter paths Q, K,V :
[0, +00) — R and Gaussian initial data j1o = N (o, Xo) with o = 0. For the Softmar PDE

O+ V- (urFM)) = 0,

there exists a unique mazimal solution u(t) that remains Gaussian: p(t) = N(a(t),%(t)). With A:== K'Q, (,X)
solve
Y =VIAL 4+ A TSV, a=V({Id+XA)a.

Proof. Appendix A.4.4. O
Proposition 3.48 (Finite-Time Blow-Up vs Convergence (Softmax) [2, Proposition 4.4]). Consider
Y =VIAZ 4+ ARV, »(0) = % = 0,
and assume V' commutes with ¥¢ and with VA+ ATV . Then
S(t) = (St —t(VA+ATVT)) ™

on its mazimal interval of existence. If VA+ ATV T <0, the solution is global and converges to a limit ¥, = 0 with
rank loss along strictly negative eigendirections. If VA+ ATV has a positive eigenvalue, the largest eigenvalue of
3(t) blows up in finite time.

Proof. Appendix A.4.5. O

Proposition 3.49 (Low-Rank Stationary Points (Softmax) [2, Proposition 4.8]). Let A € R%*9 be symmetric and
set V. =1d. If a symmetric matriz ¥ satisfies the stationarity equation

YAY +DATY =

then
rk(2) < dimker A + min (#{\;(4) > 0}, #{\;(A) < 0}).

Therefore stationary Gaussian covariances are necessarily low rank.
Proof. Appendix A.4.6. O
Proposition 3.50 (Gaussian Dynamics for Multi-Head Softmax [2, Proposition 4.9]). Let Q, K,V : [0,+0c0) —

R4 define H heads with matrices A™ and weights WMV () (notation of Eq. (2.9) in [2]). For Gaussian initial
data po = N (o, Xo), the multi-head PDE keeps Gaussian form u(t) = N (a(t), 2(t)) and

$ i ( Wy s Ay 4 AT () V(h))T),
ZW(h)V(h) (Id+2A4™)a.

Proof. Appendix A.4.7. O

Gaussian Dynamics (L2).

Lemma 3.51 (Gaussian Velocity Field (L2) [2, Lemma 4.10]). For u = N(a,X) and z € R?,
L2 _ -1 T g\ —1(y—1 T
I (z) = V(S +2KTK) (2 a+ 2K " Qu).
Hence the L2 attention velocity is affine on Gaussian measures.

Proof. Appendix A.4.8. O
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Proposition 3.52 (Gaussian ODEs (L2) [2, Proposition 4.11]). Let Q, K,V : [0, +00) — R¥*? be continuous and
fio = N(ag, So) with S = 0. For O+ V - (D) = 0, pu(t) stays Gaussian: pu(t) = N(a(t), (1)), with

Y =2VE(Id +2K TK%) 1A + 28AT(Id +2K TKY) 12V T,
a=VET+2KTK)" (27 +24)a,

where A= KTQ.
Proof. Appendix A.4.9. O

Lemma 3.53 (Global Existence for L2 ODEs [2, Lemma 4.12]). For any 3¢ > 0, the matrix ODE
Y =2VS(Id+2K TKX) ' AY + 28 AT (Id +2K TKX) " 'xv T
admits a unique global solution. Hence L2 Gaussian covariance dynamics cannot blow up in finite time.

Proof. Appendix A.4.10. 0

Gaussian Dynamics (Sinkhorn).

Lemma 3.54 (Gaussian Velocity Field (Sinkhorn) [2, Lemma 4.14]). Let p = N(a, ) on R4, with A := K'Q and
assume A, Y invertible. Then

sin 1 — — 1 — —
Dk (z) = gV(Id—A s 1C)a+gVA Ty-tox,

where ) o
C =32 (212AT AN 2 4 S 1a ) sz _Eg,
4 2

Proof. Appendix A.4.11. O

Proposition 3.55 (Gaussian ODEs (Sinkhorn) [2, Proposition 4.15]). Let Q, K,V : [0, +00) — R¥*4 be continuous
and po = N (ap, Xo) with g = 0. For the Sinkhorn PDE

Dopa+ V- (uLG) = 0,

wu(t) remains Gaussian: p(t) = N(a(t),3(t)), and

L1
N=- (VA—Tz—lcz i onz—lA—lvT),
g

1
a=-Va,
€
with
g2 1/2 €
C=xM2(T2AnATSY? 4 Saa) R - S,
4 2
In particular, mean and covariance evolve independently.
Proof. Appendix A.4.12. O
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Gradient Flow Structures.

Theorem 3.56 (Sinkformer as Bures-Wasserstein Flow [2, Section 5.3]). Assume Sinkhorn attention with A :=
KTQ satisfying A= AT = —V. Then the Sinkformer PDE is a Wasserstein gradient flow:

_ OF.
Oep+ V- (uLEM) =0 = @u+V~QNQM(M)=07

for the energy (Eq. (5.11) in [2])

1 Ko 1
Fuln) =~ i log = + - [ (1Qul? + [Kal?) di(a),
e €

Restricted to Gaussian states, this induces the Bures-Wasserstein Riemannian flow for (a,X) described in Sec-
tion 5.3.

Proof. Appendix A.4.13. O

Theorem 3.57 (Softmax as Twisted Wasserstein Gradient Flow [2, Section 5.4]). Let A,V € R and define
B:= -VA~T. If B is symmetric positive definite, define the twisted mobility operator

By(z
Gu(v)(z) := M

and the associated distance dav. Then the Softmazx Transformer PDE can be written as a gradient flow in this
metric for the quadratic interaction energy

P =5 [[ /7 du(o) dutw).

Moreover, Section 5.4 proves that, even in this formulation, F' is generally not geodesically convex for da,v .
Proof. Appendix A.4.14. O

Theorem 3.58 (Global Rates in Mean-Field Limit [8, Theorem 5]). Let d > 2 and let p; solve the mean-field
equation from initial law po with density fo € L?(S?1) and nonzero first moment

Ry := H/ xduo(x)H > 0.
Sd*l
Then there exist constants By, Co, Ty > 0 (depending on o) such that if |B| < Bo, there is oo € ST=1 with
Wa (e, 8, ) < Coe™ /100 t > Tp.
Proof. Appendix A.6.4. O

Theorem 3.59 (Metastability and Saddle-to-Saddle Dynamics [8, Theorem 6]). Consider a discrete multi-cluster
initial datum with a unique closest pair (z,7) mazimizing (z;(0),x;(0)). Under the rescaled time

dt = eB—(@:(0).2; ) g

as B — oo, trajectories converge uniformly on finite intervals (before contact) to a reduced system where only the
closest pair moves along their connecting geodesic, all other clusters remaining frozen. The pair merges in finite
rescaled time.

Proof. Appendix A.6.5. O

Definition 3.60 (Noisy Transformer Fokker-Planck Equation [8, Equation (9)]). The law p; of Definition 3.20

satisfies
Oepre + £ Apy = div (Mt Pt (/ ey ut(dy)>) ;

gd—1

which reduces to the deterministic mean-field equation as k — oco.

Proof. Appendix A.6.8. O
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4 Transformer Dynamics

4.1 Objects and Assumptions

Ambient space, time, and static building blocks.

E CRY, typically E =S 1,
X(t) = (x1(t),...,z,(t)) € E",
t€[0,T] or t € [0,00),

1 n
e = Hx (@ = o 25@(:&) € P(E).
i=1

Static ingredients (from 1):
SYMH . E™ — E™  (multi-head SA),
LN:E"™ — E" (layer normalisation),

FFN: E" — E" (feed-forward network),
Ty: E™ — E" (pre-LN Transformer block),

TéL) =Ty, 0o---0Tp, (depth-L Transformer).

Block map and residual structure. Recall the pre-LN block (1):

Xt .= X + SPH(LN(X)),
Ty(X) := X 4 FFN(LN(X®)).

We write Ty as a residual map
Ty(X) = X + Gg(X),
where the block drift is

GH™(X) := SYM(LN(X)) + FFN(LN(X?t))
= Sy™M(LN(X)) + FEN(LN (X + Sy"™(LN(X)))).

Component-wise:

G (X) = (95" (3 X)) .

Discrete-depth Transformer dynamics. Given parameters © = (6y,...,0r), the discrete-depth evolution is
XH =1y, (XY, £=0,...,L—1,
X=Xx"eE"
In residual form:
X=X+ apk (X9,

Empirical laws:
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Continuous-depth Transformer vector field on E". We introduce a (possibly time-dependent) Transformer
vector field

G [0,T) x E™ — T(E™),
of the form
n

G& (t, X) = (98 (t, x5 X)), _,.

Prototype: piecewise-constant in ¢ using block drifts:
G'é‘r (tv X) = GB;};) (X)v
where ¢ — £(t) maps each time interval [ts, t,41) to layer index £ (layer-wise time slicing).
Spherical case E = S%1:
GL (1, X) = (Po g (b2 X)),
so that GE'(t, X) € T(E™) preserves (S4=1)m.
Continuous-depth Transformer dynamics:
X(t) =G&(t. X(t), tel0,T]
X(0)=x"¢c E".

Mean-field Transformer velocity and continuity equation. We associate a (possibly time-dependent) mean-
field velocity functional

ve" [0, T) x P(E) — {vector fields on E},
so that, in the mean-field regime,

va[t, p](z) = g&r (t,2; X)  whenever pux = p.

Mean-field Transformer continuity equation (Euclidean version):
Opp +V - (v&°[t, el ) = 0, ¢ €[0,T],
Ht=0 = Ho-
Spherical version:
Otpiy + Vga—1 - (Ugfsph[t,ut],ut) =0, te€]0,7T),
fi—o = po € P(S71),
where

v&spnlt 1) (2) == Povg'[t, ] (x).

Standing assumptions.
(T1) Bounded configurations / support. There exists R > 0 such that along the flow,
z:(®)]] < R Vi€ [n], Vi €[0,T],
equivalently supp(u¢) C B(0,R) (or C S%71).
(T2) Local Lipschitzness of G&'. For any R > 0, there exists Lty (R) < oo such that
IGE (1, X) — GE (6, X')]|r < Lr(R)|X — X'|15
for all t € [0,7] and all X, X' € E™ with ||z, [|z|| < R.

(T3) Tangent structure (spherical case). If E = S% ' and X° € (S¥ 1), then z;(t) € S?! for all i,¢, i.e.
G&(t, X) € T(E™) for all (¢, X).

(T4) Mean-field well-posedness (formal). Under suitable regularity of vd"[], the continuity equation admits (at
least) a weak solution (j¢)ie(o,r) in P(E) for any initial puy € P(E).
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4.2 Discrete Transformer Dynamics on E”

Definition 4.1 (Block drift induced by Ty). Recall the pre-LN block from 1:

X = X + Sy"™(LN(X)),

Ty(X) := X** + FFN(LN(X™")).
Residual form:
To(X) = X + G (X),
with block drift
Gy (X) == SY™(LN(X)) + FFN(LN(X "))
= SMH(LN(X)) + FFN(LN(X + SQ“H(LN(X)))).

Component-wise:

n

G5 (X) = (95" (i3 X)) ;-

Definition 4.2 (Continuous-Depth Block ODE on E™). Euclidean version:
X(t) = GY(X (), t>0,
X(0)=X"c E™.

Spherical version (E = S¢71):

where

n
i=1"

This gives a continuous-depth Transformer block dynamics, obtained formally as the limit of repeatedly applying
X = X + AtGER(X)

with small At.

Definition 4.3 (Layer-wise continuous-depth model with time-dependent parameters). Let O(¢) denote a (piecewise
constant or smooth) parameter schedule over ¢ € [0, T, with

@(t) ~0, forte [tg,tg+1),
where (t¢)l_, is a time partition. Define the time-dependent block drift

G (t, X) = Gtélé‘t) (X) = Glgii) (X) (piecewise-constant schedule).

Continuous-depth Transformer dynamics:

X(t)=GE(t, X)), telo,T],
X(0)=x"¢c E".

Spherical case:

n

=1’

Gg)isph(tv X) = (Pngg)\r(ta L5 X))
X(t) = G’(I)‘I:sph(tv X(t))
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Definition 4.4 (Discrete-depth Transformer as an Euler scheme). Consider the ODE
X(t) = G (X(1), € [te.tes),
with step size Aty := ty41 — to. Explicit Euler scheme on [tg, t41]:
X = X5+ At GRR(XY).
For Aty =1,
X xt Ggik(Xg) = Ty, (X9,

i.e. the standard discrete-depth Transformer block. For 0 < At, < 1, we obtain a convex-combination-like update
between the identity and Tp,:

XL = (1 — At)) X + AtgTy, (XY).

Note. Concrete full-Transformer dynamics are paper-dependent and will be introduced in the corresponding result
files.

4.3 Mean-Field Transformer Dynamics: Continuity Equation and Energy

Definition 4.5 (Mean-field Transformer velocity). We consider a (possibly time-dependent) mean-field Transformer
velocity functional

vt u] s B — TE,

built from the same ingredients as in Setting I and II: multi-head self-attention, layer norm, and FFN. Euclidean
form:

ve [t ul(x) =T (2) —x,
where
Fl?(x) := (one-step Transformer block update at = under input law p).
Spherical version (E = S¢71):
vgsph[t, ul(x) := Py (FEr(x) — :c) e 1,8 1.
(Concrete expressions for I‘Er will be taken from the specific mean-field Transformer models.)
Definition 4.6 (Mean-field Transformer continuity equation). Mean-field Transformer dynamics (Euclidean form):

O +V - (v&'[t, ) (@)pe) = 0, ¢ €0, 7],
Ht=0 = Ho-

Spherical form:
Opre + Var - (08 spnlt el (x)pe) = 0, ¢ € [0, T,
fi—0 = po € P(STH).
Definition 4.7 (Energy functional and gradient-flow viewpoint). We consider a Transformer energy functional
X P(E) = RU {+o0},

together with a metric d on P(E) (e.g. Wa or a twisted Wasserstein distance W, 2). Formal gradient-flow repre-
sentation:

O¢py = — grady ng(ut),
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which in PDE form becomes

SED
Op +V - [ =V o (k) (@)pe | =0,

with

Tr
ot (o) = 952 () ),

or the analogous twisted-gradient formula when d # W5. Typical structure:

1
EXr(p) = /Efbe(x)d,u(x) + 3 / s Wo(z,y)du(x)du(y) + (possibly higher-order / LN terms),
X

with ®g and Wg determined by SA + LN 4+ FFN and the chosen metric d.

Definition 4.8 (Equilibria, invariant sets, and asymptotic regimes). In the autonomous setting (or for frozen t),
equilibrium measures:

ty € P(E) st. vd[t, puy](x) = 0 for all t for p,-a.e. .

Equivalent PDE condition:

at'ut ’#t:u* =0.

Cluster / low-rank / consensus-type equilibria examples:

M
s = Z amd,,  (clustered configuration),
m=1

Ly = pxdo  (smooth density p, w.r.t. reference measure o),

s = (low-dimensional manifold-supported measure).
Energy dissipation (Lyapunov) identity/inequality:

d T

with equality iff y; is an equilibrium (under appropriate regularity and convexity conditions).
Asymptotic regimes include:

e convergence to a unique equilibrium,

e phase transitions / multiple equilibria,

e clustering vs dispersion,

e behaviour as t — oo or as depth — oo.

Proposition 4.9 (Variational Optima are Stationary Solutions [1, Proposition 4.2]). Let Ep be the interaction
energy on P(S91) and let dEp(u; W) denote its first variation along a Lipschitz tangent field W. If u. is a global
minimizer or global mazximizer of Ep, then

dEp(pe; W) =0 for every Lipschitz W : TSt — R4,
Hence every global extremizer is a stationary point of the mean-field dynamics.

Proof. Appendix A.3.11. O
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Lemma 4.10 (Stationarity of Dirac Measures [1, Lemma 4.3]). Let u € P(S41). The following are equivalent:

(1) w is stationary for Oy + V - (ul'),) = 0,
(ii) dEp(u; W) = 0 for every Lipschitz W.

In particular, stationarity of the PDE is exactly the FEuler—Lagrange condition for Ep under Wasserstein perturba-
tions.

Proof. Appendix A.3.12. O

Lemma 4.11 (Stationarity of Symmetric 2-Point Measures [1, Lemma 4.5]). For z € S, the Dirac measure 6,
18 a stationary point of Ep if and only if z is an eigenvector of D. Equivalently,

8. is stationary <= P}Dz=0 <= Dz = (z' Dz)z.
Proof. Appendix A.3.13. O

Lemma 4.12 (Stationarity Condition for D [1, Lemma 4.6]). Let z € S9! and t € [0,1]. The two-point measure
e = téz + (1 — t)(S,Z

18 a stationary point of Ep if and only if z is an eigenvector of D. In particular, all antipodal miztures generated
by an eigenvector are stationary.

Proof. Appendix A.3.14. 0
Lemma 4.13 (Instability of Unaligned States [1, Lemma 4.7]). Let Zp C S~ be a finite set of eigenvectors of D

such that
w-z=0 for all distinct w,z € Zp.

For any weights t : Zp — Ry with 7, t(2) =1, define

Then i is a stationary point of Fp.
Proof. Appendix A.3.15. O

Lemma 4.14 (Linear Stability Analysis [1, Lemma 4.10]). Let o be the uniform probability measure on S*~*. Then
o is a stationary point of Ep if and only if all eigenvalues {\;}¢_, of D have equal absolute value:

A =+ =Adl.
Proof. Appendix A.3.16. O

Corollary 4.15 (Local Stability Criteria [1, Corollary 4.11]). The uniform measure o minimizes Ep if and only if
D =M\l for some A > 0.

Equivalently, isotropic nonnegative interaction is exvactly the regime where the uniform state is globally energy-
minimaizing.

Proof. Appendix A.3.17. O
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Theorem 4.16 (Masked Mean-Field Well-Posedness [2, Theorem 3.4]). Let Q, K,V be as in Theorem 3.45, and
let fig € P.([0,1] x RY). For masked attention dynamics

Op+ V- (i F,(zm)) =0, Ajt=0 = Ho,

there is a unique global weak solution ji € C([0,+00), P.([0,1] x R%)) for the conditional transport distance d. If g
is the space marginal of fig with supp(uo) C Br,, then the space marginal u(t) of a(t) satisfies

supp(u(t) © By, R = esp( [ V()] ds) o

Moreover, for each t > 0 there is C(t, Rg) > 0 with

d(f(t), v(t)) < C(t, Ro)d(fo, o).

Proof. Appendix A.4.2. O
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A  Proofs

A.1 Geshkovski et al. [6] + Geshkovski et al. [5]
A.1.1 Theorem 3.3 [6, Theorem 2.1]

Proof. In dimension d = 1, write tokens in increasing order and denote by P(t) = (p;;(t)) the attention matrix.
Because QK > 0, logits are monotone in pairwise ordering, and the softmax rows become increasingly concentrated
on extreme indices as time grows. The induced ODE on row masses is order-preserving and dissipative; therefore
each row has a limit profile. Row-stochasticity implies each limit row is a probability vector, and the monotone
concentration shows every limit row is either a basis vector or one single mixed row between two neighboring
extremal states. Hence the limit matrix belongs to the Boolean class P described in the statement. Since all but
at most one row are one-hot in this class, the rank is typically 1 or 2. O

A.1.2 Theorem 3.4 [6, Theorem 3.1]

Proof. With V =1d and QT K > 0, use the rescaled variables z;. Define the support functional

hi(u) := mﬁ((u, zi (%)), ue St
i€[n
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The dynamics imply a one-sided differential inequality for hi(u), yielding bounded variation and therefore conver-
gence of hy(u) for each fixed u. Let ho be the pointwise limit and define

K:={z € R?: (u,z) < hoo(u) Yu € S471}

This set is a convex polytope generated by finitely many active directions. Each trajectory z;(t) remains in a
bounded invariant set and its distance to the active supporting faces goes to zero; therefore every z;(t) converges
either to the origin or to a boundary point of K. O

A.1.3 Theorem 3.5 [6, Theorem 4.2]

Proof. Under the good-triple assumptions, V has one dominant real eigenvalue and all other modes are strictly
weaker. Project z;(t) onto the dominant left-eigenvector direction:

si(t) := (b1, zi(t)).

The projected system is asymptotically autonomous and scalar, with at most three stable limit values (two generic
side values and one possible central value). Transverse components obey a linear equation with exponentially
weaker forcing, so they remain bounded and converge relative to the dominant coordinate. Thus each full vector
z;(t) approaches one of at most three affine sets orthogonal to ¢1, i.e. at most three parallel hyperplanes. O

A.1.4 Theorem 3.6 [6, Theorem 5.2]

Proof. Split R? = F®G as in the multiplicity hypothesis. On F, V acts like AId and the projected dynamics satisfy
the same convex- polytope boundary mechanism as in the simple-eigenvalue case, producing a bounded polytope
K C F. On G, eigenvalues have modulus < A, so after the same rescaling the G part is subdominant and remains
confined to an invariant linear component. Combining both projections yields

dist(z;(¢t), (OK U {0}) x G) — 0,

for all particles. O

A.1.5 Proposition 3.7 [6, Proposition 6.2]

Proof. Write the particle system as
X=F(X), X=(x1,...,2,) € (RH)™

Each component F;(X) is built from: 1) logits (smooth bilinear forms in (x;,x;)), 2) softmax weights (smooth on
R™), 3) linear value map V. Hence F is C!, in particular locally Lipschitz on (R?)". Picard-Lindelof gives a unique
maximal solution on some interval.
To exclude finite-time blow-up, set

R(t) := max |z;(t)|.

1<i<n

Because softmax rows are probability vectors, each drift is a convex combination of linear images Va; (possibly
plus terms of at most linear size), so
|#:()| < C R(t)

for a constant C' depending only on model parameters. Taking the maximum over ¢,
R(t) < C R(t).

Gronwall yields
R(t) < R(0)e“"

on every bounded time interval, so no component can blow up in finite time.

Therefore the maximal solution extends to all ¢ > 0, and uniqueness implies a unique global Lipschitz trajectory. [
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A.1.6 Proposition 3.8 [6, Proposition 6.3]
Proof. Define z;(t) := €'V 2;(t). Then
i =Ve'Vz + eV
Substituting the rescaled equation for Z; gives exactly the original system for x;. Conversely, if z; solves the original
system, then z; = e *Va; solves the rescaled one. Since ¢!V is a smooth bijection for each ¢, this is a one-to-

one transformation of trajectories preserving Lipschitz regularity. Global existence and uniqueness for one system
therefore imply the same for the other. O

A.1.7 Proposition 3.25 [6, Proposition 6.6]

Proof. Set

[ e Qu KNy du(y)
T @ FD du(y)

On any ball Bg, numerator and denominator are smooth in x and Lipschitz in pu for Wy because kernels and their
derivatives are bounded there. Hence

Xpl(z) =

1X (K] (2) = X[V](@)]| < Lz (o — 2| + Wa(p,v)).

Construct approximate solutions by freezing the measure on short intervals and pushing forward along the induced
characteristic flow. Compactness of probability measures with equi-compact support gives a limit curve solving the
continuity equation. For uniqueness, couple two solutions (u¢,v;) and differentiate the transport cost; Dobrushin-

Gronwall gives
Wa (e, ve) < e T HMWy (o, ),

which also yields uniqueness. O

A.1.8 Theorem 3.9 [6, Theorem 8.5]

Proof. For each particle define 7;(t) := 1||z;(t)||?. Under V = —1Id and Q" K =1Id,

b= =) ay()z;,  ay(t) =0, Y ay(t) = 1.
=1 J

Then
’I.“i =Z;- jfi = — Zaija:i * Ty S —CL”'HJ%HQ + Zaij\miﬂxﬂ.
J J#i
Uniform boundedness of trajectories and positivity of weights imply a strict negative feedback whenever |x;| stays
away from 0. Therefore r; is decreasing and has a limit. If that limit were positive, the drift would remain strictly
negative on a set of positive times, contradiction. Hence r;(t) — 0, i.e. x;(¢) — 0 for all i. O

A.1.9 Remark 3.3 [5, Remark 3.1]
Proof. On the sphere, the vector field

Xp)(x) = Pz( / eﬂ<’”’y>ydu(y))

is globally bounded and globally Lipschitz in x. It is also Lipschitz in p for Wi, because the kernel and its first
derivatives are bounded on the compact manifold S¢~!. Hence the characteristic ODE with frozen measure has
unique global flow, and the push-forward map is a contraction on short time intervals in C([0, T], P(S¢~1)). Tteration
gives global existence and uniqueness. O
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A.1.10 Proposition 3.26 [5, Proposition 3.4]
Proof. Write
1 xr
Bsln) =5 [ [ 4 dut@du(y).

For maximizers, Jensen at fixed = gives maximal value when p concentrates on a single point; therefore any global
maximizer is a Dirac mass. For minimizers, expand e”* in Gegenbauer polynomials on [—1,1]:

et = ZakC,i‘(t), ay > 0.
k>0

Substituting into £ yields a sum of nonnegative harmonic energies. The & = 0 mode is constant across all measures;
every k > 1 term vanishes exactly for the uniform measure. Hence the unique global minimizer is oy. O

A.1.11 Lemma 3.27 [5, Lemma 3.6]

Proof. Compute the first variation of Eg(p) = £ [[ Gg((z,y)) du(z)du(y), G(t) = B~1ef:

55%@) = [ Gatto.u)) duty).

Tangential differentiation on S9! gives

SE
Va1 —2
op

(x) = Pt / V.Gs((z,y)) duly) = P+ / A0y duy).

This is exactly X'[u](x).

Now let p; be an absolutely continuous curve with velocity field v;:

8tm + %(/Lt’l)t) =0.
The chain rule gives
d 0Eg
—F = —= - vpdy.
o Bolue) /V 5, U
Choosing the steepest descent direction in Ws,

SEs
= — —_— = —X
Ut th [Mt} ,

produces

Oppre + (e X [pe]) = 0

(up to sign convention in defining the drift). Thus the unnormalized spherical equation is the Wasserstein gradient
flow of Eg. 0

A.1.12 Theorem 3.10 [5, Theorem 4.1]

Proof. At 8 = 0, both normalized and unnormalized systems reduce to analytic gradient flows on the compact
manifold (S9-1)™: )
X = -Vdy(X).

1) Every trajectory converges to a single equilibrium. Energy monotonicity gives

d
S00(X(1)) = ~| VRo(X ()] <0.
Since @ is bounded below on a compact manifold, and the flow is analytic, Lojasiewicz’s inequality implies X (¢) —

X for some critical point of ®g.

2) Non-consensus equilibria are strict saddles. At § = 0, the Hessian can be computed explicitly; any
equilibrium with at least two distinct token directions has an unstable mode (a perturbation that increases pairwise
alignment and decreases the Lyapunov energy in reverse time). Hence these equilibria are strict saddles.
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3) Almost-sure convergence to consensus. By the center-stable manifold theorem, the basin of each strict
saddle is contained in a set of codimension at least one, therefore of Lebesgue measure zero. Thus almost every
initial configuration converges to the remaining asymptotically stable critical set, namely consensus configurations
(Tay ooy T

Therefore for almost every initial condition there exists 2, € S?~! such that x;(t) — z, for all 4. O

A.1.13 Theorem 3.11 [5, Theorem 4.3]

Proof. For small 3, write the energy as
‘I)ﬁ =&y + ,BRg,

with Rg uniformly C%-bounded when 3 < Cn~!. Hence the vector field is a C'-small perturbation of the 8 = 0
flow.

Persistence of critical structure. The consensus manifold remains critical by symmetry. Non-consensus critical
points of ®( are strict saddles (Theorem 3.10); by perturbation of hyperbolic equilibria, their nearby continuations
for small 8 remain saddles (no stable eigenvalue sign change for sufficiently small perturbation).

Gradient-flow convergence. The perturbed flow is still analytic on compact (S?~1)", so every trajectory con-
verges to a critical point by Lojasiewicz.

Genericity. Stable manifolds of strict saddles have codimension at least one, hence zero Lebesgue measure.
Therefore almost every initial condition converges to consensus.

This proves the claim for 3 < Cn~!. In dimension d = 2, sharper geometric estimates improve the perturbative
threshold to the full range 5 < 1. O

A.1.14 Theorem 3.12 [5, Theorem 5.1]

Proof. For large 3, the interaction energy landscape develops deep wells near synchronized states and pushes non-
consensus critical points into saddle type. The dynamics are analytic gradient flows on compact manifolds, so each
trajectory converges to a critical point by the Lojasiewicz inequality. The center-stable manifold theorem implies
the basin of strict saddles has zero Lebesgue measure in initial-condition space. Therefore almost every initial
condition converges to a local maximum, and in this regime local maxima are exactly consensus states. Hence
generic convergence to one cluster follows. O

A.1.15 Theorem 3.13 [5, Theorem 6.1]

Proof. For d > 3, the key geometric fact is that at any non-consensus critical configuration there are enough
independent tangent directions to build an escaping perturbation. Concretely, if at least two particles are not
aligned, one can choose orthogonal tangent directions that increase the consensus order parameter while decreasing
the energy in at least one second-order direction. Therefore non-consensus critical points cannot be local maxima
(or asymptotically stable equilibria).

Since the dynamics are analytic gradient flows on compact (S¢~1)" (for both SA and USA), every trajectory
converges to a critical point by Lojasiewicz. The only candidates for attracting critical points are consensus
configurations. All remaining critical points are saddles; their stable sets have measure zero by the center-stable
manifold theorem.

Hence for Lebesgue-a.e. initialization, the limit is consensus:

zi(t) =z, € ST Vi

A.1.16 Theorem 3.14 [5, Theorem 6.3]

Proof. Assume all initial points belong to an open hemisphere, so there exists w € S9! with (z;(0),w) > 0 for
all 7. This cone condition is preserved by the flow and implies uniform positivity of pairwise inner products after
some transient time. In that region, the Jacobian of the vector field has a strict contraction component on the
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orthogonal complement of the consensus direction; thus the diameter max; ; ||z; — x;|| decays exponentially by
Gronwall. Consequently there exist C, A > 0 and z, € S~ ! such that

le: () — 2] < Ce M,

For random initialization with d > n, the open-hemisphere condition holds almost surely, giving the theorem. [

A.1.17 Theorem 3.15 [5, Theorem 6.9]

Proof. Let g;;(t) := (xi(t),z;(t)) and let yz(t) solve the reduced scalar equation. Subtracting the two evolution
equations gives

4155 — 75| < Lmax| |+ malt)
dt Gij VBl = I?;Z( 9ke — VB Nalt),

where 74 is the high-dimensional initialization error. Concentration of measure for random points on S?~! yields
with probability at least 1 — 2n2d—1/64:
nty/logd

d

Applying Gronwall and combining with the intrinsic exponential contraction of the consensus flow gives the minimum
of two bounds: a finite-dimensional concentration term and an exponential term Ce~**. This is exactly the stated
estimate. O

A.2 Castin et al. [4] 4+ Castin et al. [3]

A.2.1 Theorem 2.3 [3, Theorem 3.3]

Proof. Fix R>0and n € N, and let X = (21,...,x,) € BE. Recall that
1

Lij(X)=xz/Bz;, B
i(X) j Nz

Q'K,

and that the attention weights are

__exp(Ly (X))
> -1 exp(Lik(X))

Aij(X) A(X) = (Ai(X))7

4,j=1"

The i-th output token of Sy is

n

yi := (Sp(X)); = Z A j(X)Vaj, i€ln].

j=1

Step 1: differential of Sy. Let U = (uy,...,u,) € E™ be a perturbation. We compute the directional derivative
JSp(X)[U]. For each pair (4,7),

so along the perturbation X — X + tU we have
Lij(X +tU) = (v; + tu;) " B(zj + tuj).
Differentiating at t = 0 yields the directional derivative

d

JLi(X)WU] = & -

Lij(X +tU) = u] Bz + z] Buj.

Consider the path X; := X + tU. Define
Nij(t) :=exp(Lij(X1)),  Di(t) :=>_ exp(Lir(Xy)),
k=1

so that

Aij(Xy) =
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By the chain rule,

NI (1) = exp(Lay (X)) 5 Lis (), N (0) = exp(Lis (X)) Lig (X))
Similarly,
Zexp k(X)) Zexp (X)) J Li(X)[U].
Using the quotient rule at ¢t = 0 gives
TAG (O] = %L A (X))
Nij(t)
dt t=0 D (t)
~ N;(0)Di(0) — Ni; (0)D;(0)
B D;(0)?
_ exp(Li; (X)) J Lij(X)[U]D:(0) — exp(Li;j (X)) 3y exp(Lix(X))J Lix (X)[U]
D;(0)2
_ exp(Li;(X)) - e ep(Lin(X) L.
= =50 (JL” (X)[U] ;;1 5.0 JLZ;C(X)[U]>

= Ai(X) (JLij(X)[U] - zn:Am(X)JLik(X)[UO :

k=1

Differentiating the i-th output token in the U direction yields

TSe(XN[U] = 2| (Sa(X):
= zn: JAG(X) UV, + ZA” Wu,
=V (i JAi; (X)[Ulz; + Xn:Aij(X)uj) :

Set the attention-weighted mean of the tokens for query i as
n
m; = ZAzk(X)xk e k.

We have

iJAij(X)[U]xj = (iAij(X)JLij(X)[U]%) - ( Az’k(X)JLik(X)[UO ( Az’j(X)l’j)
Jj=1 k=1 j=1

Il
(]
=
T
&
.
>
S
&

.
N~
|
-~

= ZAU(X)<xJ —my)(u ij)+ZAlj(X)(x] —m;)(x; Buy)
JSg(X)i[U] =V (ZAZJ(X)UJ+ZAij(X)($ —mi)( TB%)""ZAU'(X)(% —m;)(z Bu]))
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Step 2: bounding |JSy(X)[U]||r. Let | - ||z denote the Frobenius norm on E™ (induced by the Euclidean
structure on F) with
JSo(X)[U] = (JSe(X)1[U], ..., JSe(X)n[U]) € E™.

1786 (O —ZHJSe iy
Using the inequality (a + b + ¢)? < 3(a® + b* + ¢?) we obtain, for each i € [n],

'

180 O1IR < 3IVIZ, (|| 2 s |+ | 32 A (0o = moa] Bay)|[*+]| 32 A ()@ = mo) ] By
j=1 j=1 Jj=1

Summing over 4 yields

1750 COWIIE < 3IVIZ, S (H S A 0 [+ 35 46 (0@ = ma ] Bap) P+ | 3 A (X (e - mi><w?Buj>||2>. (9)
i=1 =1 j=1 j=1

first term second term third term

For the first term, by Cauchy-Schwarz with weights (A;;(X))}_; and the fact that Z;;l A;;(X) =1, we have

|3 A0 ZA” )l 1.
j=1

Summing over 4 gives

n n

330 4 | € 3030 Al = 3 (30 A (X)) P

i=1 j=1 i=1 j=1 j=1 i=1

n
Szznllug‘ll2 =n)_ lull* = n|Ul3- (10)
j=1 j=1
For each fixed i € [n], define the covariance matrix

= Ay(X m;)(z; —m;) " € L(E).

j=1

For readability, we temporarily omit the dependence on X and write A;; instead of A;;(X). We have

n n
> Aijllay = mall? = Aij (1> = 22 ] mi + [ma?)
: =

= ZAzJijHz - QmT ZAU% + [lmi? ZAU
L
= Z Aujlla; |1 = llmall*.

Using ||lz;|| < R and >, A;; = 1 gives

n n
D Al —mil> <Y AR =
j=1 j=1

Next, for any z € F,

n

n n
2T = Az (= mi)? <Y AgjllalPllay — mall? = (1212 Aijllay — mal® < Rz,
j=1

=1 j=1
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Taking the supremum over all ||z|| = 1 shows
Hzi”op < R,

To bound the second term, we set z; ;== B u; then u;'—B;vj = z;'—x] Using the identity z; = (z; —m;) + m; gives

ZA” m,)(u Bzj) = ZA,;j(X)(xj - mi)ziij

= > A (X) ;= ma)z] (w5 = ma) + 3 Ay (X) (@5 = ma)zmi

= ZAZJ(X)(ZL’] — ml)(x] — mi)Tzi = 2121 = EiBTUi,
since 7 Aij(X)(x; —m;) = 0. Therefore,

i (X)(x5 — ml)(u;erj) < ”EiHOPHBTHOPHWH < RQHBHOPHWHa

where we used || B |lop = || Bllop- Summing over i yields
n n 2 n
DD Au(X) (e —mi)(u] Bxy) | < RYBIZ, Y luill® = RYBIZIU %
i=1 || j=1 i=1

For the third term, applying Cauchy-Schwarz with weights (A4;;(X))7_; gives

n

(ZAU Yy = mal2) (3 A (X)]a] Bu[).

Z —my)(x; Buy)

j=1
The first factor is at most R? by the variance bound above:
ZAU iy = mal® < R,
For the second factor, we use
T T.N\T T T
|2 Buj| = [(B" i) s < [|B@illllujl| < [|B " [lopllillllu;ll < [[Bllop Rl|u;ll,
SO )
|z Bu;|” < [|B]|3, R?||uy||>.
Hence "
T 2
D Ay(X)|x] By < IIBllﬁpRQZAm sl < IIBHopRQZ lug | = | BIZ, R |U 1%
— =

Combining the two factors and summing over ¢ yields, we obtain

>

=1

2

ZAU —m;)(z{ Buy)|| <nR*|B|2,R*|U|% = n|B|2,R*|U|3.

Step 3: conclusion. Substituting (10), (11) and (12) into (9), we obtain, for every U € E™,
1755 COWIE < 31V 2, (mIU 1 + B2, R 0+ 1)[U]:).

Hence
178 (X112, < 3IV I3, (IBlI5, R (n 4 1) +n).
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Since n+ 1 <4n + 1 for n > 1, we also have
17Se(X)I2, < 31V I, (I BII2, B (4n + 1) + n),

and taking square roots gives

1/2
176 lop < VBV llop (IBIZ, R (4 + 1) + 1)

Finally, this bound is uniform over all X € Bj, so
. 9 4 1/2
Lipgy (S0) = sup 1780(X) lop < VIV lop (I BIZ, R} (4n +1) +1)
XeB?
which is the claimed bound. O

A.2.2 Proposition 2.4 [3, Proposition 3.4]

Proof. We work in the Euclidean case E = R?, assume V = Idg, and keep the notation of Theorem 2.3. Recall

that
1

Vd

and let 3 > -+ > =, denote the real eigenvalues of B (with 1 <7 < d). Set

B=-—Q'K e L(E),

7 = max{—,,71/8}.

We will construct, for each R > 0 and n > 2, a configuration X € B} such that

Vn—1

(n —1)e—2R*"

156(X)llop 2 1
Taking the supremum over X € B% then yields the desired lower bound on Lip B}%(Se)'

Step 1: a two-token reduction via clustering. Fix n > 2 and introduce the linear embedding

A, : E? » E", Ap(z1,29) = (21,22, .., 22).

Define a weighted two-token self-attention map S¢ : E? — E? as follows. Let

1 n-1
a = (a17a2) = (ﬁv n )7 a1+a2 = ]-7

and for 4, j € {1,2} set the logits

lij(z) = zZ-Tsz +logaj,
the weights
exp(£i;(2))

Aij(2) = exp(li1(2)) + exp(liz(2))’

and the outputs
(S2))i = A4 ()21 + A%(2)z2, i=1,2.

A direct inspection of the softmax shows the exact identity

Se(A,(2)) = A, (S%(2)) for all z € E2 (13)

Fix z and set X = A, (z). For any direction u = (u1,us) € E? define U := A, (u) € E™. Since A, is linear,
differentiating (13) at z in direction u yields

JSo(X)U] = JSp(An(2))[An(w)] = An (S (2)[u]). (14)
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Moreover
[An(@)l5 = lurll® + (n = Dljugl® > (n—1)[lus?, (15)

hence

1An(w)llF = Vi —1ug. (16)

In particular, if u = (u1,0) then
[An ()| 7 = Jlu- (17)

Combining (14) with the definition of the operator norm (induced by ||-||r on E™) and then restricting to v = (uq,0)
gives

1780 (X)lop > sup 17500 (s, O)llx

u1#0 ”An(uhO)”F
_ qup A (IS (&) [(u1, 0]l
Tk Aa(u0)r (18)
> sup mllusa@”)[(ul,on)ﬂy

u17#0 (U5}

Thus it suffices to produce z € B% such that the map u; — (JS%(z)[(u1,0)])2 has large operator norm.

Step 2: explicit computation along an eigen-direction. Let v, be any real eigenvalue of B and let v € E
be a corresponding unit eigenvector:
Bo=n, |]=1.

Restrict S® to span{v} by setting z; = ¢1v, 22 = cov with ¢1,c2 € R. For query i = 2 we have
la1(c1,c2) =logar + yecact, Laa(ci,c) = logas + vic3,

hence Y« C2C1 YxC2C1
are’ e
a
c1,69) = A5 (c1,c0) = =
p( ’ ) 21( ’ ) ale’)’*czcl + a2e'}’*cg evxc2C1 (n — 1)@7*‘3% ’

and A%, = 1 — p. The second output equals

(8%2))2 = (p(cl, ea)er + (1 — p(cth))cz)v =: ya(c1, c2)v,
where
ya(c1, ¢2) = ca + p(er, e2)(c1 — c2).
A direct differentiation gives
de,p(c1, c2) = vucap(er, c2) (1 — pler, ), (19)
and therefore
de,y2(c1, ¢2) = pler, e2) 4+ Yacz(e1 — ca)p(er, e2) (1 — pler, c2)). (20)

At the point z = (¢1v, cov), the direction (v,0) € E? corresponds to increasing ¢; while keeping ¢, fixed, hence
(J8(2)[(v,0)]), = (Oery2(c1, c2))v- (21)

We now choose (c1, ¢2) depending on the sign of 7, and scale them to lie in Bg.
Case 1: v, < 0. Let ¢; = R and c2 = —R, so ||21]| = ||22]| = R and z € B%. Then

V(=R 1 1

R,—-R) = = = .
p(R, —FR) e(=BY) 4 (n — 1D)enB 14 (n—1)e2Bn 14 (n—1)e 2Bl

Moreover, in (20) we have
ea(er = ¢2) = 1u(=R)(2R) = =27, R* = 2|%,|R? >0,
so the second term in (20) is nonnegative and hence

amyQ(Ra 7R) > p(R, *R)
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Using (21) and [jv|| = 1 gives
1

||(JS (Z)[(v70)])2” = ‘801y2(R7 _R)| > p(Rv _R) = 1+ (n — 1)67232”*" (22)
Case 2: v, > 0. Let ¢; = R and c2 = R/2, so ||z1]| = R and ||22|| = R/2 < R, hence z € B%. Then
R,R/2 e/ !
p(R, R/2) = e B2 4 (n — 1)erB/4 14 (n—1)enB/4
Also,
R R R?
meer =) =g 5 =% 20,
so again the second term in (20) is nonnegative and thus
aCl yQ(Ra R/Q) 2 p(R7 R/2)
Using (21) yields
o 1
I(7S @I, 00),[| = p(R.R/2) = (23)

1+ (n— e/

Step 3: conclusion and choice of v. Combining (18) with (22)—(23), we obtain: for any real eigenvalue 7, of
B with unit eigenvector v, there exists z € B% (hence X = A, (z) € B%) such that

[ 7Se(X)llop = V= 1w (R, 74),

where 1
15 ez =<0

(B, ) 1= :
Y > 0.

1+ (n— et/ 1+ =

Now recall v = max{—~,,71/8}. If v = —,, choose 7, = 7, < 0; then || =~ and

1
14 (n—1)e 2B’

W(R, ’Y*) -

If instead v = 71/8, choose v, =1 > 0; then

1 1
(B ) = 1+ (n—1)emk/4 1+ (n—1)e2B*r"

Therefore, in all cases there exists X € B% such that

1
1+ (n—1)e2R*r’

1756(X)llop = v —1

Since LipB%(S’g) = SUPxcpn |7Se(X)|lop, we conclude

Vn—1

1+ (n—1)e 2Ry’

Lippy (So) >

which is exactly (3). This completes the proof. O

48



A.2.3 Theorem 2.5 [3, Theorem 3.7]

Proof. We work in the Euclidean case E = R? and consider the single-head self-attention map Sg : E™ — E" with
logits
1

lij == Lij(X) = z{ Bz;, B 7

Q'K € L(E).
Fix R > 0 and a configuration X = (z1,...,2,) € E™, and set
XR =RX = (Rl‘l, ce ,Rl‘n)

For i,j € [n], the attention weights at X is

) _exp(Li;(XRr))
A’L] (XR) - ZZ:l eXp(Lik (XR)) ’

Note that
Lij(Xgr) = (Rz;) " B(Rx;) = R?Li;.

If B =0, then A;;(Xg) = 1/n for all R and JSg(Xg) is uniformly bounded by ||V|op (hence (4) holds with 9x = 1).
We therefore assume B # 0 for the remainder of the proof.

We first show that the complement of Eg has Lebesgue measure zero, then compute JSy(X ) explicitly and analyse
its behaviour as R — +o0.

Step 1: generic configurations and the set Fz. Recall

Ep = {X = (21,..,2n) € B(0,1)" : Vi € [n] 3! j} € [n] s.t. ;> = max lij}.

1<j<n
If X ¢ Ep, then there exist ¢ € [n] and distinct j, k € [n] such that l;; = l;x, i.e.
z; B(zj —xy) = 0.
For each (i,7,k) with ¢ € [n] and 1 < j < k <n, define

Zigw={X € ®R)": 2] Bla; — ) = 0}.

Let N := ker(B") C E. Since B # 0, N is a proper linear subspace, hence has Lebesgue measure zero in E. If
x; ¢ N, then w; :== BTx; # 0 and the constraint x;-'—B(xj — 1) = 0 becomes

w:(x] —xp) =0,

which is a nontrivial linear constraint on (x;,x)) € E? and therefore cuts out a codimension-1 affine subspace in
E? (in particular, a measure-zero subset). By Fubini’s theorem, Z; ; ; has Lebesgue measure zero in (R%)"™. Since

B(0,1)"\ Eg C U U Zij,ks
i=1 1<j<k<n

a finite union of measure-zero sets, it follows that B(0,1)"™ \ Ep has Lebesgue measure zero.

Step 2: explicit expression for the Jacobian at Xip. Fix X € Ep and R > 0, and set Xp = RX =
(Rx1,...,Rxy,). Let U = (uy,...,u,) € E™. First, the directional derivative of the logit at X in direction U is

JLi;j(XR)[U Rz; + tu;) " B(Rx; + tuj) = R(u Bz + z] Bu;).

= il

Since A;. is a row-wise softmax, its Jacobian satisfies

JAG(XR)U) = Ay (Xr) (TLi(Xn)U) = 3~ Aw(Xp) L (Xr)[U)).
k=1
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Define the attention-weighted mean (at Xp)

mf% = ZAik(XR)xk € FE.
k=1

Applying the chain rule to (Sp(Xr)): = >_; Aij(Xr)V (Rz;), we obtain

n

(JSo(XR)[UD): =Y JA;(Xp)[UIV (Ra;) + Y Aij(Xr)Vu,

j=1 j=1

= VZAij<XR>Uj + VR2 ZAZ](XR) (mj — mf) (u;erj + CL‘ZTB’U,j),
Jj=1 j=1

R

where we used Z?:l A;;j(XRr)(xz; —m;*) =0 to collect terms.

Thus, for each i € [n],

(ISo(Xm)[U]); = V (tR(U) + R2F (D)), (24)
with
tR(U) = Z Aij(XR)uj, (25)
sPU) = i Aij(Xg)(z; —ml) (u;rB:Ej + x;-rBuj). (26)
j=1

Step 3: softmax asymptotics for A;;(Xg). Since X € Ep, for each i € [n] there is a unique index j} € [n]
such that

l;i+ = max l;;.
Ui agi<n Y

Define
A; = min(l;;+ —l;;) > 0.
min (b — )
Using L;;(Xr) = R?l;j, we can write
€R2(lij*lij;)

2l —1. %) "
ZZ::[ eR (l'Lk l”i)

Aij(XRr) =
Hence, for j # j7,
lij —lijs <=A; = Aj(Xg) < e AL

and therefore .
1= Aijr(Xg) =Y Aij(Xg) < (n—1)e T2

J#3}
In particular,
2 A
Aij(XR) = L=z 0= Aij(XRr)(1 = Aij(Xg)) < (n—1)e 2, (27)
Equivalently, for each i there exist constants C; > 0 and ¢; > 0 such that
A5y (Xp) (1 Ayj(Xp)) < Cre=F for all j € [n], R > 0. (28)
Step 4: the main term t?. Let ||-||r denote the Frobenius norm on E™ and | - ||op the induced operator norm.

Define the linear operator Tg : E™ — E™ by

n

(TrU)i = tF(U) = Y Aij(Xr)u;.

j=1
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Using Cauchy—Schwarz with weights (A;;(Xr)); and >, A;;(Xr) = 1, we have

3

[EFO)I* < Z (X )l 1.

Summing over i gives

n n n n n n
ITeU1% = S IO < 35 Ay(Ka) g2 = 32 (30 A (Xa) sl < 03 s 2 = U3
i=1 i=1 j=1 j=1 i=1 j=1
Hence
ITrllop < v/n for all R > 0. (29)

Moreover, by (27),

n
(TRU Zl AU XR)’LLJ T} ujl
J
so Tr converges pointwise to the linear map T, : E™ — E™ given by
(TOOU)Z = Ujr, xS [n]

(We only use the uniform bound (29) below.)

Step 5: bounding the remainder R?s®. We now control the contribution of R?s®(U) in (24). Since X €
B(0,1)", we have |z;|| <1 and hence |mf|| < 1, so

|z; —ml|| <2 for all4,j.

A sharper bound uses

T — ZA’LIC Xg)x) = ZAm Xg)(xj — o),
k#j
hence
|l = mf < Ai(Xe)lla; — 2kl <2 Ai(Xr) = 2(1 - Ai;(Xr)),
oy oy,
and therefore
Aij(Xr) s —mif|| < 2455(XRr) (1 = Aij(Xr)). (30)

Using (26), Cauchy-Schwarz, and ||z;|], [|z;]| < 1,

n

ls5¥( Z i (XR) |25 — m||(Ju] Bzj| + |z Buy|)

< Bllop ZAij(XR)Iij = | (lluill + [lugl)-

j=1

Applying (30) and then (28), we get

ISE@)I < 2B llop D Aij (Xr)(1 = Aij (Xn)) (sl + 115 1) < 20BllopCie™ > (nllul] + 3 1))-

Jj=1

Using >27_, [[ujll < v/nl|U||, we obtain

_Ci 2
Isf (@)1 < 20 BllopCie™ " (nllus|l + Val|Ullr).-
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We now absorb the factéor R? into t}%e exponential: for any ¢ > 0 there exists Ry > 0 such that R? < R’ for all
R > Ry, hence R?e ¢l < e—(ci—O)R™ Choosing ¢ = ¢;/2 gives, for R > Ry,

R2e—ciR2 < e—(q/?)RQ.
Thus, for R > Ry,
! p2
RSB < 2BlopCre s (alall + VANV ), ¢ = ber
Summing over i and using Y, (a; + b)? < 2>, a? + 2nb?, we obtain

S IRASFO)|? < Cxe T U3,
=1

for some constants Cx,cx > 0 depending only on X, B and n. Equivalently, if we define S : E™ — E™ by
(SRrU); = sE(U), then

IBSplop < sx(R), rx(R) = Cxe ™" 0. (31)

Step 6: combining everything. From (24), (29) and (31), for all U € E™ and all R > Ry we have

176 (XR)U]F = [[V(TrU + R*SRU) |
< Vllop (ITRU || + | R2SRU|| )
<V llop (I Trllop + [1R*SRllop) U]l £
<V lop (v + 5x (R) U] -

Hence
||JSH(XR)||OP < <\/ﬁ + “X(R)) ||V||0p'
Define R) o
R L — 7X —cx R?
Ix(R):=1+ n 1+ \/ﬁe .

Then ¥ x(R) — 1 exponentially fast as R — +o00, and for all R > R,

1756(XR)llop < Ix (R)|[V [|opv/n-

Adjusting constants on [0, Rg] if needed, the same inequality holds for all R > 0, which is precisely (4). This
completes the proof. O

A.2.4 Theorem 2.6 [4, Theorem 4.2]

Proof. Work in the Euclidean case E = R¢ and consider single-head self-attention Sg : E” — E™ with V = Idg
and logits
Li;j(X) =2/ Bx;, X = (21,...,2,) € E™

Thus
n elii(X)

(So(X))i = Y Aij(X)zj,  Aii(X) = ST Ea 0

and the covariance matrix

52



Step 1: Jacobian formula. Let U = (uy,...,u,) € E™ be a perturbation. Computation gives, for each i € [n],

(JSo(X)[U])i = Y As(X)uy + Sa(X)BTus + Y Ay (X)(w; — mi( X)) (2] Buy). (32)
Jj=1 j=1
Step 2: replication and mean/fluctuation decomposition. Fix X = (z1,...,z,) € E™. For N > 1, define

the N-replication
Yy :=1ly® X € EN",

i.e. token x; is repeated N times. We index tokens of Yy by pairs (o, i) with « € [N] and ¢ € [n], and write
(YN)((X,I) = Tj.

Let U € EN™ be a perturbation of Y, with components U(q,i) € E. Define the replica-mean and replica-fluctuation
parts:

1 N
;= N O;u(a,i) EE, U = Uayu) — Ui

so that 25:1 li(q,) = 0 for each i. Set U:= (t,...,10,) € E™.
Because all replicas share identical queries/keys/values, the attention weights at Yy satisfy

1
A3 () = T A5(X) (a8 € [N), i, € [n]).

Consequently,
Ma,iy(Yn) = mi(X), X(a,)Yn)=2i(X) forall o€ [N],ie[n]

Insert these identities into (32) (with X replaced by Yy ). Using Zgzl t(g,5) = 0, one checks that for each («,1i),

(JSo(YN)[UD)(aty = (JSo(X)[U])s + £i(X)B i) (33)

Step 3: operator norm and independence of N > 2. Equip EM" with the Frobenius norm [|U|% =
Zi\;l S lw@.nI?. The decomposition w( ;) = U; + U, is orthogonal, and the two terms on the right-hand
side of (33) act on orthogonal subspaces (replica-means vs zero-sum fluctuations). Therefore, for N > 2,

1750 (¥5) lop = max {[|756(X)llop: max. |Z:(X)B e }- (34)

The right-hand side does not depend on N (once N > 2), hence
1750 (YN )llop = [17S0(Y2)[lop, VN =2,

which proves item (1). Squaring (34) yields
1756 (Ya)II3, = max{Jse<X>|§p, max ||2i<X>BTllip} :

Step 4: splitting regime and optimal direction. Assume the finite-splitting condition in the statement, i.e.
supn>1 |9 (YN )llop > [[JSe(X)|lop. By item (1) this is equivalent to |[JSp(Y2)llop > [|JSe(X)|lop, and by (34)
this holds iff
208 [55(X) BT ap > [780(X) o
In that case,
17S0(¥a)]12, = max [S(X)BT |2, > [75p(X)],.
which is the desired strict inequality.

Let

i* € argmax | Z;(X)B " ||op,
1<i<n
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and let u* € E be a unit right singular vector attaining ||%;« (X )BT [|op = ||Zi+(X)BTu*||. Take N = 2 and choose a
perturbation U € E?" supported only on the two replicas of token i*, with opposite signs (hence zero replica-mean):

Uy ey = 0", Uggr) = —u", U, = 0 otherwise.
Then (JSg(X)[U]) = 0 and (33) reduces to
(JSo(Y2)[U]) (aiv) = i (X) B ir,0),

which achieves the top singular value. Geometrically, this corresponds to splitting the mass of x;+ into two equal
atoms z;» £ eu*, proving the optimal direction claim. This completes the proof. O

A.2.5 Theorem 2.7 [3, Theorem 4.3]
Proof. Fix R > 0 and n € N, and let X = (z1,...,2,) € BE. Recall that

1
Q'K,

Lii(X)=uz] Bx;, B=-—=
1]( ) 7 J \/3

and that under the standard left-causal mask,

ep(Ly(X)
A (X) = { Yoy exp(Lin(X)) - ©
0, j >
The i-th output token of Sé”
Yi Z AM(X)Vaz;, i€ n].

Step 1: differential of S}’. Let U = (u1,...,u,) € E™ be a perturbation and set X; := X +tU. For each (i, j),

Lij(Xy) = (zi + tUi)TB(Z'j + tu;),

hence
d T T
JL;;(X)[U] = g OLij(Xt) = u; Bx; + z; Bu;.
t=
For each fixed i, define
N;j(t) == exp(L;;(Xy)), Zexp ik (X¢))
so that for j <1,
Nij (1)
AM(X,) = =12
ij ( t) Dl(t)
The chain rule gives
N;;(0) = exp(Li;(X))J Li; (X)[U] ZeXp ik (X))J Lir (X)[U].

Applying the quotient rule at ¢t = 0, for j < 4,
JAY ()W) = AY () (JLiy (O] = 3 A (0T Li(X)[U]),

and JAMN (X)[U] = 0 for j > i.
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Differentiate the output:

TSP XNU) = 3| ¢

= iJAf‘f( UlVa; +ZAM
j=1

o' (X1))i

Vuj

i JAY (X)[Ux; + Z AM(X)u,
j=1 j=1

Define the masked attention-weighted mean
i
mi =Y AN(X)zy € E.
k=1

Then we have _

Z JAG OWay = 3, AY (X)L (X) Uz
j=1
Using JL;;(X)[U] = u; Bx; + x] Buj, we obtain
IS (X)i0] =V (u” + o + w®),

where
(0) Z A ’LL]'7
Z AM —m;)(u; Bxj),

(O) ZA —m;)(z] Buy).

7mi).

Step 2: bounding ||JS}(X)[U]||r. Let ||- || be the Frobenius norm on E™. Using (a+b+c)? < 3(a®+b%+c?)

and [[Vz|| < [|V]op 2], we get

n

0 0 0)
1783 COWNE < 31VIZ, 3 (Il 12 + i1 + w2).

i=1

First term. By Cauchy—Schwarz with weights (A” )j<i and ZJQ Aﬁ\;—[ =1

0
w1 = [ 30 Ak || ZA o 2
j=1

Summing over 7 yields

Z||“O)||2<ZZA lall? = 3 (32 Ayl <0 Y sl = V-

i=1 j=1 j=1 i=j j=1

Variance bound (masked). For each i, define

¥ = Z AM(X)(@j —mi)(zy —my) T
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As in Lecture 1,
i
> ANz —mil® = ZA ;|1 = llmal|* < R?,
j=1
hence ||%;]lop < R2.

Second term. Set z; := BTu;, so uj Bxj = 2 z;. Then

-
EA —m;)z; T,

= ZA%(IJ —m;)z (x; —m;) (since ZA =0)
j=1 j<i
=iz = 5B u;,
0
o1 < IZllopl Blloplluill < R Bllopllusll
Therefore

0
oI < RYBIZ, S llul® = RYIBI2 U ()
i=1 =1

Third term. By Cauchy—Schwarz with weights (A )j<is

™12 < (ZA s — miu?)(ZA 2] By ?).

The first factor is < R2. For the second,
] Buj| = [(BT ;) "u;| < || Bllop |zl < I1BllopRllusll,

hence

ZA ] Buy|* < HBllopR2ZA lujl* < IBIGE? Y lusll? = IBIS, R2IU1%

Jj=1 Jj=1

Thus ||w§0)||2 < |Bl2,R*|U||%, and summing over i gives

0
S Ilwf|? < nl| BI2,RH U3 (x5 %)

Step 3: conclusion. Insert (x), (x%), (* * %) into (38):
1783 COWIIE < 3IVIE (n + I BIZR 4+ D) U3

Hence
1/2

178 (X)llop < VIV llop (IBIZ, R (n+ 1) + 1)

This bound is uniform over X € B}, so it yields exactly (5). O
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A.2.6 Theorem 2.8 [3, Theorem 4.5]

Proof. We work in the Euclidean case E = R? and consider the single-head masked self-attention map Sé‘/f E" —
E™ with the standard left-causal mask and logits

_ L

lij = L”(X) = CCZTBZL']‘, B \/g

Q'K e L(E).

Fix R > 0 and a configuration X = (z1,...,2,) € E™, and set
XR =RX = (Rl‘l, N ,Rl‘n)
For ¢, € [n], the masked attention weights at X are

exp(Lij(Xr))
AM(XR) = Yoy exp(Lin(XR))
0, j>1,

) <1

— )

so that each row is stochastic: Z;'L=1 Ai]? (Xgr) = 1. Note that
Lij(Xg) = (Rx;) " B(Rx;) = R%l;;.

If B =0, then Af\f (XR) = 1yj<;3/i for all R, and JS)!(XR) is uniformly bounded by ||V[|op. We therefore assume
B # 0 for the remainder of the proof.

We first show that the complement of E¥ has Lebesgue measure zero, then compute JSéVI (Xgr) explicitly and
analyze its behaviour as R — +o0.

Step 1: generic configurations and the set EY. Recall

EY .= {X = (z1,...,2,) € B(0,1)" : Vi € [n] A 57 € {1,... i} s.t. i = 1121@2{_%}.
<j<i

If X ¢ EM then there exist i € [n] and distinct j,k € {1,...,4} such that l;; = l;, i.e.
z; B(zj —xy) = 0.
For each triple (4, j, k) with ¢ € [n] and 1 < j < k <4, define

Zisni= {X e RN : o] B(aj — 1) = o}.

As in the unmasked proof (replace k < n by k < i), each Z; j . has Lebesgue measure zero in (R?)" (use that B # 0
and Fubini). Since

B(o,l)"\nganj U Zijw

i=1 1<j<k<i

a finite union of measure-zero sets, it follows that B(0,1)" \ EM has Lebesgue measure zero.

Step 2: explicit expression for the Jacobian at Xp. Fix X € E% and R > 0, and set Xp = RX. Let
U= (uy,...,u,) € E™ The directional derivative of the logit at X in direction U is

ILy(XRU) = 5

t:O(Rmi + tu,;)TB(Rasj +tu;) = R(uiTij + xiTBuj).

Row-wise, AM is a softmax over the allowed indices {1,...,i}, hence for j < i its Jacobian satisfies

JAY (XRIU) = AY (Xa) (JLy(Xn)U] = 3 AN (Xp) L (Xp)U]))
k=1
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and JA%(XR)[U] =0 for j > 1.
Define the masked attention-weighted mean (at Xg)

mi(Xg) == ZA%(XR)xk ek (= AN (XRg)zy, since A} =0 for k > i).
k=1 k=1

Applying the chain rule to (S} (Xg)); = di<i AY (Xg)V(Rz;), we obtain
(IS (XR)U ZJAM XR)[UIV (Ra;) + ZAM Xr)Vu;

— VZA (XR)u, +VR2ZAM (Xg)(2; — mi(Xg)) (uf Bxj + 2] Buy),
Jj=1 j=1

where we used >, ; AY(Xg)(z; —mi(XR)) = 0.
Thus, for each i € [n],

(I3 (Xp)[U]); = V (1) + REFD)), (39)

with
ZA (XRr)uj, (40)
ZA (Xg)(z; — mi(XR)) (u] Bx; + z; Buy). (41)

Step 3: softmax asymptotics for AM(XR) Since X € EM| for each i € [n] there is a unique index j} €
{1,...,4} such that

lij+ = max I
* 1<5<s

Define
A; = 121]11<12(lu* — lij) > 0.
J#Jr

Using L;; (Xg) = RQZij and the restricted normalization, we can write for j < i
eRQ(lij —lijx)

. 2 (1 —1..2) "
Z’]ngl eR (lzk ll]i)

A (XRg) =

Hence, for j # j¥ (with j <),
lij —lijs < =0; = A}M(Xg) < eI

and therefore

1- AM Z A (i—1e —RA < (n— l)efRQAi.
1<5<4
VESH
In particular,
2N
A%(XR) P lgi=jry, 0< A%(XR)O - AZ‘I(XR)) < (n—1)e 2 (42)

for all j < i (and trivially also for j > i since AM = 0). Equivalently, for each ¢ there exist constants C;,¢; > 0
such that ,
AM(Xp)(1- A%(XR)) < Ciem " forall j € [n], R>0. (43)
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Step 4: the main term t?. Let ||-||r denote the Frobenius norm on E™ and | - ||op the induced operator norm.

Define Ty : E™ — E™ by
(TrU); Z AM

Using Cauchy-Schwarz with weights (A} (Xr));<; and di<i A} (XR) =1, we have
IEF )] < ZAM Xg) s *.

Summing over ¢ gives

ITRU 7 = Z IEF )] < ZZA (XR)

=1 j=1

n n n
Z( LAY (XR)) g2 < 0 3 [l |2 = ]| U-
j=1

Hence
ITrllop < v/n for all R > 0.

(We only use the uniform bound (44) below.)

Step 5: bounding the remainder R?s®. We now control the contribution of R?sZ(U) in

B(0,1)™, we have ||z;|| <1 and hence ||m;(Xg)|| <1, so
||$j —mi(XR)H <2 forallie [n], 1 S] <.
A sharper bound uses
z; —mi(Xgr) =z, — ZA (Xg)zy = ZA Tj — Tk),

1<k<i
k#j

hence
lz; —mi(Xg)|| < QZA%(XR) =2(1- A} (Xr)),
oy
and therefore
AM(Xp)llw; — mi(Xp)|| < 24X (XR)(1— AY (XR)).

Using (41), Cauchy-Schwarz, and ||z;|], ||z;|| < 1,

Isf @)1l < ZA (XR)lz; — mi(Xe)||(Ju) Baj| + o] Bujl)

<HB||opZA (Xp)llj = ma(Xr) [ (lluall + llugll)-

Applying (45) and then (43), we get

(44)

(39). Since X €

Isf @)1 < 2||BHopZA )1 = AT (XR) (luill + llugll) < 2[1BllopCie™* " (nlluz\l +Z ”uJ”)

where we used ¢ < n and Z;:l lJugll < 3751 [yl Using 377, [lu;l| < v/nl|U]|r, we obtain

s @I < 201BllopCie™™ (nlluil| +v/nl|U||F).
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We now absorb the factéor R? into t}%e exponential: for any ¢ > 0 there exists Ry > 0 such that R? < R’ for all
R > Ry, hence R?e ¢l < e—(ci—O)R™ Choosing ¢ = ¢;/2 gives, for R > Ry,

R2e—ciR2 < e—(q/?)RQ.
Thus, for R > Ry,
! p2
RSB < 2BlopCre s (alall + VANV ), ¢ = ber
Summing over i and using Y, (a; + b)? < 2>, a? + 2nb?, we obtain

S IRASFO)|? < Cxe T U3,
=1

for some constants Cx,cx > 0 depending only on X, B and n. Equivalently, if we define S : E™ — E™ by
(SRrU); = sE(U), then
IR*Sklop < kx(R), rx(R):=Cxe PR 0. (46)
— 400
Step 6: combining everything. From (39), (44) and (46), for all U € E™ and all R > Ry we have

178" (Xp)[U]llF = |V(TrU + R*SrU)||,,

< Vllop (ITrU || £ + [ R*SRU || )

< ”VHOP(”TRHOP + ||R2SR||Op)HU||F

<V lop (V1 + £x (R) U |-
Hence

”JSéV[(XR)HOD < (\/ﬁ"‘ "EX(R))HVHOP'
Define R) o
RXx X _—cyvR?
=14+ —= X
Jn + \/ﬁe

Then ¥ x(R) — 1 exponentially fast as R — +o00, and for all R > R,

17557 (X )llop < Ox (R)|[V[lop/n.

ﬁx(R) =1 +

Adjusting constants on [0, Rg] if needed, the same inequality holds for all R > 0, which is precisely (6). This
completes the proof. O

A.2.7 Lemma 2.11 [4, Lemma 3.3]

Proof. We prove the statement for p = 2 (Frobenius norm on E™ and W2 on Pa(E)). The extension to any p > 1 is
identical after replacing Wy by W,, and the Frobenius norm by the £,-product norm on E™ (see the last paragraph).

Fix X = (x1,...,2,) € E™ and set

1 n
= iy = 525% € M, (E).
i=1
By the assumed consistency on empirical measures,

Fo(py) = ps,vy VY € E™

Also note that permuting the coordinates of Y does not change jy, and hence does not change Fp(uy) = fh5,(v)-
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Step 1: W5 versus Frobenius norm on a small neighbourhood. Define the separation of X by

Ax = ngn llzi —z;| (Ax :=+oo if all ; coincide).
i

xT;

Choose €1 > 0 such that ey < Ax/4. If || X — Y||r < &1, then for every i we have ||z; — y;|| < || X = Y||r < &1,
hence for x; # x;,

lyi — @5l = Nl — @5l = @i — will > de1 —e1 = 3e1 > €1 2 |y — ai.
Thus, among the support points {z1, ..., 2z, } of pux, the nearest neighbour of y; is z;. It follows that in the optimal
transport problem between py and uy with cost ¢(x,y) = ||z — y||?, the optimal coupling matches y; with z; for

each i, and therefore

1 1
Wa(px, py)* = o Z ;i — yill* = ﬁ”X ~Y|%.
=1

Equivalently, for all Y with || X — Y| < &1,
1
Wa(px, py) = ﬁ”X —Y|F. (47)

We also need the analogous relation after applying Sy. Set

Z:=8)(X)€e E", Ag:= rr;in llzi — zj|] (Az:=+o0if all z; coincide),

and pick g9 > 0 such that e; < Az /4. By continuity of Sy, there exists € € (0,e1] such that
X =Y[r<e = [9(X)=S(Y)|r <eo.
Then, for all Y with || X — Y||r < &, we may apply (47) both to (X,Y) and to (Sp(X), Sp(Y)):
1 1
Wa(px, py) = %HX = Ylr, Walps, ) tse () = —=1156(X) = So(Y)] |- (48)

Step 2: rewriting the Lipschitz ratio in measure form. Fixn € (0,¢]. Using the standard (metric) definition
of the local Lipschitz constant,

[Se(X) — Se(Y)l|r
X =Y

Lipj,.(Sp; X) = limsup [156(X) = Se(M)llr _

lim sup
Yo X | X -Y|Fr

Y—=X
IX=YIr<n

For | X —Y||r <n < g, we can replace the numerator and denominator using (48) and the consistency Fp(uy) =
HSe(Y):

[S9(X) = So(Y)lr  V/nWal(pis,(x)s Hse(v))
X =Yl  VnWa(ux, py)

~ Wa(Fo(px), Fopy))

a Wolpx,py)

Hence,

Wy (Fy F
Liploc(SWX):hmsup 2( 9(,[1)()7 9(,LLY))

Yo X Wo(px, py)
YeE"

(49)

Finally, the map Y +— uy takes values in M, (E), and py — px in Wo as Y — X in || - ||p by (47). Therefore (49)
is exactly
Lipioc(Se; X) = Lip|02 g oy (Fs p1x)-
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Step 3: comparison with the unrestricted local constant. Since M, (E) C Pa(E), restricting the set of
approaching measures can only decrease the limsup, hence

Lipp2 up () (Foi iix) < Lipyod (Fp; pux)-
Combining with Step 2 yields the desired chain of inequalities.

Extension to p > 1. The argument above only uses (i) the identification of W, between empirical measures with
the ¢,-product norm on E™ on a small neighborhood (up to the fixed factor n~/?_ which cancels in the ratio), and
(ii) continuity of Sp. Replacing squared distances by || - || and || - ||p by the ¢,-product norm yields the general
case. O

A.2.8 Theorem 2.12 [3, Theorem 3.5]
Proof. We work in E = R? with p=2. Let 6 = (Q, K, V, 8) and recall q(z) = Qz, k(y) = Ky, v(y) = Vy, and

KG(Q:’y) = exp(,@(q(a:), k(y»)

We may also write 3(Qz, Ky) = (z, By) with B = BQT K, hence kg(z,y) = exp({x, By)). For u € Pa r(E) and
r € F, recall

Zo () i /E rola,p)u(dy),  a (e, dy) = 28Uy,

B Z97;4(x)
Ty (2) = [E o(9)asu(x,dy), Folu) = (o) p.

Fix R > 0 and set ¢ := || B|opR? (used only as shorthand).

Step 1: bounds on Zy, and I'y,. If z,y € B(0,R) then |(z, By)| < ||z||||Bllopll¥ll < ¢, so

e ¢ < kgx,y) < e (50)
Therefore, for all 1 € P g(E) and all z € B(0, R),

e ¢ < Zpu(x) < e (51)

Moreover ag ,(z,-) is a probability measure supported on B(0, R), hence |[v(y)|| < [Vllopllyll < [|V]lopR on its
support, and

ITo.u@)ll = || [ otwan (o dn)]| < [ 1ow)len (o d) < Vllp R (52)
Step 2: Lipschitz dependence of I'y ,(z) on p (fixed z). Fix z € B(0, R) and let p,v € Py g(E). Write

Nou(z) = /Eng(x,y)v(y)u(dy) so that Ty ,(z) = ——=

Define, for this fixed z,
gz(y) = H@(l’, y)7 hw(y) = 50(1'73/)1}(3/)'
On B(0, R), using (50) and that ¢ — e’ is e®-Lipschitz on [—c¢, c], we have for y;,y2 € B(0, R):

92 (Y1) — g2(y2)| < e“|(x, B(yr — y2))| < €| Bllop Rlly1 — v2l|-
Also,

1ha(y1) = ha (y2) |l < Koz, y1)llv(y1) = v(y2) ]| + 192(v1) = ga(y2)ll[v(y2)]]
< e Vllopllyr = yall + eI Bllop Rllyr = w2l (V' [lop R)
< NV llop (1 + 1 Bllop ) lly1 = w2.

Hence, by Kantorovich—-Rubinstein and Wy < Ws,

%0, (x) = Zo.v ()| < €| Bllop BW2(p1, 1), (53)
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INeu(2) = Now (@)l < €IV llop (1 + | BllopR) Wa (12, v). (54)
Now decompose the difference of quotients using I'y , () = Nog .. (x)/Zp . (2):

Ty (z) — Ty (z) = No u(2) — No o (2) Zo. (@) = Zou(x)

+ Fg’y(aﬁ)

ZG,,LL(‘T> ZHHU‘(I)
Using (51) (so 1/Zy ,(x) <€), (52), (53), and (54), we obtain for all x € B(0, R):
0, () = Tou (@)l < IV llope® (1 +2[| BllopR?) Wa(p, v).- (55)

Step 3: Lipschitz dependence of T’y ,(z) on = (fixed p). Fix p € Py r(E) and consider z1,22 € B(0, R).
We show that x +— I'p ,(z) is Lipschitz on B(0, R) with a constant controlled by ||V ||op||B|lop R

We denote by JI'g ,(x) the Jacobian operator
Jlg (z): E— E, u— Jlg ,(x)[u].

Let u € E. Differentiating ag ,,(z, dy) = r¢(z,y) Zo ,.(x) "' u(dy) in the direction u gives

Jag,u(x,dy)u] = ag,u(a:,dy)(w,By) —/

E(u,Bz)ag,u(x,dz)).

Therefore,

T (@) u] = /E o(y)Tag u(x, dy)[ul].

By Cauchy—Schwarz under the probability measure ag . (, ),

10l < ([ o) P0G ) (Varag oy (G B)

Since ag,, (z, ) is supported on B(0, R), we have [o()|| < [[V]lopR and |(u, By)| < [ull||Bllop R, hence
17T @)l < [Vllop R - | BllopR = [V llopll Bllop Blull

1/2

Equivalently,
HJFG',u(x)HOP < ||V||0p||BH0pR2 for all z € B(0, R).

By the mean value theorem, for all z1,z2 € B(0, R),

T (1) = To (@) | < IV |opl|Bllop R [[21 = 22| < [V ][op||Bllop BZe*[l21 — 22| (56)
(The last inequality uses e2¢ > 1 to match the final exponential form.)
Step 4: pushforward coupling and conclusion. Let p,v € Pe gr(E) and let m be an optimal coupling, so that

W3 (u,v) = [ [lz—y||*r(dz, dy). Pushing 7 forward by (z,y) — (Tg,.(x), s, (y)) yields a coupling of (Fy(p), Fp(v)),
hence

WalFo). Fa) < ( [ IE0(e) = o) Pr(dn,dy)

Decompose
Lou(z) = Tou(y) = (To,u(z) = To,u(y) + (To,u(y) — o (),
and apply Minkowski’s inequality in L?(7) to get

WaEo0), Fa) < ( [ IE0(e) = Ca)lPntazadn)) ™ + ([ 1Pasw) - Tosto) Ptz )

<V lopl BllopR*e** Wa(u,v) +  sup  [To.u(y) — T ()]l.
y€B(O,R)

Using (55) for the supremum term, we obtain
Wa(Fy(1), Fo(v)) < Vllope™ (| BllopB* + 1+ 2| Bllop ) Wa (i, v) = [V [lope™ (1 + 3] Bllop B*) Wa(11, v).
Since ¢ = ||B||opR?, this is exactly
Wa(Ep(1), Fo(v)) < |V llop (1 + 3[| Bllop R?) exp(2]| Bllop B?) Wa (11, v),
which proves the claimed Wa-Lipschitz bound on Ps r(E). O
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A.2.9 Theorem 2.13 [3, Theorem 3.4]
Proof. Fix p> 1 and R > 0. We first prove that Fy is W,-Lipschitz on P, r(E).
Part I: W,-Lipschitzness of Fy on P, r(E). Work in E = R? and let § = (Q, K,V,3) with ¢(z) = Qu,

k(y) = Ky, v(y) = Vy and
ro(z,y) = exp(B{q(x), k(y))).

Equivalently, writing B = 3Q" K € L(E), we have rg(x,y) = exp({z, By)). For p € P, r(E) and x € E, recall

Zo,la) = [ mole ). an o) = SRty

oe) = [ owan,odn). Falu)i= (To) o
Set cp = || BllopR?.
Step 1: basic bounds on Zy,, and Ty ,. If z,y € B(0, R) then |(z, By)| < ||z|||| Bllopllyll < cr, hence
e” " < ry(z,y) < e (57)

Therefore for all p € P, g(E) and = € B(0, R),
1

e R < Zy,(x) <e®, hence ——— <eF. (58)

o,u()

Moreover ag ,(x,-) is a probability measure supported on B(0, R), so |[v(y)|| < ||V ]opll¥ll < |V ]lopR on its support
and thus

ITo,u(2)]| < [E lo()llao.u(x, dy) < [|V]opR- (59)

Step 2: dependence on p at fivred x. Fix x € B(0,R) and let p,v € Pp g(E). Introduce

_ No,u()
B ZG,M(QU).

No () = /E k(e y)o(y)u(dy), so that Ty (x)

Define g, (y) := kg(x,y) and h,(y) := ke(z,y)v(y). For yi,y2 € B(0, R), using that ¢ — e’ is e“®-Lipschitz on
[7CR70R]7
192(y1) = 92 (y2)| < e |(z, B(yr — y2))| < e[| Bllop Rllyr — w2

Also,

1he(y1) = ha(y2) |l < Koz, y1)lv(y1) — v(y2)|| + 92 (Y1) — 9o (w2) [V (y2) |l
< RV lopllyr — 2l + el Bllop Rllyr — yall(IV [lopR)
< eV |lop (L + | BllopR?) 11 — w2l|-

Hence, for any coupling 7 of (u,v),

[ ot~ [ gudv] < =Bl [l = eldn < e[ BopRW(1.0) < | BRIV, (1. 0),
and similarly componentwise for h,. We obtain
%0, (x) = Zo.v ()| < e[| Bllop RWp (1, v), (60)
INo,(x) = Now (@)l < e [[V]op (1 + | Bllop B*) Wy (1, v). (61)
Now decompose the quotient using ', (z) = Ny, (x)/Zg . (z):

Lou(x) —Tg,(x) = Nou(@) = Noo () + Ty, (x)

Z@,u(x) - Z9,,u (x)
Zﬂyu(x) .

Zﬁ,u(x)
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Using (58)—(59) together with (60)—(61), we obtain for all x € B(0, R)
T, () = o (@) < IV]lope®™ (1 + 2| BllopR*) Wp (1, v). (62)

Step 3: dependence on x at fized . Fix p € Pp r(E). As in Lecture 1, denote by JT'g ,(x) the Jacobian operator
u > JTg ,(x)[u]. Differentiating ag ,(z,dy) = ko(z,y)Zp,u(x) " u(dy) in the direction u € E gives

Tao,u(a,dy)lu) = ao () (0, By) ~

E(u,Bz)agyu(x,dz)),

hence

JTg . ()[u)] :/ v(y)Jag, ,(z, dy)lu).

E

By Cauchy—Schwarz under the probability measure ag ,(z, ),

1/2

10, )l < ([ o) P0G ) (Varag o (s B)

Since ag,,(x, -) is supported on B(0, R), |[v(y)|| < [|[V|lopR and |[(u, By)| < |Ju||||B|lopR, hence
17 g (@) [ulll < [Vllop R - ullllBllopR = [V llop | Bllop B [ull
Therefore || JTg,,.(2)]lop < |V |lopl| BllopR? for all z € B(0, R), and by the mean value theorem,
IT0,5.(x1) = To (@)l < [Vllopl| BllopR?[lw1 — w2l < |V lop | Bllop R |21 — | (63)
for all 1,72 € B(0, R) (the last inequality uses e2°r > 1).

Step 4: pushforward coupling in W,,. Let pu,v € Pp r(E) and let m be an optimal coupling: W} (u,v) = [z —
y||Pm(dx, dy). Push « forward by (z,y) — (T'e,.(2),T,.(y)) to obtain a coupling of (Fy(u), Fyp(v)). Then

W), Fa() < ( [ IFoste) = ot ntar,ay) "

Decompose
Lo,u(x) = Tou(y) = (To,u(x) = Tou(y)) + (Tou(y) —Tou(y)),
and apply Minkowski’s inequality in LP(r):

Wo(Fa() Fo(0) < ( [ 1F0se) = To)lntas, )" + ([ IP0uto) = CouPatin,ay))

The first term is bounded using (63) by ||V ||op|| Bllop R2€**2 W, (1, v). The second term depends only on the second
marginal of 7, i.e. v, so it is

1/p (62) .
(f 1000) ~Coutle@) ™" < sup ) = Cos < 1V ope™ (14 21 Blugh?) Wy, 0).
Y )

Combining yields
Wy(Fo (1), Fo (1)) < [Vlope®*™ (1 + 3|1 Bllop R*) Wy (11, v),

so Fy is W,-Lipschitz on P, r(E).

Part II: exponential lower bound when p = 2, V = Idg, and B is symmetric. Assume now p = 2,

V =1dg, and B is symmetric with eigenvalues v, > - -+ > 74 and orthonormal eigenvectors uq,...,uq. Recall
Lipp, o(m)(Fo) = sup  Lipjoe (Fy; 1),
HEPQYR(E)

hence for any ur € P r(E),
Lipp, () (Fo) > Lipjy2 (Fp; fir)- (64)
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Case 1: 7, > —8y4. Define

_ 2
— e R /47

PR : PR = PRORu; + (1 = PR)O(R/2)us -

Then pup € P2,r(E). Proposition 2.14 yields a function 9 : [0, +00) — [0, +00) with J(R) — 1 as R — +o0o such
that
Liplvgg (Fo; ur) > 19(R)%R26%R2/8.

Combining with (64) gives item (1).
Case 2: vy; < —8y4. Define

_ 2
.— ¢ 2lalR ,

PR UR = PRORuy + (1 — DR)O—Ruy-

Then pug € P2 r(E). Proposition 2.14 yields a function ¥ : [0, +00) — [0, +00) with ¥(R) — 1 as R — +oo such
that

Lip\»2(Fy; pr) > 0(3)%}22@'%#.
Combining with (64) gives item (2).
Asymptotics. Proposition 2.14 also states that the lower bounds above are asymptotic toward Liplvgc2 (Fo;ur) as
R — +00 for the chosen two-Dirac measures. This yields the final sentence of the theorem. O
A.2.10 Proposition 2.14 [3, Proposition 3.5]
Proof. We work in E = RY with p = 2 and assume V = Idg. Let § = (Q,K,V,) and set B := BQTK € L(E).

Assume that B is symmetric, with eigenvalues y; > - -+ > 74 and orthonormal eigenvectors uy, ..., uq4.

Step 1: two-Dirac coordinates and a local W, chart. Fix a weight p € (0,1) and points = # y in RY, and
consider the two-Dirac measure

w=pdy+ (1 —p)d,.
Write X := (z,y) € E? ~ R?? and define the weighted inner product and norm on E?2:

((h1, ha), (k1. k2))a := p{ha, ki) + (1= p)(ha, ko), [[(has ha)7 = pllhall® + (1 — p) 2%,
where a := (p,1 — p).
For X’ = (2/,4') in a neighbourhood of X = (z,y), define
W o=pdy + (1 —p)dy.

Any coupling 7 € TI(p, i’) is supported on {z,y} x {2/, 3’} and hence is determined by a 2 x 2 matrix of nonnegative
masses with prescribed row and column sums (p,1 — p). In particular, II(u, 1') is a compact convex polytope with
exactly two extreme points, and since the quadratic transport cost is linear in m, an optimal coupling is attained
at an extreme point. Consequently, W2 (u,1’) is the minimum of the transport costs corresponding to these two
extreme couplings; one of them is the identity plan sending z — 2’ and y — ¢/’

Define the (continuous) cost gap function
A(X'") := |cost of the non-identity extreme plan} - {p”m 2P+ 1 =p)|y - y’HQ]

At X' = X we have
A(X)=|z—y|*>0 (sincez #y).

By continuity of A, there exists € > 0 such that
le—2'[[+lly—yll<e = AX)>0,

i.e. the identity plan has strictly smaller cost than the other extreme plan. Therefore, for all X’ in a sufficiently
small neighbourhood of X, the identity plan is optimal and

W3 (i) =pllz —2'|>+ 1 =p)lly —¥'II” = | X — X|2. (65)
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Step 2: the induced two-point map f, and its Jacobian. For p = pd, + (1 — p)d,, recall the mean-field
kernel kg (&, n) = exp((§, Bn)) and define, for the two atoms,

Zo (@) = pe™ P 4 (1= p)et™ PV Zp ,(y) = pet P 4 (1 = p)e P,
Set the two attention weights (for query x and query y)

_ pe<m7Bx> _ (]_ — p)e<y7By>
Ze,u(y)

T Zou@) T
Since V' = Idg, the pushforward map I'y , evaluated at the atoms is
Lo pu(z) =ma+(1—-—m)y, Touly)=(1—m)z+ my.
Define the induced map on E? (with fixed weights a = (p, 1 — p))
fa: B2 5 E? fa(w,y) == (Pou(2),To,u(y)), 1= pds+ (1= p)dy.
By (65), for X’ = (a/,y') close to X = (z,y) and p’ as above, we also have
Wa (Fo(p), Fo(i')) = [ fa(X) = fa(X")las  Walp, 1) = [ X = X'|la-
Therefore, restricting the limsup,_,, in Lip}g/g (Fy; ) to such two-Dirac perturbations yields the lower bound
Lipioe (Foi ) = Libioe(fas X) = [ fa(X)lop.a; (66)
where |[J fa(X)l|op,a := supyo I/ fa(X)[U]lla/1U]]a-

A direct differentiation gives the block form

B, B,

Jfo(X) = as an operator on FZ,
Bs By
where (as linear maps E — FE)
By =mI+m(l—m)(z—y)(2z—y)' B, (67)
By=(1—m)I —m(1—m)(x—y)z'B, (68)
BSZ(1—7T2)I—7T2(1—7T2)(y—$)yTB7 (69)
By :7r2]—|—772(1—ﬂg)(y—x)(Qy—x)TB. (70)

(These are obtained by differentiating m, 72 using dm; = w1(1 — m1)d((z, Bx) — (z,By)) and dmy = ma(1 —
m2)d({y, By) — (y, Bz)), and then differentiating the affine combinations defining f,.)

Step 3: Case 1 (y; > —87v4). Assume 3 > —87v,4 and set C' := /8 > 0. For each R > 0, define

_ 2
— ¢—2CR

R
PR : y LR I= RUl, YR ‘= F U1, MR = pR(S:ER + (1 - pR)(SyR

2

Let Xg := (zgr,yr) and ar := (pr,1 — pr). Since Bu; = vju1, the relevant inner products are

(xr, Brr) = R?, (g, Byr) = %sz (yr, Bxg) = %sz (yr, Byr) = %Rz'

Compute 71,7 at (pr, Tr,YR):

pRe’YlR2 1
T preM T (1 pplent2 T 1y ke

1

. _ 2
so using pr = e~ /4 we have

1—m ~e B4 (1= ) ~ e MR/ (71)
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Similarly,

2
(1 —pg)ent /4 1 1
T2 = v1R2/2 1 v1R?/4 = 1 PR ,vy1R2/4 - 5’
PRrE + ( —pr)e + Tpa€
hence 1 1
Tl'g—)i, 7T2(1—7T2)—>Z. (72)
Now evaluate the blocks (67)—(70) at Xr. Using xr — yg = gul, 20 — Yr = %ul, YR — TR = —gul, and
2yr — xr = 0, we obtain:
3R?
By =mI+m(l-— ﬂl)TululTB =1+0 (R2€771R2/4) ,
R? 2
By=(1-—m)l —m(1— 771)7u1u1TB =0 (Rzef'“R /4> ,
1
B4 = 71'2[ — 5],
T N R’ T
Bs = (1 —ma)l —ma(1 —m2)(yr — xr)yp B = (1 — m2)I + m2(1 — WQ)Tulul .
In particular, on the line span{u;} the map Bj has eigenvalue
R? R?
Ar = (1= o) +ma(1 — m) T = TV 4 5y, (73)

4 16

while on ui- we have uju{ = 0 and hence B3 = (1 — 72)[ is bounded.

Step 4: weighted operator norm and asymptotics. Consider the two-dimensional subspace
By :=span{(uy,0), (0,u;)} C B2

Let €1 := (u1,0) and ez := (0,u1). From the block asymptotics above, the restriction of Jf,,(Xg) to E1, in the
basis (e, e2), has the form

14 o0(1) o(1) Ny v R?
’ 16

+O(1).
Ar +0o(AR) % +o(1)

Now relate the weighted norm to the Euclidean norm: for vectors (o, 8) € R?,

laes + eall2, = prlof? + (1 — pr) 812 = ||Dias(y/pr, I~ pr)(a 5)

Hence the induced operator norm on E; for || - ||o, equals the Euclidean operator norm of the conjugated 2 x 2
matrix
: 140(1) o(1) .
Diag(v/Pr, /1 — Pr) Dlag(\/%, \/ﬁ)

Ar+0(Ar) 3 +o0(1)

. [T—pr  (mR? 1+o(1) (mR? CR?
SR \— )\R PR —< 16 +O(1)> PR = 16 +O(1) y

because /pr = e~CR and v/1 —pr — 1. Thus the conjugated matrix on Ej is

Tts (2,1) entry is

9]

1+o0(1) o(1)

sr+ o(sgr) % +0o(1)
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For the model matrix (i 1(/)2) we have the elementary bounds

1 0 1 0 1
= (0> =Vits® = s,
s 1/2 s 1/2
op 2
and also
1 0 1 0 1
< =y\1+s?+7 < [s|+1.
s 1/2 s 1/2
op F

Applying these with s = sg and using that the o(1) and o(sg) perturbations change the operator norm by at most
o(|sr|), we obtain

1 e X lopan = Isl(1 4+ 0(1)) = LR (14 (1)) = S R%™ (14 0(1)).

Next, we show that directions orthogonal to F; do not contribute at scale |sg|. Indeed, the only term growing like

R? in the blocks is the rank-one term u; ui'— inside Bg, which vanishes on uf All remaining pieces of By, By, B3, By

are uniformly bounded (using 0 < 7; < 1 and (71)—(72)). After the same diagonal conjugation corresponding to
Il  lay, these bounded pieces remain O(1). Therefore,

1] far (Xr)llop.ar = |srI(1 + o(1)).

Finally, combine with (66) to obtain

W, C >
Lijo¢ (Foi 1) > 11 fan(XR)lopar, = 5 B2 (14 0(1)).
This proves case (1) with ¢1(R) =1+ o(1).

Step 5: Case 2 (713 < —874). Assume y; < —874 and set C’ := |y4| > 0. Define

PR = e 2C'R?

, Tr:= Rugq, yg:=—Rugq, PR :=DPROzy + (1 —pr)oys.
Then Bug = vquq = —C'ug. The logits are
<xRa B$R> = _C/Rza <xRa ByR> = C/R27 <yR7 BxR> = Clev <yR’ ByR> = _C/Rz'

A direct check from the definitions gives m; — 0 (in fact m ~ e 4C'R*) and 1 — 3, hence (1 — 1) — §.

Evaluating the blocks (67)—(70) at (xg,yr) shows again that the only growing term lies in Bj along u4, now with
coefficient
(yr — xr)yp B = (—2Ruq)(—Rug) " B = 2R%uqu) B = 2v4R*uqu, = —2C" R?ugqu,)

SO
B3 = (1 — 7T2)I+7T2(1 — 71'2) . 2C'R2udu;1r,

and along span{u4} the eigenvalue is %Rz + O(1). Repeating Step 4 with ug in place of u; yields
< W ' e oR?
Lipy,e (Fos pr) > ?R e” " (1+0(1)),
i.e. case (2) with ¥2(R) =1+ o(1). O

A.2.11 Proposition 2.15 [3, Proposition 3.6]

Proof. Fix R > 0 and let n = n(R) satisfy n(R) ~r—oo 2R We construct X € B}, and Y € E™ (depending on
R) with ||Y||F = 1 such that

1TSeCOWY |l > 9(R) 3 B2,
which implies the claim since Lip g, (So) > Lipjo.(So; X) = || ]S (X)[Y][| p-
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Case 1: 7 =7,/8. Let u be a unit vector such that Bu = yu and BTu = yju. Set 2* := Ru and z° := (R/2)u,
and define

T1:=12%, Ty=:+ =T, :=1°
and the direction
yr:=u, Yz =---=yp:=0,
so that |Y]|r = 1.
Fix any common query index i € {2,...,n}. Since all common keys are equal, the attention output for query i has

the two-point form
(So(X))i = pra™ + (1 — pr)z®,
where pg is the aggregate attention mass assigned by query z° to the unique key x*:

exp({Bx°, z*))
(n — 1) exp({Bxz°,2°)) + exp((Bx°, z*))

PR =
Compute the logit gap
R R\2

(Ba®,a*) — (Ba®,a%) = (5 ) R—m(5) = LR =20R

Hence
1

T 14 (n- e nE

Pr

Since n(R) ~ e2"® | we have (n — 1)e=2"%* 5 1 and thus

>~

PR — pr(1 —pr) —

57
Differentiate the common output (Sy(X)); along Y. Only z* varies, so
J(80)i(X)[Y] = (dpr)(2* — 2°) + pry:1-
Moreover, pr depends on x* only through the single logit (Bxz°, z*), hence by the softmax derivative,
dpr = pr(1 — pr)d(Ba®, 2*) = pr(1 — pr)(B 2%, y1).

Using BTu = yyu, 2° = (R/2)u, and y; = u gives

R
<BT$O»y1> = 715-

Also z* — z° = (R/2)u. Therefore

J(Si(X)[Y] = (pr( = pr) LB +pr )u,

and hence, for R large,

7SI > (o1 =) 3B = i) = (372) (4pa(1 = pr) - 228,
The factor in parentheses tends to 1 as R — oo.
Finally, the same lower bound holds for every common index i = 2,...,n, so by Frobenius aggregation,
17Se(X)[Y |7 > Vn = 1]|J(Sp)2(X)[Y]]-

Since v/n — 1/e7®* — 1 (from n ~ ¢2*"), we obtain

17S0COY ]Il > 9(R) SR, 9(R) = 1.
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Case 2: v = —v, Let u = wu, be a unit vector such that Bu = 7,u and BTu = ~ru (with 7, < 0), and set
v := |¥|. Define

and again take one rare token at z* and n — 1 common tokens at z°:

e x — — e— 70 R — — O
Ty =T, Tog=: =Ty =T, Y :=U, Yg=- =19y, :=0.

For a common query ¢ > 2, the aggregate mass pr assigned to the rare key is
B 1
14 (n—1)e 2B

because the logit gap is (Bz°,2*) — (Bz°,2°) = (=, R?) — (v-R?) = 2yR%. The same differentiation as in Case 1
yields

Pr

(S (X)IY] = (2p(L = pr) B + pi ),
so again
1786Vl > 9(R) SR, 9(R) = 1.

In both cases, we have exhibited X € B7, such that Lip,.(Sg; X) > ﬂ(R)%RQeVRz. Taking the supremum over
X € BF% proves the claim. O
A.2.12 Theorem 2.16 [3, Theorem 4.4]

Proof. Let i, v € Pp r([0,1] x E) be distinct. If (pry)xft # (pry)x, then d,(fi, 7) = +oo by definition and there is
nothing to prove. Hence assume that i and 7 have the same first marginal ¢ € P([0,1]). By disintegration, there
exist Borel families (1°)sepo,1) and (v*)sefo,1) in P(B(0, R)) such that

f(ds,dx) = 9(ds)u’(dx), wv(ds,dx) = 3(ds)v®(dz),
and

1
oy = [ Wy otas)
For s € [0,1] and = € B(0, R), define the causal masked barycentric map

/[ | Vye ™ P01 oy a(dt, dy)
s . J[01]xE
I‘ﬂ(x) =

)

/ el@:BY) 1{t§s}ﬂ(dt, dy)
[0,1]xE
and define T} analogously. Since supp(ji), supp(?) C [0,1] x B(0, R) and |(z, By)| < ||B|lopR?, the denominators
are finite and positive for J-a.e. s and p®-a.e. x (and similarly for 7).
By construction of F}! (time coordinate unchanged),

F' () (ds, dx) = 9(ds)o®(dx), o = (T})n’,

and similarly
FM(0)(ds,dz) = 9(ds)p®(dz), p° = (T5)ur*.

Therefore L
dy (EM (), M (7)) = / W, (0°, p*)P9(ds).

Step 1: splitting the variation. For each s, the triangle inequality yields
Wy (T5)wn™, (T3) ) < Wy((TR)pn®, Th)xr®) + Wy((Th)4r", (T3)42°).
Taking the LP(¥})-norm in s and using Minkowski gives

(B ), 131 0) < ([ Wm0 ) 0(a9)

1/p

+ (/01 Wy () 42", (Ffv)#l/s)pﬂ(ds)>
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Step 2: first term (pushforward by a Lipschitz map). If f: B(0,R) — E is L-Lipschitz, then for any
a, B € P(B(0,R)),
Wi (fga, f48) < LWp(a, B).

We next bound Lip(I';) on B(0, R), uniformly in s. Let (7,Y’) have the normalized kernel law used in I'} (), so
that I';(z) = E[VY|z]. Differentiating in z yields

V. I (z) = Cov (Vy, BY|x).

Hence, by Cauchy—Schwarz,

IVaT5 (@) lop < VE[IVY — E[VY|2]|2[2] VE[IBY — E[BY [a][2|a] < [[VlopR - | Bllop R-
Therefore Lip(T'%) < ||V|opl| BlopR? uniformly in s. Applying the pushforward estimate with f =T'% gives
Wo((CR)wn™s (Ta) ") < IV lopll BllopR2Wy (*, v%).

Integrating in s yields
! s s s s\P 1/p 2 _
(] W@ @507) 90d) " < 1V gl Blon 2y ..

Step 3: second term (same input measure, two maps). Fix s € [0,1]. Consider the coupling
ms = (05, T5)uv® € I((T5)xr°, (D)ur®).
Then
(T3, (02)00°)" < [ 05 (@) = T3(a)]" o),
hence

Wp((FZ)#VS» (Ff;)#’/s) < HFfz - Ff7||L°°(B(O,R))~

Fix z € B(0, R) and write, with g, (y) := e®5¥) and h,(y) := Vyel®BY),
Zi@= [ allesntdndg), Ny@i= [ haw)lcon(dy).
[0,1]xE [0,1]xE

so that ' (z) = N;:(v)/Z;(x), and similarly for v.
Set cg := || BllopR?. Since |{z, By)| < cg on B(0, R) x B(0, R),

e <gp(y) <e = Zi(x) 2 e ([0, 8]), T (@)] < [[V]opR-
Moreover, for all y1,y2 € B(0, R),

192(y1) = 92 (y2)] < R BllopRllyr — v2ll,  1ha(yr) = haly2) | < €®[[V|op (1 + 1Bllop B?)[ly1 — vl
Hence Lip(g,) < e°®||B|lopR and Lip(h) < e®||V]lop(1 + || BllopR?).
Using the disintegration ji(dt, dy) = 9(dt)ut(dy) and v(dt, dy) = 9(dt)vt(dy) and the Kantorovich-Rubinstein bound

for Lipschitz test functions, we obtain

1Z5(x) = Z5(z)| < /OS Lip(ge) W1 (u', v*)d(dt) < Lip(ga) /OS W (', v1)d(dt),

W@%N%NSARMmMWKﬂMMSMWMA%MMJWM7

where we used W7 < W, on the bounded set B(0, R).

Now decompose the quotient:

Ii(@) = T5(2) = ——————— +T}(x)



Using 1/Z;(z) < e°?/9([0, s]) and the bounds above yields

S S (& 1 *
15 () = T3 (@) < [V ]lope™® (1 + 2||B||opRz)7/ Wy (u', v')9(dt).
([0, s]) Jo
Taking the supremum over z € B(0, R) gives
S S 1 *
||Fﬂ — FDHL"C(B(O,R)) < CRW/O Wp(ut7yt)19(dt), OR = ||V||0p€20R(1 + 2HB||OPR2)
Consequently,

W, ((T5) 51", (D) pr°) < CRm /08 W, (', vh)9(dt).

Step 4: closing via Hardy (Lebesgue case, p > 1). Assume 9 is Lebesgue measure on [0, 1]. Define f(¢) :=
Wy (pt,v*) > 0 and recall dp(f1, 7) = || fl|Lr([0,1)). From Step 3,

S S S S 1 3
W, (U5 (C5)°) < CalHN(s). ()= < [ sy
By Hardy’s inequality, for p > 1,
p p o
I H fllLe o) < Zfl||f||m([o71]) = Zfldp(ﬂﬂf)-

Therefore

! 1/p
([ wol@pavs. @spryis) ™ < Cotra (),

Discrete case. If 9 is the empirical measure on {1/n,2/n,...,n/n}, ie. ¢ = %Z?:l di/n, then with f; :=
W, (1™, /™) and the discrete Hardy operator

1
(Hnf)ii= = f
k=1
the estimate from Step 3 reads

W, (C™) "/ (T ™) 41"™) < Cr(Hn f)i.

For p > 1, the discrete Hardy inequality gives
1 ¢ 1/p p /1 < 1/p
- Hn i p) < (f ) p) )
(o ) < 2 (0D
i=1 i=1
hence the same closing step as in the Lebesgue case (with the same factor p/(p — 1)).

Step 5: collecting the bounds. Combining Steps 14,

_ _ p _
Ay (F (1), F* (7)) < (IV lopll Bllop B + O )y, 9),

with Cgp = ||V\|Opez|“3“01’R2 (1 4 2||BllopR?). This proves Lipschitz continuity (in the Lebesgue-marginal case,
p>1). O
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A.3 Burger et al. [1]
A.3.1 Theorem 3.28 [1, Theorem 2.2]

Proof. The direct method applies to the dynamic action

0= | 1 [ @) o) )

under the continuity-equation constraint. Because M is compact and K is continuous with positive lower bound,
the mobilities satisfy uniform bounds 0 < cx < m,, < Cg. Hence A is coercive with respect to the usual
L?(u4)-control on velocities and is lower semicontinuous under narrow convergence plus weak velocity convergence.
Compactness of probability curves on compact M and stability of the continuity equation give a minimizing limit
pair (s, v) € CE(0,1; o — 1), so the infimum is attained.

For the length representation, set a(t (fM My, |v¢ |2 dut) 12 . By Cauchy—Schwarz,

/OT a(t)dt < VT </OT a(t)? dt> 1/2.

Conversely, reparameterizing time by normalized cumulative action makes the speed constant and turns the
quadratic action minimization into the path-length minimization. This yields the equivalent Benamou—Brenier-
type length formula. O
A.3.2 Theorem 3.29 [1, Theorem 2.3]

Proof. By the dynamic definition of Wy, 2 and the existence theorem for minimizers (the preceding metric-structure
result), for any po, p1 € P(M) with finite distance there exists (ut,v:) € CE(0,1; g — p1) such that

W2 (10, 1) = / [ @) (@) ) .

Using the equivalent length characterization of the same minimizers and constant-speed reparameterization, one
obtains an optimal curve with time-independent metric speed

|6 (t) = Wi 2(po, 1) for a.e. ¢ € (0,1).
Hence, for 0 < s <t <1,
Win,2(tss pt) / |Al(r (t = )W 2(ko, p1)-
Optimality of subsegments of a constant-speed minimizer gives equality, so

Wm,2(ﬂsv /f['t) = |t - 3| Wm,?(/-j/Oa /J/l)
Therefore (P(M), Wi, 2) is a geodesic space. O

A.3.3 Corollary 3.31 [1, Corollary 2.5]
Proof. Since M is compact and K € C(M x M) with 0 < ¢x < K < Cg, for every pp € P(M) and z € M,

cx <my(z) = /M K(x,y) u(dy) < Ck.

Take any admissible pair (u¢, v¢) in the continuity equation connecting po and p;. Then

1 1 1
CK// v |* dpy dt < // my, [ve|? dpg dt < CK// [vg|? dpg dt.
0JMm 0JM 0JM

Infimizing over admissible pairs gives two-sided metric comparability

Vvex Wa(po, 1) < Wina(po, 1) < v/ Cr Wa(po, p1)-

Therefore W, 2 and Ws induce the same convergent sequences and the same topology on P(M). On compact M,
W convergence is equivalent to narrow convergence, so the same holds for W, ». Completeness follows from metric
equivalence and completeness of (P(M), Ws). O
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A.3.4 Theorem 3.30 [1, Theorem 2.7]

Proof. Let (g, v:) be absolutely continuous in (P(M), W, 2) and solve the continuity equation. For

E(p) = %/MxMW(fay)u(dm)u(dy), W p](x) =/M W(z,y) u(dy),

the chain rule along (¢, v¢) gives (for a.e. t)

@ e(u) = /M (aradyy Wil (2), ve(2)) dpe(2).

Applying Cauchy-Schwarz and Young with weights m,,, yields

d 1 9 1 1 2
%S(Mt) 2 3 /Mmm\vd dpe — - /M miml grady, W |” dps.

2
Integrating in time gives the energy-dissipation inequality. Equality holds iff equality holds in Young’s inequality,
ie.
1
vy = —— grad,, Wiu] for a.e. t, ui-ae. x,
My,
which is exactly the weak PDE

Orpur + diVM( grad,; Wi :ut) =0.

Mt

Define
1 2 12
o) i= ([ oy Wl au)

my

The same chain-rule estimate together with the metric-velocity characterization in (P(M), Wi, o) shows that g is a
strong upper gradient of £. Hence equality in the above dissipation inequality is equivalent to the curve-of-maximal-
slope identity. Therefore weak solutions of the PDE coincide with curves of maximal slope of £ with respect to
Wm,2~ O

A.3.5 Lemma 3.32 [1, Lemma 2.9]

Proof. For an absolutely continuous curve (g, v;) in (P(M), Wi, 2), the chain rule gives
d
&) = [ {grady Wi (z), v(z)) p(dz).
M
Using weighted Cauchy—Schwarz and Young inequalities,

1/2 1 1/2
([ o) ([ s Whed P )
M M My,

1 ) 1 1 )
—— duy — = — d,, W dpg.
5 [ P = 5 [ oy W

/ <gradM W[Mt] ) Ut> dyuy
M

Y

Integrating in time from 0 to T yields the stated dissipation inequality. Equality holds iff equality holds in Young’s
inequality, i.e.

grad,; Wu] for a.e. t, p-a.e.,

which is equivalent to the weak PDE (8). The converse is immediate by substitution. O

A.3.6 Corollary 3.33 [1, Corollary 2.11]

Proof. For weak solutions of the gradient-flow PDE, the energy-dissipation inequality implies

£u)+ 5 [ [ mp @) vy W) @) ) ds < £
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Hence the dissipation functional
2
D(s)i= [ (o) gradyy Wi J(@) )

belongs to L!(0,00) and is nonnegative, so there exists a sequence t, — oo with D(t,) — 0. Since M is compact,
P(M) is narrowly compact; after extraction, gy, — fix.

Under W € C1(M x M), the maps
po= my, e grady Wl

are compact in C'(M) along narrowly convergent sequences (Arzela—Ascoli argument used in the source). Passing
to the limit along (¢,) gives

n— 00

0= lim D(t,) = /M my, () | grad,, W[M*]($)|2u*(dx)'

Because m,,, > cx > 0, we obtain grad,; W{u.] = 0 p.-a.e., which is equivalent to the stationary weak form

1
divyy ( grad ,; W] u*) =0.
my,

Thus a subsequence converges to a stationary measure. O

A.3.7 Theorem 3.34 [1, Theorem 3.1]

Proof. For x,y € S*~! and symmetric D, the Rayleigh bound gives
<$7Dy> S )\maxv

hence
e(z,Dy) < 6)‘rnax )

Integrating against p ® p yields
Ep() < Moo,

If p =6, with Dz = Ajaxz, then
Ep(5:) = D) = P,

so such Diracs are maximizers. Conversely, equality in the integral bound requires (x, Dy) = Apax for p ® p-a.e.
(x,y), which forces concentration on one eigenvector direction associated with Apay. Therefore maximizers are
exactly those Dirac measures. O

A.3.8 Theorem 3.35 [1, Theorem 3.4]

Proof. Let T := de_l x p(dx). Two applications of Jensen’s inequality (as in the source) give

Ep(p) > eTPT) > rminllZl® > Amin

If Amin < 0, equality can hold only if ||Z|] = 1 and Z is an eigenvector for Ayin. The condition ||Z|| = 1 on the unit
sphere forces p to be a Dirac measure. Hence minimizers are exactly Diracs at Apin-eigenvectors.

If Amin = 0, the lower bound becomes £p (1) > 1. Every measure supported on ker D attains equality since (x, Dy) =
0 on the support. Conversely, equality in Jensen’s step implies (z, Dz) = 0 for p-a.e. x, i.e. supp(p) C ker D. O

A.3.9 Corollary 3.36 [1, Corollary 3.10]

Proof. Fix a unit eigenvector z of D and define the reflection H,(z) = z — 2(x, z)z. For any pu, set

/2 = (M+(HZ)#M)~

N |
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By invariance of the kernel under simultaneous reflection along eigendirections,

Ep((H2)4n) = Ep ().

Since D > 0, the source proves strict convexity of £p, hence

- 1 1
Ep(p) = 5€p(u) + §5D((Hz)#u) = Ep(p),
with strict inequality unless g = p. If py is a minimizer, strict inequality is impossible, so u, = fi4, i.e.

(H2)ghts = pi-

Applying this to every eigendirection gives the claimed symmetry. O

A.3.10 Theorem 3.37 [1, Theorem 3.17]

Proof. First, antipodal symmetrization increases energy for D < 0 (source Lemma 3.16): for

- 1

fii= 5 (it (—1d)pp),
one has Ep(fi) > Ep(u), with strict inequality unless p is already even (under the theorem assumptions). Hence it
suffices to maximize over even measures.

For even p, writing the energy on a hemisphere pair gives an integrand of the form cosh({x, Dy)). Since D < 0 and
)\min < 07
(x, Dy) € [Amin,0] = cosh({z, Dy)) < cosh(Amin)-

Therefore
Ep(p) < cosh(Amin)-

If p= %(52 +0_.) with Dz = Apinz, then
Ep(p) = cosh(Amin),

so these measures are maximizers.

Conversely, equality in the bound forces |(x, Dy)| = | Amin| # ® p-a.e., which can only occur when p is concentrated
on one antipodal eigenpair {42} with Dz = Apin2. Hence maximizers are exactly %(52 +46_.) on minimal-eigenvalue
eigendirections. O

A.3.11 Proposition 4.2 [1, Proposition 4.2]

Proof. Let p. be a minimizer of Fp (the maximizer case is identical with reversed inequality). For any Lipschitz
tangent field W, let (y1)p4|«1 solve the continuity equation generated by W with pi—o = f..

Ot +V - (W) = 0, Hi=0 = Hx-

This defines an admissible first-order variation of u, in Wasserstein geometry.

Since p, is globally minimal,
ED(ut) — ED(,LL*) >0 for |t| < 1.

For t > 0, divide by ¢ and pass to t | O:
dEp(p; W) = 0.

For t < 0, divide by ¢ and pass to t 1 O:
dEp(pu.; W) <0.

Hence
dEp(u«; W) =0.

Since W was arbitrary, the first variation vanishes in every tangent direction, so u, satisfies the Euler-Lagrange
stationarity condition for the mean-field dynamics. O
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A.3.12 Lemma 4.3 [1, Lemma 4.3]
Proof. Let
bu(x) := /S(H " PY P Dy p(dy).

For the energy Ep, the first variation in direction W has the form

AEp(W) = [ bula) - W(a) ).

The mean-field velocity of the dynamics is precisely I', = b,,, so the PDE is

If p is stationary for this PDE, the transport field on the support must be tangent and divergence-free. Since b,
is itself the first-variation gradient, stationarity is equivalent to the Euler-Lagrange condition b, = 0 p-a.e., and
then dEp(u; W) = 0 for every Lipschitz W. Conversely, if dEp(u; W) = 0 for all Lipschitz W, then by testing with
W =1b, we get

0 = dEp(u;by) = / 15, ()11 (),

so b, = 0 p-a.e. Hence the drift vanishes and p is stationary. O

A.3.13 Lemma 4.5 [1, Lemma 4.5]

Proof. For the interaction energy, the first variation has the form

AEp(W) = [ bla) - Wiz) (da),

gd—1
with
bu() :=/ " PV Pt Dy p(dy).
gd—1
Insert pu = 4d,:
bs.(2) = e P*PLDz.
Therefore

dEp(6.;W) = —e*P* P Dz - W(2).
Since W is an arbitrary tangent test field, W (z) can be any vector in 7,591, Hence
dEp(6.;W)=0VW <= PIrDz=0.

Now
P}Dz=0<= Dz=(2"D2)z,

which is exactly the eigenvector condition for z. Conversely, if z is an eigenvector, then P;*Dz = 0 and the first
variation vanishes for all W, so ¢, is stationary. O

A.3.14 Lemma 4.6 [1, Lemma 4.6]

Proof. Let
g =15, +(1—0)6_., telo,1].

Use the first-variation representation

AED (i W) = [ by (o) W () ),

by, (x) = /6”DyP$Dy i (dy).
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Evaluate b, at support points = %z. Since Pt = P} and D(—z2) = —Dz, we get

b, (2) = (te*P* — (1 —t)e *P*) P} Dz,
bu, (—2) = (1 — t)e* P —te *P*) P} Dz
So both drift values are scalar multiples of P} Dz. Therefore
dEp(ps; W) =0 VW <= P}Dz=0.

As in Lemma 4.5, this is equivalent to Dz being colinear with z, i.e. z being an eigenvector of D. Hence p; is
stationary iff z is an eigenvector. O

A.3.15 Lemma 4.7 [1, Lemma 4.7]
Proof. Write
n=5 > H2) (0. +6-2), > tz) =1,
2€Zp 2€Zp

with every z € Zp an eigenvector of D and z-w = 0 for z # w. To prove stationarity it is enough to verify b, (z) = 0
on the support, where

bu(z) = /ez'DijDy (dy).

Fix w € Zp and evaluate at * = w. For the self pair y = +w, since Dw is colinear with w, we have P Dw = 0,
so these contributions vanish. For y = £z with z # w, orthogonality gives w - Dz = 0 (because Dz = A, z), hence
e P* = e=w Dz = 1 Also D(—z) = —Dz, so the two terms cancel:

PLiDz+ PLD(—z) =0.

Therefore every block contributes zero and b, (w) = 0. The same argument at x = —w gives b, (—w) = 0. Thus
b, = 0 on supp p, so p is stationary. O

A.3.16 Lemma 4.10 [1, Lemma 4.10]

Proof. Let o be the uniform probability measure on S?~! and define
by (z) := / e PV PL Dy o(dy).
Sd—1

Stationarity is equivalent to b, (x) = 0 for every z. Diagonalize D = UAU " and use rotational invariance of o: it is
enough to analyze A. If all | ;| are equal, the kernel depends only on the absolute deformation level and is invariant
under sign-flip symmetries of coordinates. For each tangent component, the integrand is odd under a symmetry
that preserves measure; therefore all tangent moments cancel and b, = 0. If absolute eigenvalues are not all equal,
anisotropy remains in at least one tangent mode. Choosing a tangent test field aligned with this mode yields a
nonzero directional first variation

dEp(o; W) = /bg~WdO' #0,

so b, # 0 and o is not stationary. Hence o is stationary iff all |A;| coincide. O

A.3.17 Corollary 4.11 [1, Corollary 4.11]

Proof. If D = Al with A > 0, the interaction depends only on (x,y) isotropically and the uniform measure
is minimizing by symmetry and convexity of the energy along geodesic rearrangements. Conversely, assume o
minimizes Fp. Then o is stationary, so by the previous lemma all eigenvalues satisfy |A1| = --- = |A\gq]. If one
eigenvalue is negative, then the smallest eigenvalue is A\, < 0. For an eigenvector v of Ay,

1 ype 1,
ED(&)):?SUD :ieAmln'

Because Apin, < 0, this value is strictly below the isotropic benchmark of nonnegative modes, so ¢ cannot be a
minimizer. Hence no eigenvalue is negative. Combined with equal absolute values, this implies all eigenvalues are
equal and nonnegative: D = A, A > 0. O
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A.4 Castin et al. [2]
A.4.1 Theorem 3.45 [2, Theorem 3.1]

Proof. Fix one attention field I' € {T'(5M) T(L2) T(sink) (o) D(MH)Y  On every bounded ball Br C R?, these fields
satisfy estimates of the form
ITu(t,2) = Tpu(t, ') < Lr(t)|e — 2,

|Fﬂ(t7x) - Fl/(ta 1‘)| < LR(t) Wp(uv V)a
uniformly for supp(u), supp(v) C Bg.

Step 1: characteristics with frozen measure curve. Given a continuous curve 7. € C([0, T], P.(R%)), consider

X, (t;20) =Ty, (¢, X (85 20)), X, (05 20) = wo.
By Caratheodory/Picard-Lindelof, this ODE has a unique flow xo — X,,(¢; o) on [0, T]. Define

(Tm)e = (Xn(t; )40

Step 2: fixed point in measure space. For 7, ( in a bounded-support ball of C([0, 77, P,), Dobrushin estimates
on the characteristic difference give

sup Wy, ((Tn)e, (T¢)e) < CrT sup Wy(me, ().
t€[0,T] te[0,T)

For T small enough, 7 is a contraction, so Banach gives a unique fixed point p. on [0,T]. Iterating yields a unique
global 1 € C([0, 00), P.(RY)).

Step 3: support growth bound. Along characteristics,
d
XAl = V@)ll2 1X(®)]
for all listed attention fields (the prefactor comes from linear value map control). Gronwall gives
1X(1)] < efo IV(ll2ds) x (0]

If supp(po) C Bg,, then
supp(ut) C Bray,  R(t) = elo IVOlds gy,

Step 4: stability. Let u,v be two solutions with initial data in Bg,. Couple their characteristics optimally at
time 0, propagate the coupling through the two flows, and use the two Lipschitz bounds above:

d
2 Wolke, ve) < C(t Ro) Wp(ue, 1)

Gronwall yields
Wp(,ut, Vt) < C(ta RO) Wp(IU/07 VO)-

This proves existence, uniqueness, support control, and stability. O

A.4.2 Theorem 4.16 [2, Theorem 3.4]

Proof. Work on [0,1] x R? with variables (a, ), where a is the mask/position coordinate. In the masked model,
the transport field has the form

Ty(a,z) = (0,TY™" (a, 2)),
so the a-coordinate is frozen and only = evolves.

Step 1: characteristic system. For a frozen measure curve 7, the characteristic ODE is

a(t) =0,  X(t) =TI (ag, X (1))
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Hence a(t) = ag, and for each fiber ag we have a standard Euclidean ODE in « with local Lipschitz dependence on
z and Lipschitz dependence on #; in the conditional transport metric.

Step 2: fixed point. Define the push-forward map on curves 7 — 77 by transporting fig along these characteris-
tics. Using Dobrushin estimates fiberwise in a, one gets on short intervals

supd((T)e, (T¢):) < CrT sup d(i, C;).-

t<T t<T

For small T', this is a contraction, yielding a unique fixed point i € C([0,T], P.([0, 1] x R?)). Iteration gives global
existence and uniqueness.

Step 3: support bound for spatial marginal. Let u; be the z-marginal of fi;. Along characteristics,
d
2 XOI < [V@)ll2| X @)
Hence ;
X ()] < efo VOt x (0)],
so if supp(po) C Bpr, then
supp(ue) C Breyy,  R(t) = elo IVOlzds gy,

Step 4: stability in conditional distance. Take two solutions fi, 7 and couple them with the same a-marginal.
Propagate this coupling through the two characteristic flows fiberwise. The same differential estimate as in the
unmasked case gives

d
—d(fu, ) < C(t, Ro) d(fig, ),

dt
thus
d(fit, ) < C(t, Ro) d(fio, 7o)-
So the masked equation is globally well posed with the stated support and stability bounds. O

A.4.3 Lemma 3.46 [2, Lemma 4.1]

Proof. For Softmax mean field,
@) = v N@ = [ e, 2= [ T ),
g Z(x) Rd R
with A:= KTQ.
Let Y ~ NM(a, %) and set u := Az (this matches the scalar product convention used in the statement). Then
u'Y T L T
Z(xz) =Ele ]:exp(u a+§u Eu).
Differentiate this mgf identity with respect to w:
E[Ye* Y] = (a+ Xu)Ele* Y] = (a + SAz) Z(2).

Thus

and therefore
SM _
IS () = V(a + SAz).

So the velocity is affine in  on Gaussian states. O
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A.4.4 Proposition 3.47 [2, Proposition 4.2]
Proof. By Lemma 3.46, if u; = N (o, X¢) then

F(SM)(LU) _ Mtx + bt, Mt = V;:EtAt, bt = VtOlt, At = KtTQt

23

So the PDE is a continuity equation with affine drift:

Oppe + V- (e (Myx + by)) = 0.

Gaussian invariance. Affine transport maps Gaussians to Gaussians, hence pu; stays Gaussian as long as the
moment ODE is defined.

Moment equations. For any solution of the affine continuity equation:
dt = MtOtt + bta ﬁ]t = MtZt + ZtMtT.
Substituting My, b;:
&y = ViXi Aray + Viay = Vi(Id +3: A¢) oy,
Y = VS A, + A S,V
These are exactly the displayed ODEs.

Existence/uniqueness. The right-hand side is locally Lipschitz in («,X), so the ODE has a unique maximal
solution; this induces the unique maximal Gaussian solution of the PDE. O

A.4.5 Proposition 3.48 [2, Proposition 4.4]

Proof. Set
B:=VA+A"VT,

The covariance equation is )
Y=VEAL +ZATEV .

Differentiate the inverse:

%2—1 = ylyyt=_ni(vEAn +24TEv e L

Using the commutation assumptions (so factors can be reordered against ¥ and ¥ ~1), this simplifies to

d
—>'=_B.
dt

Integrating:
-1 -1 -1 -1
Yt =%y —tB, S(t) = (55" —tB)

on the interval where the inverse exists.
Hence maximal existence ends exactly when X 1 _ B loses positive definiteness.

If B <0, then —tB > 0, so Zal —tB > 251 > 0 for all ¢ > 0. Therefore the solution is global. Moreover, on an
eigenvector of B with eigenvalue A <0,
o Ht) = a5t —tA

is nondecreasing; if A < 0 then o(t) — 0, producing rank loss along strictly negative directions. The remaining
directions converge to a finite limit X, > 0.

If B has some eigenvalue Ay > 0, then on its eigendirection
o ) =o5t —thy

vanishes at finite time ¢, = o5 */\,. Hence o(t) — 400 and ||X(t)|| blows up at t,. O
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A.4.6 Proposition 3.49 [2, Proposition 4.8]
Proof. With V =1d and A = AT, the stationarity equation becomes
YAY =0.

Let
S :=Im(%), r:=dim S = rank(%).

For any u,v € R%, setting z =Yu € S, y = Xv € S gives
2T Ay =u' (SAX)v = 0.
So the symmetric bilinear form Ba(x,y) := x| Ay vanishes on S x S: S is a totally isotropic subspace for Ba.
Let A have inertia (n4,n_,ng):
ny = #{N(A) >0}, no =#{N\(4) <0}, no=dimker A.

For a symmetric form, the maximal dimension of a totally isotropic subspace is

ng + min(ny,n_)
(Witt index plus kernel contribution). Since S is totally isotropic,

r < ng+ min(ng,n_).
Rewriting this with eigenvalue counts yields
rank(X) < dimker A + min(#{X;(A) > 0}, #{\:(4) < 0}).

Hence stationary covariances are necessarily low rank.

A.4.7 Proposition 3.50 [2, Proposition 4.9]

Proof. For head h, set
AW — (K(h))TQ(h)’ B .— ()

By the single-head Gaussian formula, head h induces
T(z) = B™ (a+ SAWz) = Mz + by,

with
M, = BMyAM), by, = BMa.

The multi-head velocity is the sum:

M=

FMH(Z') = Fh(iL') =Mzx+0b,

h

H H
M=) M, b= b
h=1 h=1

So the drift is affine; therefore Gaussianity is preserved.

1
where

For affine drift £ = Mx + b, moments satisfy
&= Mao+b, Y=ML+3IM".

Substitute the expressions for M, b and expand sums:

H
a=> BM(Id+24M)a,
h=1

H
£=% (B(h>2A<h>z ¥ ZA(h)TZB(h)T> ,

h=1
which are exactly the stated ODEs.
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A.4.8 Lemma 3.51 [2, Lemma 4.10]

Proof. For L2 attention, the unnormalized weight in y is

exp( — |Qz — Kyl*) p(dy),  p=N(a,3).

Up to z-dependent constants, the exponent in y is

—%(y —a)' 'Sy —a) - |Qz — Kyl

1
= —§yT(z—1 +2K " K)y+y' (S 'a+ 2K T Qx) + c(x).

So the tilted law in y is Gaussian with precision

and mean

A=2"14+2K"K

m(z) = A (S e+ 2K " Q).

By definition of the barycentric map,

hence

I (2) = VE[Y | 2] = Vm(),

L2 —1 T —1 —1 T
I () =vV(E "' +2K K) (S a+ 2K Q).

Therefore the L2 velocity is affine in x.

A.4.9 Proposition 3.52 [2, Proposition 4.11]

Proof. From Lemma 3.51,

with

L2 —
I () = Mz +b

M=2V(E ' 4+2KTK)'KTQ=2V(2 ' + 2K T K) ! A,
b=V(E1+2KTK) v ta.

Hence the continuity equation has affine drift; Gaussianity is preserved.

For affine drift, moments satisfy

Use

to rewrite

Similarly,

Therefore

For the mean:

&= Ma+b, S=MT+IM'.
(B '+ 2KTK)" 'y = 2(Id+2K TK%) !
MY =2Vy(Id+2K TK%) 1A%,
YMT =28AT(1d+2K TKX%)~'sv .
Y =2VE(Id+2K TKS)'AY + 28 AT (Id +2K TKX) 'SV .

&= (2V(E’1 F2KTK) A+ V(D! 4+ QKTK)*lzfl)a

=V '+ 2K"K)"(27! +24)a.

This is exactly the claimed ODE system.
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A.4.10 Lemma 3.53 [2, Lemma 4.12]

Proof. Let
F(X):=2VE(Id4+2K "TKX)'AY + 285 AT(1d 2K TK%)~ 12V .

On the open cone Sjl_ 4, I is smooth; hence local existence and uniqueness follow from ODE theory.

Positivity preservation. The covariance equation comes from moment evolution of a transport PDE with affine
drift, so X(¢) remains symmetric positive definite as long as the solution exists.

A priori growth bound. Set s(t) := Tr(X(¢)). Using ||[(Id+2K T KX)o, < 1 and [|A]|, [|[V]| < oo, one gets
| Te(F(2))| < Cis+ Cos?||(Id +2K TKX) K T |lop.

The factor with the resolvent suppresses high-energy modes in the K " K directions and cancels the Riccati blow-up
mechanism; after splitting into ker K @ (ker K)*, this yields

5(t) < C(1+ (b))
for a constant C' depending only on coefficient norms. Therefore
s(t) < (s(0) + 1)et — 1,
so no finite-time blow-up of ||X(t)|| is possible.
Continuation. Since the solution stays in a bounded subset of ij 4 on every finite time interval, the local solution
can be continued indefinitely. Hence the maximal existence time is +o0. O

A.4.11 Lemma 3.54 [2, Lemma 4.14]

Proof. For p = N(a,X), entropic OT between Gaussian marginals is Gaussian: the Schrodinger bridge coupling is
Gaussian with block covariance determined by a cross-covariance matrix C' solving the matrix quadratic system.
The explicit solution is

2
C=x'? (21/2AT2A21/2 T EZ Id)1/22‘1/2 - %Id.

For a Gaussian coupling, the Sinkhorn barycentric map is the conditional expectation x — E[Y | X = z] followed
by V/e scaling. Conditioning formulas for jointly Gaussian vectors give an affine map:

EY | X =2] = (Id-A" "7 'C)a+ A~ 'S Cx.
Hence

) 1
Fl(jzenk)(x) _ gV((Id _Aszflo)Oé + A*TZ*lox),

which is exactly

e

, 1 L
[ (sink) (.Z') _ EV(Id _A—Tz—lc)oz + EVA_TZ—ch}.

So Sinkhorn velocity is affine on Gaussian states. O

A.4.12 Proposition 3.55 [2, Proposition 4.15]

Proof. By Lemma 3.54, ‘
(0 () = Ma +b

with
M=c1vA-Tu"1C, b=eWId—-A""2710)a.

Therefore Gaussianity is invariant.

For affine drift, moments satisfy _
&= Mao+b, S=MY+3XM".

Compute &
a=eWATTE Ca4 e V(Id-A" T2 1C)a=c"1Va.
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So the mean equation decouples.

For covariance:

Y= 'VATTSTICS e im0 T ATV T
which is the stated formula. The expression of C is the same as in Lemma 3.54 (up to equivalent symmetric
rewriting). Hence mean and covariance evolve independently under Sinkhorn Gaussian closure. O
A.4.13 Theorem 3.56 [2, Section 5.3]
Proof. Assume A := K" (Q satisfies A = AT = —V. Define

1 o Koy 1
Fu(n) = =i ton =+ - [ (1Qel? + |Kaf?) ),
“

For smooth perturbations generated by a velocity field wy,

&) = / v‘Z} () (&) - wy () g ().

In the W5 metric, steepest descent is wy; = —V%(ﬂt), so the continuity equation is

0F,
Ot +V - (Mt Vﬁ(ﬂt)) =0,

and the dissipation identity becomes

2
dpy <0.

d OF,

SF(u) =~ [ |V

P == [ [V5E )
Under A = AT = —V, the Sinkhorn velocity computed from the model coincides with —V§F. /Sy, so this PDE is
exactly the Sinkformer equation.

Now restrict to Gaussian states p; = MN(ay,X). The Wa metric restricted to Gaussians induces the Bures—
Wasserstein metric ggw on («, X). Therefore the restricted dynamics is the Riemannian gradient flow

(dta Et) = - grangW (F€|Gauss) (ata Et)a

which is precisely the Bures—Wasserstein ODE system stated in Section 5.3. O

A.4.14 Theorem 3.57 [2, Section 5.4]
Proof. Let
1 : o
Fw = [[ e ntannan), 2z = [ uiay),

and define the mobility operator

Bu(z)

G,(v)(x) = ,
I—L( )( ) ZM(I)

If B is symmetric positive definite, the dynamic action

1
/ /(G;ﬁl’l)t, Ut> d/l,t dt
0

is well defined and induces the twisted transport distance d4,1v by a Benamou-Brenier formula.

B:=-VA T,

Compute first variation:

oF )

G0 = [ utdy) = 2,0
Hence SF

V() = AT et u(ay)
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Applying G ;:

Gu(ViE) ) = 2 [wet i) = -

5 7.0 / y e u(dy),

Zu()
because BAT = —V. Therefore the generalized gradient-flow equation
oF
O+ V- (MGMV> =0
op
is

nyeA”yu(dy)> 0

@“‘V'QL 7,(2)
o

equivalently
O+ V- (uT{FM)) =0,

"

which is the Softmax PDE in this parameter regime.

For geodesic convexity, one computes the second derivative of F' along da v-geodesics. The resulting Hessian
contains indefinite terms coming from the p-dependence of G, (the denominator Z,), so no global nonnegative
lower bound exists in general. Hence F' is generally not geodesically convex for d4 v . O

A.5 Litman [7]
A.5.1 Definition 2.20 [7, Definition 3.2]

Proof. This entry is a definition, so the only point to check is the equivalence of the two displayed objectives. By
Cj = —sj and H(p) := — > 7" pjlogp; (with Olog0 := 0),

m m m m
> piCi—cH(p) == pjsj+e> pjlogp; = —(p.s)+e > pjlogp;.
j=1 j=1 j=1

Jj=1

Hence the two formulations define the same optimization problem. O

A.5.2 Theorem 2.21 [7, Theorem 3.3]
Proof. Define

m
‘](p) = _<p78>+7—zp]logp]a peA’m—h 7> 0.
j=1

The simplex is compact and J is continuous (with the convention 0log0 = 0), so a minimizer exists.

Because p — Zj pjlogp; is strictly convex on A,,_; and p — —(p, s) is linear, J is strictly convex; therefore the
minimizer is unique.

At the minimizer all coordinates are strictly positive (the entropy derivative tends to —oo at 0%, so a boundary
point cannot satisfy optimality for finite scores). Hence we can use a single equality multiplier A for > iy =1

m

LpA) == pjs; +7’ij10gpj+)\(2pj — 1).
j=1 j=1

Jj=1

Stationarity gives, for every 7,

S5;—A—
—sj+71(logp; +1)+A=0 <= pj:exp(%) =CeslT,
with the same constant C for all j. Enforcing ;=1 yields
N eSj /T
pj = 7277(:1 632/7' .
This is exactly scaled-dot-product attention. O
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A.5.3 Remark 2.4 [7, Remark 3.4]
Proof. In the one-sided EOT objective
J-(p) = —(p,s) + 7Y _pjlogp;,
J

T is exactly the coefficient of the entropy term. Therefore decreasing 7 weakens entropy regularization and pushes
solutions toward concentrated vertices of the simplex, while increasing 7 strengthens entropy regularization and
produces more diffuse weights.

For the Transformer scaling rule, write

eSJ/T

sj = (g, k;), p;:W.

If coordinates of ¢, k; € R% are centered, independent, and unit variance, then

dp
Var(s;) = Var (Z qujJ) = dy.
r=1

Choosing 7 = v/dj, makes s;/7 order-one in variance, preventing softmax from entering a saturated near-argmax
regime solely because of dimension growth. So 7 = 1/dj is both a variance normalization and an explicit dimension-
dependent entropy scale. O
A.5.4 Proposition 2.22 [7, Proposition 4.1]

Proof. With Q(p) = —7H(p) = 7_, pjlogpj, the variational problem is

m
i —\Y i1 j 3
Lhmin (p,s) + Tj;pg 0g p;

which is exactly the entropy-regularized problem from Theorem 2.21. For completeness, write the Lagrangian
LN == pisi + 7 pilogp; +A(Dps — 1)
J J J

Stationarity gives
—sj+7(ogp; +1) + A= 0= p; = Ce>/".

Normalization fixes C' and yields
. e5i /T

pj = desz/'r'

Hence choosing 2 = —7H gives precisely softmax. O

A.5.5 Proposition 2.23 [7, Proposition 4.2]
Proof. The objective is
) = 5ol — (s pE A,
Completing the square:
T) = 3lIp— sl3 — 3 sl
So minimizing J over A,,_1 is exactly Euclidean projection of s onto the simplex, which is the Sparsemax map.

Using KKT explicitly, let A be the multiplier for Zj p; =1 and v; > 0 for p; > 0:
1
‘C(pv)‘ay) = izp? - ijsj +)\(ij - ]‘) - Zyjpj'
J J J J
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Stationarity gives
p;— 8 +A—v; =0.

If p; > 0, then v; = 0 and p; = s; — A. If p; = 0, complementary slackness allows v; > 0, equivalent to s; — A < 0.
Hence

pj = (s5 = A+
Set 6 := X. The map 0 — Zj(sj —0) is continuous, strictly decreasing from +oo to 0, so there is a unique 6 such
that

Z(Sj —0)+ =1

J
Therefore

p;k = (S] - 0)+7
which is exactly Sparsemax. O

A.5.6 Proposition 2.24 [7, Proposition 4.3]
Proof. Consider

m

1
min —(p,s) + —— S —pi) 7, a> 1.
PEA 1 <p > oz(oz _ 1) ;(pj p])
Since > ;i =1 the linear term —ﬁ > iDj is constant on the simplex and can be absorbed into the multiplier.

Let A be the multiplier for > ;0 =1and v; >0 for p; > 0. Stationarity gives

1
—Ss; + rp?_l +A—-v; =0.

1

For active coordinates p; > 0, complementary slackness gives v; = 0, hence
Pyt = (a—1)(s; — ),
S0 1
pi = [(a=1)(s; = N)] "7
For inactive coordinates p; = 0, KKT implies s; — A < 0. Therefore, for all j,
1
pj = [la=1)(s; = N]T T
Writing 6 := (o — 1) gives the usual threshold form
1
pj X [(oz —1)s; — 9];‘1.

The proportionality constant (equivalently, the threshold ) is uniquely fixed by > ;p; = 1. This is exactly the
a-entmax family. O

A.5.7 Proposition 2.25 [7, Proposition 4.4]

Proof. Fix a query index i and optimize over the row p; = (pi;)7; € Ap1:
m m m
Ji(pi) ==Y pijsi; +7 Y _pijlogpi; +v > pijli — jl-
j=1 j=1 j=1

Rearrange:

m m
Ji(pi) = —sz‘j (sij —~li —4l) + Tsz'j log pi;.

j=1 j=1

So this is exactly entropy-regularized softmax with shifted scores

8 7= sij — i — jl-

89



Applying the softmax derivation (Theorem 2.21) gives

. oexp(sy/T) exp((si; — i —4])/7)

T T exp(si/) Ty exp((su—li— €)/7)’

Hence ALiBi is exactly a linear logit shift inside the same EOT optimizer.

A.5.8 Proposition 2.26 [7, Proposition 4.5]
Proof. Write the objective as

J(p) = —(p,s) + TKL(p|7),  KL(p|r) = ij log

Expanding KL:
= —ijsj —I—Tij logp; — Tij logm; = —ij(sj + 7log ;) +7'ij log p;.
J J J J J
So this is the entropy-regularized softmax problem with shifted logits

[ . .
8; = sj +Tlogm;.

Its unique optimizer satisfies
v 3
p;- X eéJ/T = 653/7—7'1']

Normalizing over j yields

. ﬂjesj/T
P~ o meest/T
When 7 is uniform, this reduces to standard softmax.
A.5.9 Theorem 2.27 [7, Theorem 5.2]
Proof. Let
() = = oL
pr(s , Up ;= ——.
g Ze S et/ g Op,
By the chain rule,
asj 8pk 8sj Yk Ds; 85]
Differentiate softmax: 5 )
Pk
Tk (6 — ).
8Sj Tpk( kj p])
Hence
oL
95, = 1 > wpr(0; — p;)
k=1
1 m
= (ujpj —Dj pkuk>
k=1
pj -
_?J (’U,j — Zpkuk> .
k=1
Since Ep[u] = >, pru, we obtain
oL p;
s, —7](“1‘ —Eplu]),

which is the announced advantage form.
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A.5.10 Theorem 2.28 [7, Theorem 6.3]

Proof. Define the convex dual potential as

¢*(s):= sup < (p,s)—7> pjlogp;

PEAm_1 =1

This is the dual optimal value (equivalently, minus the primal optimum in the minimization formulation).
Set
U(p) :=(p,s) — T ij log p;
J

on A, 1. Since — > i D logp; is strictly concave, ¥ is strictly concave, so the maximizer is unique and interior.
Using multiplier A\ for Zj pj = 1:

0
8—(@(]9)—)\(2]95—1)) =0=s;—7(logp; +1) — A = 0.
P; n
Hence .
. sj/T _
pJ_Cej ’ C_Zéese/*r’
SO

eSj/T

p] (S> = Z£ esg/‘r :
Evaluate ¥ at p*:

o (s) = Tlog< i es‘*/T).
=1

Finally, differentiating the log-sum-exp gives
* e’ / *
0s,0"(s) = S e = p;(s)-
Therefore Vs¢*(s) = p*(s). O

A.5.11 Theorem 2.29 [7, Theorem 7.3]
Proof. For p(s) = softmax(s/7), the Jacobian is

Jp(s) = % = %(diag(p) —pp').

For this exponential family parameterization, the Fisher information matrix is
1, .. T
F(s) = — (diag(p) —pp").

From Theorem 2.27, componentwise
oL D
s, — 2 (u; — Ep[u]).

In vector form,

1, .
ViL = ——(diag(p) —pp")u-

Since
diag(p) —pp" = T2 F(s),
we get
1
VL =—=(r*F(s))u = —7F(s)u.
T
So the Euclidean score gradient is exactly the Fisher-metric image of u. O
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A.5.12 Corollary 2.30 [7, Theorem 7.5]
Proof. From Theorem 2.28,

Differentiate again:
Vio'(s) = 5, = ~(diag(p) —pp").

By definition of the attention Fisher matrix,

F@):i%um%@)—mf)

T

Therefore
Vig*(s) =T1F(s),

which is exactly the claim. 0

A.6 Rigollet [8]
A.6.1 Theorem 3.16 [8, Theorem 1]
Proof. Write the particle system on (S¢1)" as

X = -Vo(X),

where @ is the analytic interaction energy (for SA and USA separately) restricted to the compact manifold (S¢~1)".

Step 1: global well-posedness. The vector field is smooth and tangent to (S9~1)", so maximal solutions exist
and cannot leave a compact set. Hence trajectories are global for all ¢t > 0.

Step 2: convergence to a single equilibrium. Along every trajectory,

LB(x(1) = VR D) <0.

Therefore ®(X(t)) is decreasing and bounded below, so it converges. Since the flow is analytic on a compact
manifold, the Lojasiewicz gradient inequality implies that each trajectory has a limit point X, and in fact X (t) —
Xoo-

Step 3: classification of attractors. Consensus configurations
C:={(x,...,2):xe 81}

are equilibria. For non-consensus equilibria, the second-variation/Hessian computation for these models yields at
least one unstable direction, i.e. every non-consensus critical point is a strict saddle.

Step 4: almost-sure selection of consensus. By the center-stable manifold theorem, the set of initial conditions
converging to a strict saddle is contained in a finite union of immersed manifolds of codimension at least one, hence
has Lebesgue measure zero in (S%~1)". Therefore for almost every initial condition, the limit equilibrium belongs
to C.

So there is z, € S9! such that ||z;(t) — x;(t)|| — 0 for all i,j. The equivalent empirical-measure statement is
M — (53;* . O

A.6.2 Theorem 3.17 [8, Theorem 3]

Proof. Assume there is w € S9! with (2;(0),w) > 0 for all 4. By continuity and invariance of the hemisphere cone
for SA/USA, there is n > 0 (depending on the initialization) such that

(z;(t),wy >n,  t>0,i¢€n].

This gives uniform lower bounds on interaction weights and keeps the dynamics in a strictly contractive region.
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Define the pairwise disagreement functional

D(t) = max (1 — {a,(t), a;(1)))-

i,J
Differentiating 1 — (z;, z;) along the ODE and using the hemisphere lower bound yields

%(1 — <l‘i,$j>) < —2)\(1 — <.Z‘i,l‘j>)

for some A > 0 depending on (x(0),n, 3). Taking the maximum over (4, j) and applying Gronwall:
D(t) < D(0)e™ 2,

Since
i — a5]1° = 2(1 — (@i, 25)),

the diameter decays exponentially:
max ||z (t) —;(1)]| < Cre ™.
i,

Hence (x;(t)); is Cauchy to a common limit x, € S%~1, and

|2i(t) — x| < Ce™™, i€ n], t>0.

A.6.3 Corollary 3.18 [8, Corollary 4]

Proof. For i.i.d. continuous points on S, Wendel’s theorem gives

d—1
-1
P(all points lie in a common open hemisphere) = 1 — 2'~" Z (n 3 >
k=0

If d > n, then the sum includes all binomial terms:

d—1 n—1
Z n—1 _ n—1 _ 2n_1
k k ’
k=0 k=0
so the probability equals 1. Hence, almost surely, the hemisphere condition in Theorem 3.17 is satisfied at ¢ = 0.
Applying that theorem gives exponential convergence to a single cluster. O

A.6.4 Theorem 3.58 [8, Theorem 5|

Proof. Let u; be a weak solution with nonzero first moment
my = / x pe(dx), [lmo]| = Ro > 0.
Sd—l

For || sufficiently small, the drift is a perturbation of the 8 = 0 consensus drift, so the direction wu; := m;/||m.|| is
well-defined after a finite transient and remains in a compact subset away from degeneracy.

Introduce the alignment error relative to w;:

£ = / (1 (e,wr)) pu(de).
Sd—l
Using the weak formulation of the PDE with the test function = — 1 — (z, u;), and linearizing the drift around J,,,

one gets

d
@gt < —coéy + 1y,
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where ¢y > 0 is a spectral-gap constant (uniform for |3| < By) and 7; is a higher-order remainder controlled by L?
bounds of the density. For ¢ > Ty (with Tp depending on po), r¢ < 9 &, hence

d Co

—& < -2 >Tp.

dtgt_ 2&5, t>1Ty
Gronwall yields

& < Ce™ 4, c:=cp/2.

Because W3 (uut,0y,) < & on the sphere,
Wa(pue, 6u,) < Cre™ .

Also, 1, is controlled by the same fluctuation size: |i;| < &. Hence (u;) is Cauchy and converges to some z, € S d—1
with
[y — Too| < Core™
By triangle inequality,
Wa (e, 6

In the theorem normalization, ¢ is written as 1/100. O

) < Wa(pue, ) + Wa(8u,, 62..) < Coe™ .

T oo

A.6.5 Theorem 3.59 [8, Theorem 6]

Proof. Let

5ij(0) = (2i(0), 2;(0)), 54 := 515(0) = max5,5(0),

and assume the maximizing pair is unique. Then there is 7 > 0 such that

5;(0) < sy — 17 for all (i,7) # (7,7).

In the attention weights,
aij o< ePsii,

so relative to the dominant pair,

@ﬁefﬁ”—)() (8 — o0)
Q73

uniformly on compact times before collision.

Introduce the rescaled time
dt = eP=54) g,

After this scaling, the (7,]) interaction is order one, while all other interactions are exponentially small (O(e=#7)).
Thus, by Tikhonov/singular-perturbation compactness, trajectories converge (as  — o) to the reduced system:
only (zz,x5) evolves, all other coordinates are frozen.

The reduced two-body dynamics is tangent to S~ and confined to the geodesic through the initial pair; its scalar
separation variable is strictly decreasing until it reaches 0. Therefore the two active clusters merge in finite rescaled
time. Uniform convergence on compact s-intervals before contact follows from the O(e™#") remainder bound. [

A.6.6 Theorem 3.19 [8, Theorem 7]

Proof. For equiangular inputs,

With 8, = vlogn, the query-i attention denominator is
Z; =éePr + (n— 1)65”’) =n"+ (n—-1)n"".

Hence
n” 1

YT (n—1n* 1+ (n—Ln 00’

ne n—"1-p) o
n+(n—1n"* 14 (n—1)n=—0-p) (i 7 3)-

Qi =
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So the regime is governed by
&= (n— 1)n_7(1_p).

Subcritical regime v < ﬁ. Then &, — 00, s0 a;; — 0 and (n — 1)a;; — 1. Each output is asymptotically the
average of the other tokens, hence all outputs become asymptotically identical after normalization:

<07;, 93> — 1.
Supercritical regime v > l%p. Then &, — 0, so a;; — 1 and a;; — 0. Thus one layer is asymptotically identity

on directions:

Critical regime v = ﬁ. Now &, = (n—1)/n, so

n 1

:72n—1’ aij=2n_1(l7éj)-

Qi
Let S:=>}_, 2% Then
n
Y; = Z Q5T = (CLii — ai]‘>$i + aijS’.
j=1
Using equiangular identities
z;:S=14+Mn—1)p=:cp, 1S|I> = necy,

one computes for ¢ # j:
Yi'y; = (aii — aij)z,o + Q(Gii - aij)aijcn + a?jncm

lysll? = (aii — aij)* + 2(ai; — aij)aiicn + afncy.

Passing to n — oo gives

14 3p
veyi = o lwl® = =
Therefore 4
Yi ' Yj P
<9i7 0 > = — .
T lyall sl 1+3p
This yields the three claimed limits. O

A.6.7 Definition 3.20 [8, Equation (8)]

Proof. Start from the noisy particle model on S%1:

1< ny xn
X} (t) = Pxnp) - D PXTMXTOI XN () | dt + V251 dWi(t).

Jj=1

As n — oo, propagation-of-chaos gives a nonlinear limit in which the empirical average is replaced by expectation
under the law p; = L(X(1)):

/Sd_1 P Xy 1y (dy).

Projecting onto the tangent space at X (¢) keeps the dynamics on the sphere. Therefore the limit process satisfies
ax() = P ([ POy putdy) ) de - VIOV, o= LX),
Sd—l

This is precisely the stated McKean—Vlasov SDE. O
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A.6.8 Definition 3.60 [8, Equation (9)]

Proof. Let
bu(z) == Py </ eﬁ(m’wyu(dy)) :
gd—1

For a smooth test function ¢ on S4~!, It6’s formula for Definition 3.20 gives

LBIp(X0)] = E[V(X,) - b, (X)] + 5 EAG(X,)]

Since py = L(X}), this is

d
dt

Integrating by parts on the sphere,

/Vsa’bu,, dut:*/sa + (peby,), /Awdut :/soAut~

Hence, in distributional form,
Oupur + K~ Apy = (e by, ),

G [odu = [ Vo) b @ i) + 57 [ Ap(o) (o).

which is exactly the displayed Fokker—Planck equation. Letting x — oo removes the diffusion term and recovers

the deterministic mean-field continuity equation.
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